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Foreword 

Over the pnst J1' years i scientific ili sei pi i nc whii-li is refer-; c' 
to variously ;is a general theory of eomtrisni eat ion (A. :>. Kharlevi chl , a 
mathematical theory .1' communication (!■ . Shannon^, a statistical theorv 
of communication (I . ^Hiiiiloton! , a theorv of comimmi cat h '■]]  a 'MM.T! 

sense (in ilistinction from a theorv of communication in a narrow sense 
encompass i np ,( quantitative ileterni nat ion •'(' information and ciMÜit-.' 
• hv   ; '•.>  , ,;■.! ^,, .-;- h  ,.; ,r p ' ,■■ ; .■:-, v.o r ■• •■' 1'. i* -hi -a • •.■,■!' 

^evviMJ teclmoloi'i ra 1 atul mathematical -.c i ci'.-r^..  Mai!\ INM: nirauh-- mil 
text^oi^ks '.v'!i i cli liffer from one anot'ier in the ranee of pro' lems trcatP'i, 
the lines of thought pursue.! and the intended uuiience have '(.'en devoted 
to rh..-- tiieor)',  MoKever, it ho\iltl he difficult to find imont' tliem a 
woH t~:i-st, which ;:ives sufficient treatment to iiroblcms in the theorv >f 
transmission and reception of discrete messages, these nrohlems in all 
nrohahility, heinr at the present time the most pressing for communication 
technology and., second, which is intended not for specialists in the field 
of mathematics hut for research engineers engaged in develoninji communica- 
tion systems.  This situation motivatev! the author to rather and systematize 
extensive materials scattered throuv'.hcut manv napazines and to comhine 
them with it i "= own original wo id in a !iooi which apreare l for the first 
11 me i n 1 9<o . 

!his book is the second, edi'ion and it reflec.s extensive revision 
and, addition,  ^'any results which have appeared in puh 1 i cat i ons or were 
obtained bv the autiior followinc the print inr cf the first edition are 
included.  The ranve <f ciuestion 
found by •he author 
v.)i. ed to mul t i pi exi n 
ceived onh suiierfic 
\ short t ah I e of i,1-' 
inasmuch as no such. 

1 urtiier, se\'era 1 sec 
have hf'en d.e! et ed . 

.■ons i dered post \h\^ 

treated i «• somewhat extended and errors 
ive i-oen corrected.  iwo new cfiartcrs de- 
! '■'iiiUlinv feedbacl s\'stemsl w'Mch re- 

rui readers ! 
channels ru 

a! treatment in rhe '"irst edition, h;u'e ^een added, 
met ions ''as been added in the form of an appendix 
able is ro 'c found in available reference literature 
ions which ire no longer of anv !\a'-t i culai- interest 
n view '1 tiie limited scope of th.e ,vooV it was not 
o i'.ive full treatment to numerous new results per- 

taining ro diversity reception and to the reception of messages trans- 
mitted over—paral lei channels. \   sncu'ial motvocrapih nrcpa.i'ed 'n- !. si 
•Vodronox' with the author's help will be devoted t^ these problems. 

1. ^. .Vndronov cave the author a creat .leal of help in worhing on 
the second edition.  '"pec i f i ca 11 v, he wrote -'emark -1 in (haoter \' and 
part of the new material in Chapter VI.  !■'. i'1. Kai'.an eave the author a 
tjreat deal of help in arranging the format of the manuscript and preparing 
it for printing and also in writing Section 11"1.". 

Valuable comments and advice from mam' readers, especial lv 1 . !'. 
Borodin, P. P. Klovskiy, V. I. for:hU , H. I). I.evin, Yu. ^. I.ezin, \.   \. 
SiVarev, I. <\.   Khanovich, H. ^. Tsybnknv and also from manv others were 
taken into consideration in revising the book.  The author is indebted 

i i 
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i   " :'     •.'   ■■    ■■'■ ; i'1,         'it-»"•   '  '   ;■ I'V,i't r . * f   '  .1 ' '.1 •    . • ' 

:   hunKu:   .1. t ; i . * .    ^u^ :.    ^   t r^'ininv ,   >•:;'.♦ \iri'   .I'I '   •■:!:'.. 
, 1    tl' •■'    " 'i .■ 1 n i' 1; ■'.   ■   ! r '   rf   :  ■ '•   re    ■ f   > '    ' M'  ; •'■   '  ■ ■ ^ • 
\l!   ''nio:;  icntri!   Ixcvr.ri.c  1   ^nR-t'cc '^   '■:".:'.    . 
""-■'s-: ,11 ; c.''', without    1   •.'«;; il   «v^trr,   ■ »■', r, : i"':   1 r  nvi   '■ 

• I"  stat fmcnt s ." 
'^mrr.un i LMI i on   i n   r •■(• 

• 1, 

it-   f . i-\. 

11 ühil'fT   ami   i t   :onsi i tutc«;   1 
rot -■  \*o$ sü (je? . 

' ^   t ransni!    ivy   ' -w 

ni in 1 . a1, , ■ "■ 

t 1 v 

I    ,1   • .i r' 11 'i; 1 r 

I'urin^   t!u'   i^1'   vc ir^   .'1    ;!■    ex: <'"nil.'   ''"-•    t fv'hni  S-i^'-      '   1  .'    tr;   .1! 
.MTr.r'nini cat i C)n  lias    ipve] '• r-i  al(M\t:  varii'".';   li",«'; .      '   :.' .v'   ui'-  rv..U'   in  'hr 
t r;'.nsrr!i ssi on  of  continuous  messavjps   (tc'ci'liiinv ,   transn! ,:i< 1 on  o!' ' a . *'-1 me 
inM^os,   etc.)   alon^  with iliscrete  messi^c^.     In   1 ^'i^   '      ..   ''ouo'.1  .li'nu'n- 
strntcd   in  practice   the  po^iMlitv  of usin»;  elect j-.^r-a^rcr: c  vsax-c-  : n, 
•vi^ateil   without   the   help  of  wiro   for   tlie   * rani'Ti:'^A i n;-.   n'  re^'-ai'es ,   t'vis 
iavin^',  the !,fvi>inning  ol   radio  comrun i Ci* : .-n. 

;     .!■■..;•     T 1.,, 

r,- IM; ;'.V    :::■: 

, iM.nncl   an.!   ;-:.! t ;:  le   s\----* .-■-   ha- 
an-i   ni'U   re. •■ ' ■■ i ■;;•   .■ : i\-i;: t -   a1- ■ c1 

•'n; ; 1   recent I-,    r (•:«••.■;■ i"hv   "^   w: re  a:; '   r 
1.0   trmsr;!   discrete  ne^sai'es.      ['he   tfc,,'ia1! v 
'■ e ! ■.',;r ch'-   .'.cv]:'V:-^   , . ai' ;:a;   ■ir !'. .      "a 
'"cen  d.eve l^npj   ilnj   nvK  i-eth,  :•;    'f  K-v'' 
;ermit   i rr:v ^ I'l'-ent ^   ir   ■ho  iiualitx'    ■!'   reaer'i   n   a; a  ""aJina   ;    Mcr  a*-'' 
communication   iine^  '-;;'<■  ''een   in'rodti  ed.     ("arin,^   ,Ke  -or   '.'■>■■   \r;ra   r1", 
"echnology   'f  transmi t: 1 ru;  di'crc-re  rirj •■■a.'t-s   '  1'-   ,■•■:■  '•■■.and   -he   '-I'ts   '■'' 
' ""an "m; t' i a ^   t fa»'      *" e ! c ,; ;au''u '   ara:   ■.   in< * : tut es    MU1   '>■    t'".>•   '">■ ^ r    a'a 1 ■: i a:a 
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be considered apart from one another.  Indeed, eaeli of them cmld he 
solved at the expense of the others.  l-'or example, it is easily possible 
to increase the fidelity of information received bv decreasing the rate 
of transmission or by increasing the strength of the signal, etc  '''here- 
fore, only by taking all these indicated factors into consideration are 
we able to correctly formulate the nroblem of optimal design for a com- 
minication system.  I'he way in which this problem is nosed 'epends on 
concrete conditions.  In '•"ome cases the greatest possible et-onomv for the 
least possible exp'Miditure of powerl muct lie imaranteed while meetiiiL' 

' -s i on ,      ! n  iM iii-r demands   for a  given   level   of  fidelitv  aiul   rate  ol   rrair-tni ;sion 
cases  the  rate  of  transmission  and  signal   strength mav be prescribed, 
proviilirg   for maximal   fidelity may  be   rocpiireii,   etc. 

ami 

Such problems constantly arise before engineers who are d •signing 
and operating various systems and information transmission 1i .ics and also 
developing suitable equipment.  In order to solve them these engineers 
must have precise knowledge of the theory which permit them to find op- 
timal (or close to optimal! conditions bv comparing relatively simple 
calculations without resort to expensive experiments. 

A general theorv of communication came into existenc at 
recently,  It is closely associated, on one hand, with the cvbornetics 
and, on the other hand, with the theory of probabilitv, mathematical sta- 
tistics, decision theorv, theorv of random processes, etc.  In the main 
it has developed along two I ies he first line was begun with the worl 
of V. A. Kotel'nikov in the USSR and I), "iddleton and ofhe-s in the USA. 
It amounts, in essence, to a theorv of stat'sHcal detecticn and discri- 
mination of signals or to a theorv of potential resistance to inter- 
ference.  The second line, which is !■ nown .is information 1 eorv, was 
begun by the works of i', Shannon H'SAl .  It is based in la ,ie measure on 
the works of \.   N. Kolmogorov and has fouml a rig - nis fouiniation in rhe 
works of \. Ya. Khinchin an I ". I . Pobrushin, \. ''avnsteva, ;ind othors. 
In these works, tlianl'; to r\'."   introduction of the concept of "amount ■x'' 
information," it was found possible to think in a different wav -d out rhe 
technical indicators   a channel of communication, such as carrvi,;g 
capacity and resistance to i ntei't'erence.  I'nring the past few vean 
thought has been given to a synthesis of these two lines wh i h 'iiiuMi'- 
ment one another and are closely bound by the general nature of the nroH- 
lems to which thev are applied, 

■\s a I read\- noted, the case of transmission of discrete messages 
as the simplest case, has been developed in greatest detail in ihe general 
thcry of common i cat i (-»n.  Nevertheless, this theorv' still fails to give an 
exhaustive answer to many problems which are advanced by modern communica- 
tion practice.  Thus, resistance to interference and carrying capacity of 
a line us"d for transmitting discrete messages have been studied onlv for 
the ideal eise when the sole fir'or serving to diston a signal being re- 
ceived is additive interference,  furthermore, orly ont form of inter- 
ference, which is expressed as a stationary random process with a normal 
distribution of probabilities of instantaneous va.ues, has been thoroughlv 
investigated. 

^^^^^■ate.m.M^^ 
^■: ■■ ■'-'■■<■■"'-■■ ■"-'-^'Util-.'.^i^t-..,..::^. äkat  -■■■,., 
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In nctual communication channels, alonv with ailiiitiv1 interference, 
there are other factors which distort a signal, for example, fluctuations 
in phase and amplitude of a signal (fadinpl, the existence of an echo, etc 
Along with the thoroughly studied noise interference in radio channels, 
an essential role is played In- mutual interference created by simultaneous 
operating radio stations, interference of an impulse nature, etc.  All 
these hindering factors have been studied in the general tteorv of communi 
cation to a much less extent than normal noise interference,  As a result, 
there is a serious danger of applying corta;n theoretical conclusions, 
which have enjoyed wide popularity lately, in situations fundamentally 
different from those for which the conclusions were drawn. 

One example is the situation existing seve 
to correcting codes.  This theory was intended, 
a certain idealized "discrete channel" in which 
liability of incorrect reception of a transmitted 
how other transmitted symbols were received.  Va 
developed in large numbers on the basis of this 
not find practical application. Only lately has 
allow for certain peculiarities of actual coinmun 
lias made it possible to devise codes to increase 
message, not only theoretically but also in prac 
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The purpose oi this book is to set forth a modern theorv of trans- 
mitting discrete messages encompassing as fully as possibh» the various 
conditions which prevail in actual communication channels.  Where nossiMi 
i^eoretical results are reduced to formulas for engineering calculations 
or graphs to aid in obtaining specific recommendati 
design of svste:'!^ and communication (Equipment. 

appli cable in the 

The great variety and complexity of the problems 
mitting discrete messages prevents giving full treatme 
the questions posed and giving complete solutions x^ v 
Specifically, no mathematical exposition is given here 
theory o': information. Those results ot information t 
quired for solving the problems taken up are presented 
of exposition, sometimes without strict conclusions Hi 
sources where thev can 'e found, further, no trcatmen 
number of technical problems such as specific enuiprnen 
U'parate romporcnts, although. ;sibl e, it fen 
the problems involved in technological feasiMlitv of 
designing items of equipment, evaluating their complex 
nical proMems attending implementation if various com 
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It   is  assumed  that   fie  reader has  knowledge  of   t'e  fundament 11,: 

theory of probability,   including  an  elementarv  knowledge  of  the  theorv 
stationary random processes   ("the  concct   of a  correlation   function  and 
connection with   in energy  sportniml.     Several   concent^   in mathematical 
statistics  will   be  explained  as   neede^  when   thev  arc   infr^du.ed,      "  M 

knowledge  o'" other  sections   of mathematics   needed   is   that   usual :.i   '"efl' 
in  courses   taught   at   higher technical   sehool^, 
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fHAPTFP 

r-1 c,;' F'f Tf   Mf c cr f-rr 

'.1.     Mes^ir;-1- ,   'W i;-'.v    ,   fniimu' Anr.pl-", 

Any  mos'-.i^c   is       i-ertniri   i.ü'rci''it«•  ^'.'   intorm.iti ••    S'TMII   '' 
.some material   ^ysti"-   bhich   is  t rnr. sr i t ! e ;  !'\   .1  !".t.i I'.-.ii'-    ,'   ■: 
this  system to another man   ( 'r ilevioe'1   t1  if   .-r-'i i :..i r i ! \-  ;i;is  HI   i-■     .-f 
getting   •■!iis  aggrega'«1  nt"  irformat i O'I  ' v ilit>    t    i'^cr-. at in'1.     '!;!'■ 
material   system,   together with   the   ol'^ervei ,   is   r!ie  rre^.^ape   ''.oii'/e. 
order  tint   an   item of"   information  he   ^ ransmi tted  useful !■.   it   ;■   fecc1- 
to  employ  some  phvsical   iiroc^ss.     \   ohanginp  phvsi>.-il   m,if;n i tM !r   !!"■'!• 
example,   '".rrent   in  a  wire,   e lect ronvu'net i t   fifK!,   ^^ii'' V.M .:'■ ,   ere.' 
fleeting  the message   is  called  a  signal.     The  aggregate  P'   n^eans   irir: 
fcir  the  purpose  of  t ran^mi tt irig  a   -igral   is    Mliod  .1   i-onrna; ■:'';   •'    'h 
Here  hv  "means"   is  understO'id   the  ^hvsical   i'cJiuir     n   w! ;.',    ,   '-Ignai 
propagated  as  well    is   1 lie  device   itself.     ^   s j gr , 1   ]<   i-.-'cei \ e-J  '^   a   !■- 
cipient.     Rv knowing  the   lau  joining m-'ssage  and  signal   'hi    rccioienf 
ah 1 e  to  determine   rhc   information   contained   .11  the  nessni'e.     N   ■;,■",'' 
not   knowTi  ahead   ?f'  tire  hy   the   recipieiit   > f   .':■:■  re^'^ipe   and   .lere''  ri- 
i s   a   random proce«,;. 

,•» l ong u 1 r1 a s 1 g 
other random rroce^'-i" 
The presence ■•',' I ire c 
tion  of  the messaee. 

■■1'   ' r'ar--r I 11 ( ] 

1 0*   ■.!!••  "■'•   ■■'■; gin,   .-a . 
■ retu •.■   rt-Mi 11 >   iii   1  aid < rev t 

I'he  communic   ' :   ;,  cf'.a .n^l   ' ^-i".'- i-, 
recipient,   u'. •■}■   gi'-^r   ~eth   '      >!'   ■•■\rT- 
restorati T    M'  inesstt;!'   'MS.  !   ■■<,;   ^  ■   ■.;,•• 
r.i'- i on   svs' rn . 

• nmet 1 mes  a ■ i- ,1   1 

sources   to  several   recinen's 
r u sr i 1    : n'' 
a   chann" I   i 

It  I     I'     t 

•le 
channel   and  -»i 1   i. nsidered   ;■ hart' \ 

A  very  general   diagram of a  comiruni cat i on  svstem   is  si-aiwri   in 
Figure   1.1.     Mere  hv  transmi 1111 g  lievice   is  meant   all   tUf -Mii'-rerf   1; 
to  convert   n  message   into  n   signal   and  ' ■.   icc»vivini'   i!e\ice   . •-  rN-ar.t 
the   eo'.iipment   used   •.    restore   *he   rc<<,,'^,      '•',■'. i, if.'     •    'lic   ,     it'^!   - 
hr   siu'1    POU i'Ten'   is   re]a\ ir>lif;er". 
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IVf  note  that   the  concent  of "channel"   is  not   strlctlv det'incii.     'or 
i ,-,; - «   i.   ; i ; ', i".;re example,   let  a  signal   l^eine   tran^mitteJ   i'rom !'• int   "> 

pass  in  sequence  through  several   links   i,   b,  c,   ...,   i,   \,   ^ ,   which  mnv 
represent,   for example,   aniil i f i ers ,   cai'le  sections,   rei'iiim  throuph  wli'u1. 
electromagnetic or acoustical  waves  are  iM-'tvuMt ed ,   etc,     The asuMoeate 
of all   these   links   can  he   called  a   channel.     hit    it   is   also  posc;Mo   to 
consider some of the  links,   for example,   from c  to   i,   a  rh.inncl ,   i^si^r.ini' 
links  a  and.  h  to  the  transmitting device  and   link   K   t     tkp  v^riv'^,-  .'.r ■ 
t'ice.     In  the general   theory of comtnunicat ion   it   is   ;onven;ent   t(,■  call   a 
channel   any  nart   of a  s%stpm of c immun i cat ion  s-'u ch ,   a>.'cordinti  to  the  CM d 
tlons  of  the nroMom iielnK  solve',   is   '"■;■•:•■ •;{] ic  n>- nr.de^ira! '.■■'  '     ■ ''arrt 
It   is   in  this  sense  that   we  u;',   undei -! md   tlie  terr;  "■'■.mne!.' 

! rom a mathematical point or '.■ i e^ tc destHbe a O'I ip.nel mearp' •', 

indicate what sign, is can he deli"e»-ed to 'ts input ■■• '' ■^,^■|, t^.e .':>;•' 
hution will be of orohahi 1 i t i •-■^ '.' \ s i g' i; it t s ■'•;••.• \, ■ t ■■ i »»'.vei 
signal at its input. ' inding ^uc1 Tet'- ^'' ,i| ■ »n'-eT" : n.' a re^viee ;'"' 
signals i n _a given channel and the re/e;-c i-orver«; i .T '' ! ■;; c" ' rr •■ 
into message in which, ■. r. i certain scp'e, *'■■ '"-.' -m. '■',- •.,•■.■,■ 
p*" messages   is  provided   is   the  gener.i'   r-r-1' '.•■•■     i        m-1..,,,  ..     ..   •:„,.. 

\nv   actual   material   system   .' : .'i 
a  continuous   scries   i f   states I'pwr.e 
never exhaust«?   all   recul i ari t i es  nf  ,-i   <; 
discrote   'i.e.,   finite  nr  c il cul a'-1 e 
that   thi"  mo<sape   ^^urce   i«;    ' ■ ••   re''' 

Here we depart   froitn triantri"'  !.iw>;  •*' 
states  "f    i   sv'ster   ilwavs   'e   '   -;, r--* 
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In order to judge whether :i certnin mes^ape source is discrete or 

continuous it is essential, after selectlnt; a finite intervnl of time 

of duration T, to consider the entire set of messages \ which a given 

source could create during this time.1  If this set is finite, the message 

source is discrete, otherwise it is continuous. 

linderst andah 1 e, with an increase in 1, the number of van MIS mess-i 

uid this can create a discrete source.  This number increa A  increases 

exponent i al1; 

not 1imited, 

ges 

s e s 

for all sources \"].    Therei'ore, if interval of time !' is 

However, tor a discrete message set \  i s aIwavs ini i ni t 

source it will alwavs be calculable.  This means that all conceivaMc 
messages can he arranged in accordance with a certain law into a series 

ind enumerated,  lor exam, le, for a source creating messages in the for 

of text, written, say, in the Russian alphabet, ir is possible to sub- 

divide all possible messages into groups differing in the number of let 

in a message, to arrange "hese grrups in the order of increasing number 

of ,otters, within eaih group to arrange the messages in alphabetical 
order, and then to enumerate the sequence of messages obtained.  It rol 

that such a message source is discrete.  o".v two messages from this sou 

if tl.ey are not identical, will differ by ;t least one letter. 

ers 

1 ows 

rce , 

A device transmitting the results of measurements of some continuous 

magnitude, say atmospheric pressure at a particular place, provides an 
example of a continuous source.  II" two messages from such a source are 

not identical, they may differ from one another bv am' amount however 

small.  Mien this is so, no matter how little message \ differs from !■', 
it is always possible to hare a certain message '' which will differ rrom \ 
less than from B.  Such a set of items of information forms a continuum 

and cannot be enumerated.' 

However, this continuous source will be discrete if two conditions 
art- imposed upon it.  first, it must give a message about the magnitude of 

atmospheric pressure at certain, previously prescribed instants of time. 

It must round the measured values orf to a certain accuracy (say, to 
O.dl mm ligl.  It can easilv be seen that such a modified source is discrete, 
\t the same time, if the indicated instants of time are sufficientlv fre- 
quent ad the accuracy of approximated representation sufficientlv great, 

from a practical point of view such a discrete source is in no wav inferior 
to a con'inuous source.  Wvertheless, resort is not alwavs had to dis- 

creti:ing ;uanti:ing a message. •"or example, a source transmitting the 

!t should be stressed that here and later we sneal of a set of messages 
which n "source could create 
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rlu1 magnitude of acoustic pressure in Front of a microphone (in teicnhnnv 

or radio broadcastin^) remains in most cases continuous. 

In this work consideration is i;iven only to messages created by dis- 

crete sources which for brevity will be called discrete messages. 

Discrete as well as continuous sources can be subdivided into two 
types: sources with a controllable rat? and sources with a fixed rate f.~l. 

In sources of the first type messages are stored in recorded form and are 

issued on demand from the transmitting (coding! device.  In sources of 

the second type messages are issued r't certain instants of time which are 
determined by the source itself and do not depend on the functioning of 

the transmitting device. 

The text of a telegram which is to be transmitted by telegraphic com- 

munication line, a phototelegram blank, or a perforated tape are examples 

of sources with a controllable rate, ^'nny pickups in telemetric systems, 

electronic computers, a man speaking into a micronhone, or a play trans- 
mitted by television provide examples of a source with a fixed rate. 

Often an element of buffer memory is inserted between a source with a 

fixed rate and a transmitting device.  If the capacity of the buffer memorv 
is increased without limit, the conditions of message transmission approach 
thos" which prevail when the sources have .1 controllable rate, 

1.2.  Conversion of Message Into Signal 

The form of a signal passing along a communicati 

mined by the physical peculiarities of the medium 'M-".M 
and the receiver.  In electrical communication cl,annel 
to a current in a conductor or the intensitv of" ar i-V. 
acoustical channels it is the sound pressure, etc.  Ic 
essence of a signal, we will consider a set of sig 
tain function :(ti.  Argument t is usually tine an 

case will be considered here althuuch in a more ce 
another meaning (for example, the coordinates of a 

message on paper"),  lach signal of "his set i ^ dot" 
of argument t. 
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often  is,   ambiguous,   this  not  precluding  the possibility  ~.f vnliil  res- 
toration of the message. 

Thus,   the  system  for  converting a  message   into a  signal   and back  mav 
be  given  in  the  form of a   table,   that   is,   a  dictionnrv wherein  certain 
signals of subset  Z    are matched with  all   messages   in  set   A.     In  the 

genera]   case,   if time T  for message  formation   is  not   limited,   such  a  dic- 
tionary would be   infinite   in  si:e.     Rut  even with  a   limited  time T,  i-hcn 
set  A  is   finite,   in most  cases   it  holde';  such  a   large number of nossiMe 
messages  that   compilation  of such  a dictionary and  storage  of  ir   in  the 
form of a  recording on paper or   in an electronic memorv   is   inv racticable. 
Only  for the most  primitive  message  sources,   when  the  number of elements 
in set A  is very small,   is   such a dictionary method of conversion suitable 

In other  cases,   instead  of the direct   dictiuiiarv  method  of conversion 
use   ir.   nade  of a more  convenient  procedure wh'eh  amounts   to partitioning 
all   possible  messages   in   set   A   into a   seuuence  o*"  several   "elements"  or 
"elementary messages"  or "letters," which   form  the   finite   .et   \' having  a 
rather  small   number of  elements,     'nich  part i t i oninc   i •:   usu, l]v  .Vne  f>\ 
the message  source   itself and  car  be done   in  various  wavs.     IT will   pre- 
sent   several   examples. 

Ixample   1.     let   a  mc-sige  measure  .1   certain  scalar  ragni'udc with   .m 
accuracy of  ■ .     Tal   nir  •    a<   unitv,   it   is  possible   to  depict   even   result 
of measurement   ''sv  .1   vholc  number.     This  number can  '-e written with  dipit« 
in  the decimal   01   an;.'  other  system .,,■ numbers.     Then  anv rcsi.iec whic'1   i« 
t!ie  result  of one neisuremen'.   or .1  sequence  of  result«  of  several   "ic.isurr- 
ments  can be  partitioned   into   ligits   in  the  selecte<l  sv ;tem  ■»' nutrl'crs. 
Inch iligit   represents  ;ir  element.arv ne^s^pe   'or "letter"1   so rh.ir   tb?«  ■>(•, 

X   (in   thf  decimal   «x-^tem"1   cm   in   this  example  contain   I'1  elencnt«:.     !n 
several   case«:   jt   is  advisable   to   include   i*-   X   one  additional   elerontm 
item of  information   ' T'^arat i r^1   inJicatinR  r'-.i:   ,1  gi\en  result   ■■'' rcisurr- 
ment   i •;   rerminated  and   an   item  about   another  result   i«   '-rr i nni-ic. 

Ixample   r.     assume  That   source messnee«   cm ^e expressed   in  worifs 
and   recorded   in   -ore   language.      n^pr  a   !eTTcr  of  f'e  .ulrVa'-rf   of   th«?   gwrr 
language   (after   including   m   •.:   separators  ^rtwrcTi wertJ^   and ^mc1111.1111 »i 
marls1   can  ^e  t.ilen  r s   ar   elcmentarv re«si,'e.     It   5.ou!.!   al^o  '•»• rosc-,»-io 
to  tale  a word  r>r  >:erTerce   i«;   an elrrcntarv rr«:«-ag<r.      Ml   ihr-r  nctSoi!« 
•f part i t ioninp   leac!  to  a   finite   «et   V,  boxrvcr,  part i T ionr^ '•>   wort! or 
-entence   is   in  prac'ice   incon\pnier,t   <:nce   in  this   ca^t"   >   wi!!   conta-.n  * 
very   large  number  of eler^nt«. 

Ixarplr   *.     Ir   the  general   ca^e of   am-   h^cretr  *m»rcc   all   ro<Ki,,lr 
re^^i^es    a«;   indica'ed  .•',vo\i',   '"orr  1  calculable  «ft   and  can  ^r  eniamcrate«}. 
^r   la-,   in  accordance with  »f^i^;w  rnnreration   i<  r-orf^räHoul,   can  ^r  selrctr. 
in   lißht  of  the pecu'lari T ir     f>f  a  pivr*^  «-rccifii.   sourer.     ^^'r nurtbrr ■■>' 
each Rfsvagc  can ^e wr»t*en   in  anv  marker  «v^tort   and  eacH  (l>c)'   "f fhi< 
number  talon  as   an rlerontarv reshape. 
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rhc  last  t'xamrle shows  th.it   part i t itniini'   into i«ICPTIIT arv r«'>-x.iiM,t   i«; 

m  principle possiMo for an^■  liisorftf n-'^aiM-  ^curoc,     'ho  M-r    -f   d« 

mentary messages  thus obtaincv!  will   '>o  -MIII-'I  r' »-  sourv--  al!'1'tVct .     M-■ 
number o*' elements   m tlu- alphabet   isi:e of  ali'ha'-i't1   ■•>: 1'.   ',>'   !c<icnitiMl 

bv  the   letter 

Hius   each  ne^s^iu1  .1   f'ron   sot   \   >■ ir  ' '•   rwrr^<-i;f:■•'   \r   !*'<•   ''^rr     '    > 

<e.;i:ence  ni' eler.i'nts   v  of  «.et   ^ 

«.     , *      i 

r re  >c-  u . 

. c r i pt   . •■ 
ill   , tho   .(■r.i,*h   ■■'.   thr-  "•<••■ •-.H'C   i   •"   a' • ' ik «• !.»,►,.•     \ ■ > ,. ,.      .,.,. r 

Je«; l gnt 1 on   nl   a   rf; ■■. i,'c   i lorofil    :"',,  itv-   • hr   r>r<J.r.i!   rv,;r1«-* 

ot   rhr  e'.ercnt   atu!   • he  su'^cr it '    :' 

» •",     '. . !      ca!    havp   the   . I'le*    >    .«. 

'.    J 

'» v,   t he   t a«»      t   , —   c-r-. ; .••■     ■       -i •<■   ■•-•■>   i   ■   »••• >;     -   ,■ •■< ,' ' .    .r. 

,,,]        '•■.<;'(-a';    -•    .^-•••. lirt ■•',l:        •    •' >■   »••■<•••.■       > • r   i \»—      '■ ■   •    " >■ 
! i ^ ■! •, ■ r .< r1.   rat c*- i r,    in-,   r i«. • -'- ; «•   -r*- •-.» r«-   ■. »■     <••        •..■?'     .   >■■ $•'''• .    '   i   " 

■ i 1 it w r      '    ^•i'. >    \     er»    ! i ri r ^ '   fjr' • r   ■•'   i ' < - • • ' ir \   rr ^    u'r«      -   ». '    >      » 

^,,,, t'*'i , • cr " It    -r   •'■! «   ■■r-i.-r"--   ••r.,•. : <•'. '^     •   -•».I«-   •cr   —.T-.II'        ur ■  .•,i»- 

, ■ I   i,.. r   •■('. ^ ■ ■  > v 

i-J  r it .-^   •  ,, v-      '   •'■,•- 

■ f  •v'-'iace   •   rr,-re<rr'ri 

". . '.      ■- '• »v ■■". ^   ' '    , 

v   t'■   i%»"f-   <•'    Tn* ir>   -«••.' »er i< •■       •   r ,..,••■,,.     ■• 

u   ' .     •    • ■■- •    —   '■•ir-   '     • '-<■ 

»      . .        .    .- . •  »,» 

-O«; <.  |,c     1 

I'rve'.--T.   -   "• 

r. a  < i; i 

i.i     _ 

-v,,. f   r'-Trf iT'     ■•r-"^ 

i-.l   i—a'.-Ti   )(   .»Ipha'M-!   »    .-'.■.   ■■-'    ; •   cf   ^.r"«'«^   •   anna  ' u«     «   ..»".■.ci 

;>.'. if  : •• <■   > -. ;<   -i: p'-,»• i • - i.« I"        a". , r '   • *-r   '-a ■.r    i" 

|i    »-■■'It      ij-       "f ."f"  it;     •     • ^ ,.     ^ 

-T sS-.jCr! t   • •    .    v   ,   A 

, • .   ,».     > i    »> i r*    • 

r r r •     t *• -^ • i'  '    *■ 

ir 

<••■ t    <.c n^r < 

■ -    • ^^    *' T ' .»»I   trrs « r    ; .'<f t P f    ■ <    t *• r   t <• 'T    f    . rn   t •■      ^iT'. <• r *■ '   ""   ^ '    «   ""■' * »f r    i r 1 e 

'   ^ i (JTH ' " Pi   'vr   njf rf *•   «rn« •■   »< i!: p.f   ■ •    f.r r i nr '   <■-   r»"" r«-« r^T .»t i \ r   n*    ' i » ■ 
• «».I      c v-^»». iTe*«'   r-r^'af^^   ^"^    '   *er ■ r*      "    -•■•■,    n\i* \ \    «r ' <•. * cj   t\ 

BI*1 If«»   ■' T v o rw • ^ «•    '■ * -. "'.a' i'' r<1 . 

T      Tt*\f*-tr 

• j « r-   ' 
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i-r«'^; iti-;»   ••ir? ;!•-:■    ' ■>«.■?•   • -   t'u-   - j-r   »I    i-    11 f»^.»''«-!   «••IU.« 1   ton.      In 

Vrjrvivlr   f •• 5 *    :»    .--fri-.t,    '•<••> ic\ «T ,    T'-n-r«"    1«    .1    MfffTCnCr   '■••Twrrri   pir- 

,  >r r i '■ •    i     - r' i; ^   "   ■ ■• \ «,'   '       '♦• c-  -<■ f *   ."   .-.f  r. ^7 111 <■>••» nf   i *   u*vt.i 1! > 
».„.'• m '       r«     i 1 r«   lin    f f'* r. 

.••. <■ r    i 

..... r ••, 
• i    ",■■.'   • 

f ,■ i ,••■ '    ■. -   ' r i^«l» i •r • •   > i'c ' 

• »,,,    • r    1 <-'•<• r * ^«-.:*t*""   * (•!• 

.  i . •. 

1 

•   „ ,.   I 
f .' * ^ -- «  i ^ r     *;  ^'U' T , IP • I 

1     ,-   '    • ' 

lr . 

' *     «■' r ■ r 

i V.      .1 k-     \ r    *■ f i • - • • 

-  , »     * .-  i 

».*-•,!  *■      ♦ •>     • *' r     n r ] i j r* ^ ," r 

,. . • '      •»-^••^••■»t***      ''•      ■ ** ^ 

•      • ^ r      • • *. •      f     ^•••r" 

Ji ;     r     ^ ■* r»" 

•I' 

1 If 

* f •      l     •"■r -. n  i, ^r 

1 r      lit'   ^ r   • l       ; ,   • 

. ^ •  . *      • T 

. r'     w  • 

r-r ^"^r   ' •        • ■> 

.-    ■. i ffi li 1    <• , r-r-1! „ 
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Ihc JurjtiiT. oi c.u1! i-lf^cnt ol' thi- ^n'n.il, 
v.iry for various code <\T\^O\*, .nu! iNo , .ni h.wv 
.1 particular JistriKjtion of prvi'MlM 11T i»*»; for <.■ 
latter case arc rrovulci! ''v ti-.c^iaph u t r:in<;ii'i-^ 
duration of an plcrnvM of .1 ■;ii;n.i! f'Mo!" or Mi 
certain !init< v!rpenilin>; on ttu- qualifications ^ 
*tart-<tc»r t r.insr. 1 •;< ; on wtu-n thp luration c'' 
ponding to t'10 las' >.\—"-.■I .f' each . .!<■ , or1' 
*« 1 Ac limits, \ connni i > a 
'• I iT.rnt < irr <;• r ict ! v ' > 
rulfiplf  relat ion'ihir*' 

-     "   u'Tl 1 f Mi 
1 

1   .     1 

tV 
n it 

t    th 
'»To 

i of 

T ior 

<;\ st cr«.    1 -   v. 1 >!(•   nio 1, i\ <■ 

for   t he  -ost   part   •» 1 ', 1 

svsT c"    ' •> 

in.l   1 1. u 11   ' 

•.    C .1 ! 1 C '      I    SVT 

ir.in\     i.!\  mT a,'- 

•o'l"- ;  Vrc,1   l'r 

■i or^ ^1^ 

,     an 
' u 1 T h 

1 ,. 

■ 1 >• 

i ' '•, : • 
1   1 

rrc- 

rhe process of convert] ^ of 1 •;.■ oien, o t .. ,'•■ •N-
1 

gurnet* of < 1 ^na 1 elements ; •- ».ill<'i!, in conniru-aT ■ on •'•■ 
^oretircs »n this spn^e thr Tor- "K'v •■(•" ; < \i<i'.\ v, i T'■ :• 
telegraphy. Hius, conversion of a rc-^iro rri'tc! ' •■ , 
foro of a sediiencr' nf ines'aci' c Ic-cn'■- i"tr 1 •-u-v.i I ,■ • 
■'ferat i ons  rf coding  and  modulation. 

M ' r 

Vt   the  receiving  end  of   1   k-omnui'1. at ;   r   .'•. o n,c 
mis»   be   identified  with  one  of   the  -o^v;1:,   •-. •.■ u-. 
•nost   practical   corasun . cat i on   >•%•■;! er«;   TM«.     rerat ■   - 
i)uentiallv;   first,   «.igml   elet-er.ts    .r.    . o-  rrt-! 
SVTS^OIS   (dcaodulat ion^   and  t^-en   t h • ■;   M-.iu''. ••   i •• 
of  r.essage  elecent«      lecodirp     .' 1 ■'•    ir<'   -»■>■  '  ' 

,! 1 gure   I . "^ 

ran^- 1'• 

1. -vt 

r^ns- ■ t T i "O   (lev ■ ce 

"i '<■ s <  iri'» 

rnnvC^io»-     i "     1    ''    -T-.,-       ^•       -    ' ,     • . - 

1.3.       "*>^u', t    o *    If" 'nrr^ \ \ n"    '—    .»   "«". s .^or 

;u irt ; 

1  -(■•«. ige 

In   order   to  ^e   a' 1 e   to   .' '»"■ ir'    . 1 r     •;-   -t-«. <; 1, •■ 
cation   line«   and channels,   it   is  rr,-•■<;<. •:-%   to   '-Tr-.!-!  »    ■   , ■ r' 
tative Bfrasure to permit   e\ .laating  •'■•■   irforn.it 1. ■< ' 
and   carried bv  a   signal.     ^uch   i  -r..<-u;'-   ;n  • *><•   for"     '    1   ,.i-,t;T-      ! 
inforoation ».as   introduced Kv 1 .   ^h mnor   f!1.     !t   *« ,«.  ' .•.•'   -•■  •' .•       • > cpt 
of  srlecTton.     fhis cade   it   ros^i'-'.r   f-r  '-i-  'c    •••   •■■•-1    ■   •■.'•■    \r*"'.\ 
general   nather-at i cal   theor\   of   comiru i*    — . 

•rrior  to  ^han^.on  a   log.iyithri     r.-.i<.wTr     •    .-'^rrit     •   - c      ^•■'     .      irtlrx 
and  als^ Fisher   (in  de\eloping   is^--   • •     -,-•»  .!^     •   • • ,•   •• 
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Kc w,   cons'uler the ^asu- ideas of this theory as annlioaMe t" a 
tl i s rete source emitting a series of elementary messages.  IVe will trv tn 
find a convenient measure of the quantity of information containetl in a 
certain message.  The principle idea in the thenrv of informnfion is thai 
this measure is defineil not by the concrete content of each messace but 
bv the fact that tlie source selects a given elementary message from the 
I'ini'e set \.  ^,,, i s idea is justified bv the fact that on this basi^ it 
has been possible to obtain a. series of significant and at the same time 
nontrivial results agreeing well with intuitive ideas about information 
transmission.  The most import nit of these results will be further set 
forth. 

\ 

\mi  so,   it' a   source performs  selection of one  elementarv  messai' 
{V   -   1 ">   frnn aliihabet   set   X,   then  the amount   of  information 

emitted  hx   :t  does  mt   deoend  on   the   specific  content   of this   element   '".' 
on hov<  the  selection   is made.     If the  selected message  element   is  det-T 
mined   in  advance,   it   is  natural   to  assume  that   the   informati  'ii   CTitained 
in   it   is  equal   to  nero.     i'herefnre,   we will   consider  that   tlie  so! •■■et i'm 
letter   x     tnl-es  place  with   a   certain  orobaM 1 i tv  :M.\   'i.      "'.is   ru'e''   iKil;?'. 

can,   genera lb1   "tn^ iking,   .lenend   on  what   soiiuence   i^recedes   t'io   gi\-e'    ie*'i 
■A i 1 1   assume  th !t   the  amount iformation   inclu.ird   i"   olorentar 

ressTi'e   \ a   ^-o'1 * i nuoir r. ! on  o • • ii: 
■r ,i, ,i  ; ' ;». 

will   trv   t.-i  .lefinr   'he   foi ,'•  of   tlie   function   ^e  t:   it 
t i i "   ' ■■vv   s i rf> 1 e   i "t u i r i • '■   i leas    |l<nut    ;:"" >rmat j  ai . 

Fr 1   an.!  w. 

!> 

nj"t 

c;i c ' e ^ s i . i■! \'   ' \   *'', i s   s. >\n'" i• 
th;s   our' ersinn   i ■   en I irgi"c 
f >rr,s   a-   i Irh I'M *     !   '■ ■ :e 
-hl'.O 

i  

i, i, 11   ,    c i" ■ 

' • 

...■      ,     .:,;•■.. 1,.      ■,.-.,.    ■ 

'. ' "            Y 
i , \ 

-nl r  ■- !   "let •■ : , 
.,i,.p,   .         .:,,,    \ .., i ,, 

V I I  ,.•   •   ,.; 

^, • c   s ur 

i r. i i   <. 

e in i ;    * 

»     iff 
1 

. -r- -11 - 

.■:•.! 

i' ■ n r   v 

if .^ i,- 

i: 

MM 
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will designate this conditional probaMl i tv by p ( x x. ) .  Then the amount 

of information letter x. will he expressed by function ifplx, x.)]. 
r r 1 

On  the  other hand,   the prohabilitv  of selectsnR  a  pair rf  letters   !• , 
according  to the  rule of multiplication  of probabilities 

p\\,,  \k)      /Mv.i/'fu, h, (i.; ■ 

The   requirement   of additivitv  of  amount  of   i n f e r^.a r i on   in  enlari'inc 
an  alphabet   lends  to  the  equation 

?l/MV.ll   ;    - 1/Mul Ml        r l/'i  '•■    U 1 

?I/|(',,/I(u!v,il 

Let rtx.) = n and plx, x.1 = u.  Then !"or anv ;■ and ni'"1 ■ p ■ 1, 
I'II — 

0  q • 11, the followinc equation mus'' he', d: 

'I (/'I ■ ■,(./!  'i ':■:) '1 ." 

The  cases p  =  o or q       |1 are  excluded   fror con^i leration   -ii-.ce   K   I 

consiMuience  of the  finite   number  of   letter1;   i i1  the   ilphab^t,   the^e 
enuations   indicate  that   selection  ^v  the  source of the   letter pair  x.,x, 
.■..., i     l 

i-^  an   impossible  event. 

Iquation   l ! . .■>     is  a   tunctional   cjuation   ! r^m v»1-.:  ode  •■' 
:   can  be  determined.     We  differentiate  Krth  rar*';  ■''.'  e.nnt i «n     ! 
respect   ti    p: 

.,'(,"1    ',,■(■■■.' 

unc»:on 
"'   u i t !i 

Ke  is i I 1   multiplv  both   ^i'e^  of  the  euuat i   n  o'Mained  'M 

duce  the  ^ ;iiili'\- nn   -   r,   then 

/Viri     '.'l'1 

niil   i T.t !"(■ - 

i . l 

'.'his   e.iuntion  mu^T   ho' I   fv   in\   -'fo   '   r  •"   11   and  anv   r' r   •   P
1
. 

rhe   latter   limitation   (r       r"   i •=   not   ciqnifi-ance  ^f-ce  euuat :on   'l.-O   i 

'In  essence all  probaM ! i t ie«   figtiring   ir   thi«   .ons idernt ion  arc  condi 
tional   since  thev  depend  on   letter«:  procedmj;  x..     I*v   Introducinp  the 

%sii;nTtiop  pfx,    1 
1      i 

we must   consider  "Jelei'tion  of   '' 
preccdine   it. 

we  only  <;fr',<'".   ♦hat   m computinc  t'■ i s  nro'^dM ! i t \ , 

ir   letter   \.   itself a«   well   :\*-   t'e   letters 

1>- 

m^m*m*mamm 
^mmm 

~ft -      -    »■■'n ii   i 



■ .n-f-m'Ji *■■-^v-.kij ■.■n^ n" HI» Hyv ■■■)■■>...MI ;>■".. f..i ^■■v.-i:'^ ■*?. WWHITTI . ii.nu.! j  .rtnLL...ln w-n^r,,^. 

not significant since cquntion (1.4' is symniot rical with rcspect to p ami 
i" and, consi'Uiunit ly, must be  met for any pair of positive values of inni- 
ments not exceeding unity.  But this is possible onlv if both sides of 
(l.-H represent a certain constant magnitude k, whence 

I'r  '/" (/'> 

I nteerat : m;  the inniatinn  ohtaineti  we   find 

,,1/0    Mi,/, -f, 

wliere f   is   an arhifrarv  constant  v>t"   integration. 

I ! 

lormula   li.-"'  defines  tlie  class  nt"  functions   :(pi   exiM'essiiui  t!1.'-1 

amount   of   information   in  the  selection  of   letter  x.   havini:  a  probalii 1 i tv of 
i 

iM.x.l - p and satisfvine the condition of a.Miti\'itv.  'or a determination 
i   ' 

of r;".e constant of integration i' we use the condition exiiressed alcove in 
accordance with which a previously determined message element, i.e., 
having a prohahility p = 1, contains no information. It fo'.lov,^ that 

■;;' =- n, whence it immediately follows that '" = 0. 

\s far as the  proportionality factor 1 is concerned, it can he 
seK-cted arbitrarilv since it onlv defines the system of units in which, the 
information is measured. However, inasmuch as in p • i1, 
make k negative so that the amount of information will h 
is simplest to select k - -1.  Then, 

it is advi 
pos i t i ve. 

ihle 
I ! 

t 0 

I 
I/"' in/1 ( 1 . n 1 

IVhen t!ii^ is done a unit of information is equal to that information 
contained in an elementary message havin.; a prohahility of 1 e le is tho 
natural logarithm hasel or, in other words, eeaal to the informatiiii con- 
tained in a message to the effect that an event has occurred, the pro'M- 
hility of which is euual to I'c  ^nch a unit of information is called a 
natura1 ur i t . 

^lost frcciuentlv we choose k Then, : f-d ■np O!- 

fl/'l lo- /' ( I .ha") 

With such a selection of I the unit of information is called a binary unit 
It is equal to the information contained in a message that an event has 
occurred whose probability is equal to 1/2, i.e., which can happen or not 
happen with equal prohahility.  Sometimes use is made of other units of 
information such as decimal units.  We will use binary as well as natural 
units for amounts of information.  In those cases when the selection of 
units docs not matter, we will write 

14- 
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(;" 1....T. I 1.bhl 

knowing that ;i 1 o^aritImi can 'lave any bast» a- loin; as this Inist? is rotainod 
throughout tho solution of t ho proMcm. 

ri:anks to rlu1 ivroperty of ;ukl i t i s'i ty of i n+'ormat ion , oxnression fl.tO 
ir.akos it possiblo to detiTmlno tlir amount of information not only in a 
letter of a mossayo out also in any mossat'.o, ni matter hew loni'.  It is 
onlv necessary to take for p the prohahi 1 i tv of selection of this messai;e 
'V.-n nnont.', .ill possihle in licht ni' • ft" iouslx1 ••.eloi'ted ini'ss.-e'es, 

I .'i.  Fntropv and ^rnciuct ion ot ,i Mf-,s.iqe Source 

In construct: n^ a thecm' ot" commun i cat ion i' is nut the amount of 
i nform;; t i on containeJ in a specific mess.is-e that has greatest importance 
In. t the average (mathematical expectation! of the amount of information 
c nta i nod in one elementarv messai'.e of the source: 

//in" I 1 ."1 

Here, as everyKiiere in what follows, the horizontal line indicates mathe- 
mati ca I expectati on. 

The magnitude llfxl char.icter i r.es the r.ossai;<" scarce and is tailed, the 
e!iti'op\' of the source with respect ;o one element of a messape. 

In the simplest case of a source ot" independent messages in which the 
probability of selection of one •'•os^:u;e element o-- another does not depend 
on previously selected elements: 

//1 M    V / > .. ■ : 
i . a 

lero, ' is the s;:c of the source alphabet and nl-O i ^ the iiro^ability of 

;election of the k-th element il-th letter^. 

Usually it is spocified that entrotn- characterises n i;iven distribution 
of probab'Tl i t i es fro;", the pein; of view of indeterminacy of outcome of test, 
i.e., indeterminacy of selection o'" one message or anot'ier.  Indeed, it 
can immediately lie seen that the entropy is equal to r.ero when and only when 
one of the probabilities pfx. ! is emial to unity and all others are euual 

to r.ero.  This indicates complete determinacy of seloctioti.  Kith a fixed 
sine of alphabet ' the entropy 'S a maximum when all n(x ! are the same. 
Then pfx ) = 1/7 and 

K 

^ ' 
max (I.SI 

In this case the degree of indeterminacy of selection, based on in- 
tuition, is greater than in the case1 of probabilities whi "h are not equal 
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l-'inally, if wo consider al]ih;ihcts witli equally probaMo elements but 
with difftrent si^es, the entrnpy increases with an increase in the sine 

This also agrecn with the intuitive idea of degree of indeterminacy 
of selection. 

After the source has made a selection of a specific message element, 
the indeterminacy which Fins existed is eliminated.  In this respect the 
amount of information contained on an averare in an element is measured 
by the indeterminacy which wa? eliminated as a result of the selection of 
this element, i.e., by the entropy of the source. 

Another descriptive interpretation of the concept of entronv as ;: 
measure of "diversity" m messages created by a. source is possible.  It 
can easily be seen that the properties of entropy presented above agree 
completely with the intuitive idea of a measure of diversity.  It is also 
natural to thinK that the amount of 'nformation contained in a message 
element is greater, the more varied are the possibilities in the selection 
of this element. 

We will now define entropy for a more general c! iss of message sourci 
in which the probability ■"■!" selection of an clement depends on which 
elements wer" selected earlier,  lu w: ! i limit ourselves to sources in 
wlr.-h probability relationships are expressed only for e'ements which are 
not far removed i'roni one another.  '. is ius1 such message sources which 
are most likelv tf' oc encounti"-'nl in practical application. 

lor example, if   source emiis infuT.ation in the form of a tex^ 
writtin in 'I-'- Russi n (or ar". , taerl language, the iirohabi ! i ty of occur- 
ren:e of ,i (.ertain letter depends strondy on c:e.,nral preceding letters 
but depends almost !'■ ' at all on that part of the text which is far re- 
moved from it, say, bv several tens of ,%ords   Indeed, if we find in some 
text the com'vi ant i on ot" thi letters "raspredi le..." there is a strong 
;-TSsibility that the following 1 'tiers will b«' "nive." i-'urther, if the 
text ;:; ;iat!ier.;it i il, af"fi'' t!ie uor.\  ": ■ ;ired'-1 en i \'e" the word "vero- 
yatnostev" wi 1 ' --ro'v-d'h '"oliow,  Pow^.-er, 'he probal. i 1 i t >■ of occurrence 
of particular letters or words in i succ;-ed', ng line tiepends almost not at 
all on the letters written at '''■• '^'i-inning ■■,' the preceding line.  Some- 
what mire extend' ibab i i i t i ■ •an II, urn I   in  poctrv   fas  a  consequence 
of  rhythm and  r'nrv''   'out   even  liere,   as  a  rule,   t'^v   lo not   extend   further 
'han  one  stanza. 

\nothei   evinple   is  p'-oviued  by   i   source  winch  re r un"";  atmospheric 
pre-;sure   .t    i particular ;oint   with  gi\per pri%cisi(Mi  at   certain   intervals  of 
';-..■.     :n  this  example  ti.«' pro' d-iiity   ' i es  bctwern   results  of observations 
are  extended  ,iver   long   i i:t ■ '-va! ■      (  'ire  iin   the  order of  several   davs  or 
weeVs  a'i,l,   consr-ouen* ly,   include  manv  elemeniai\   messages   (if  tiio measure- 
ments  aie performed  with  sufficient   fre(iueiu\',   tor  example,   e\'er\   h.ourl . 
However,   even  here,   attention  can  be  drawn   to  the   rather   long   interval   of 
t.me   (several  months  or  yearsl   over which  these  ties   for all   practi   al 
purposes,   do  not   extenl. 
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^tarkm'  chains  jir^viJc  a  »natlifiTint i .'a 1   revrf^^nt .it ijin  i-'   rf-^   en'« 
crentcJ hy such  sources, 

■\ Markov  chain  of"  t'u-  n-th  nnh'r     s   i   «(Marn.r   .'!' ^•■•■rn.'cnr   Tn il- 
in which   the  condilionnl   prohnhility  of  ,1   certain  outcono   v     >n  rtif   -. - •'' 

rrial.s when  the ontcoifo^  ni" the n prrcdiiric ♦rinls  arc1 f nown,  .'■■-'-   it 
ilopcii! on  nrcvious  outcomes.     In otlior woris,   uhen   1    •   a,       a ,. . . T a ! . n n 

In  a  Markov  source  nf  rho  n-tli  order  rhe  >! i •■■r ri'^it i IMI iroK->i ! i r 
p'x, ^ does not remain constant hut Jencnds i1" what the last r letter' 

terminc a certain state l' of the source fq = 1 , r"1 in wh i ch the pro- 

hahilitv of selection of the t-th letter of the alohabel is enua1 fo p (x. ' 
i     l 

'lie  nnnber of various  pos^iMe  c;'',nMencec;  nr n   letters vir1'   -i  si.'e 
n 

of a Iphabet       i s  eqm 1   to 

states  of  the Marko\'  source   is   Finite  and  does  ■ or   exceed 

IT   follow:--   that   the  iinH-T  r of variou 
. n 

I f  '"or ea rh 

state S prohah i 111 ics p (x, 1 are civen and it i-^ I-nown vchich state deter- q              q  1 
mines anv  sequence of n eleir.ents, then the m'cvl\ah i 1 i t i es P of each of the 

1 CJ 

states S [q .,r) can re conpnle o r s c \-eri! additional condit'-ons, 

called ergodic conditions, which are i^et for all sources of practical in- 
terest, there exist unc 

!-th.  elementar'.- messaije 

terest,   there  exist   unconditional   m'ohahi!ities  p(x,1   of  selecting  the 

/M \-t) N^ V 
s   I 

11 .in 

The expression //    V /'. ■ U'"•,/',o >,. i, represent i np the mathemat i ca 1 

expectation of the amount of inforir'tion in a selected element for a source 
in the q-th state, may he called the entropy of this state.  Ke obtain, the 
entropv of a source (computed for one elementl I1  in accordance with !l."t 

hv averaging over all possible- states 

"ri     - V V i\ /O-.'I^,/.;, v,. (1 jm 

i.xprossion ri,"aj is a particular case of il.M) where r = 1, i.e., with the 
only state of the source.  If we were not to consider the probabilities 
ties between message elements and base ourselves on unconditional proba- 
' i 1 i' i es p'.x.) determined from fl.0'1, then for one element we would take 

for the entropv of the source 

i^Ma^M ■MWMMM ^^^i ^vUu*.^.^^.^.^,:, ,.,. .J.UMJ^.,.....„..,,..,... 
'.ii U^.... —■....: .. 
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^  cortp.if i «on  p('  rrt rotfv  "   VTrr-: "in*'i  »-x   r-tfT** l^n   (1.1 
r.,ixin;il   entroT'v  I1 

rant :>v ^s:»-] i  s*;'- '• 

for character i : 3 np  the  .ilnhi^pt   of    i  rvo^^npr-  vom 
introduce  the  concefT   ^,    ili'-i'M-r   nvinr.'n.»   m 
(or,   a<;   it   i^  often  «;tue.!,   nessa^e»  reilun.ianivi 

r , 
/»(.I 

max 
i r ■ 

f-rom what has been said above it is clear that dissimi'ar prnh.-ilM ! i 11 
of message elements and the existence or" proKa'-'i 1 i tv ties between close 
elements may cause redundancy. 

We will present a simple example,  i.et the alphabet of a source consist 
of two elementary messages which we will designate A and R.  hen the maxi- 
mal entropy of such a source achieved with independent selection of \  and 
B with equal probabilities and expressed in binary units is 

max 
log, : 

If the elements are selected by the source independent lv, but with diffen:.- 

probabilities p(A) = 0.3 and p(B') = 0.7, the entropy per element is 
H = -0.3 log., 0.3 - 0," log-, 0.7 -■ n.52 + 0.3h = 0.88 bits. 

In such a source the redundancy of the alphabet is equal to 0.12. 

Now, let the probabilities of selection depend on one preceding clement, 
namely: p(AiA) = pfBlßl =0.8 and p(AlRl = pfBlAl = 0.3. Here PCA Bl in- 
dicates the probability of selection of element A on condition that the pre- 
ceding one was element R, etc.  It can easily be seen that the unconditional 
probabilities of both elements in such a source are the same and equal to 
0.5. This source has two states determined by the last selected element and 
both states have probabilities equal to 0.?. Then, from (1.101 we obtair 
I! -0.5-0.8 log  0.8 - O.S-0.2 log^ 0.2 - O.S-n.R log., 0.8 ■0.2 log., 

0.2 = 0.722 bits.  The alphabetic redundancy caused by the probability ties 
in this source is r '1.278, 

We will now consider the case when there are probability ties and the 
unconditional probabilities of elements are not the same. I.et 

p{A\A)    OX r^lAl-OJ, p{A\b)    0,1 ,,/)(!; lb)-0.') 

It is easy to compute the unconditional probabilities1 which prove to 
be pCA) "  0.125 and pfB] «= 0.875.  Such, obviously, are the probabilities 
of two possible states of the source.  From (1.101 we obtain 

^or this we may use the formula of complete probability pfAl = plAlplA'Al + 
♦ [l-p(A)]p(A|B) and solve the equation obtained with respect to p(Al, 
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,1.5 • "." IOR, ri."l - n.g' 

•  l1.'1  K">K, 
,1.01  *  ^.r*? binary units  and the r 

MM   loR., n.i  + 

l.^r rmy rracticil   problems  «murces  which  emit  messapes   in  the  form 
.'•'   i  '.of.   vritTcn   in  «ore   lanpinpo  nre  of   interest.     Specifically,   for the 
«tivsjin   LinRuajZC,   cons uler i np  the mirrtier of  letters   in  the alphabet1   to 

hive 
rux - log, 7i2  -   >  binary units. 

If ive consider the unequal probabilities of occurrence of letters 
m a text and the dcpemlence of these probabilities on previous letters 
uvordinp to data provided by various authors, the ontropv for one letter 
lies between the limits of 1 to'2.S bjrs.  Such a preat spread in results 
is due to the difficulty of considering all probability tics spread over 
a larpe number of letters in sequence.  Furthermore, the magnitude of the 
inpvpy depends in certain measure on the nature of the text.  Rased on 
these data the redundancy of the Russian alphabet lies between the limics 
of P.? and O.R,  Apparently the second number is closer to actuality.-'' 
Data close to these have been obtained for the alphabets of many other 
language?. 

The entropy of a source defined above for an element in a message de- 
pends on how the message is divided into elements, i.e., on the selection 
of the alphabet. However, entropy possesses the important quality of 
additivity.  Let a message with a size of alphabet ". have an entropv per 

element of II. (considering all probahility characteristics!. We will en- 

large the alphabet, considering each sequence of any n letters of the pri- 
mary alphabet as one element of the new, secondary alphabet. Obviously 

= ' .  Ke will show that the en- thc sire of the secondarv alphabet is 

tropy for one element of the secondary alphabet H-, is equal to nil .  From 

the definition of amount of information it follows that in a certain spe- 
cific element of the secondary alphabet there is just ,'.s much information 
as there is n elements of the primary alphabet included in it. The amount 
of information in one specific element of the primary alphabet : is a 
random magnitude assuming various values for various elements.  The amount 
of information in an element of the secondarv alphabet I is the sum of r 

:In the number of letters in an alphabet a gap between words must be in- 
cluded.  In this case r = 32 if the hard and soft signs are considered to 
be one' letter. 
• It must he remembered that these results pertain to sources which give 
the text the form of comprehensible Russian sentences united by a certain 
content.  If Russian letters are used as symbols for certain events, know- 
ledge about which is given by a source, the entropy for a letter must be 
computed based on probabilitv characteristics of the source and can have 
any value, up to II max bits. 

I1.)- 
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random magnitudes :,,...,: . The mathematical expectation of matniitudo 0       1'  ' n 
>! , equal by definition to I!,,, as is known [11], is equal to the sum of 

mathematical expectations of t 

of these is equal to 11  then 

mathematical expectations of the terms of • (k = l,...,nl and since each 

//,-.;!//, f i. n' 

We will determine the redundancv ot the secondarv alniuihct. r ,. 
x. 

The maximal entropy for an alphabet os size /\ = '  is equal to 

H2max ll-/-- '''"'s',. 

whence,   in   light  of   (1.131 

'.i; H 
jmax 

Tilt l, '.,- (1.141 

l-'rom expression (1.41 it fol 
when the alphabet is enlarged. 

'li. 
Imax 

lows that the reviundancv does not change 

We w 
babili ty 
n is so s 
bahiIIty 
enlarged 
change in 
mined by 
elements 
alphabet 
message, 
them. 

ill point out that in enlargement of an alphabet the mutual nro- 
ties among message elements become weaker.  If the magnitude of 
elected that it greatly exceeds the range of action of the nro- 
ties in the primary alphabet, the probability ties between the 
elements can he   ignored.  Inasmuch as the redundancy doe? not 
the process of enlargement, it must lie almost completely deter- 

the nonuniformity in the distribution of probabilities of the 
in the secondary alphabet. Thus, the operation of enlarging an 
can serve the purpose of "decorre lat i on" of the element'; in a 
i.e., the purpose of eliminating mutual probability ties among 

For sources with a fixed rate the productivity is an important charac- 
teristic, productivity being the average amount of information emitted in 
a unit of time.  If on the average each elementarv message occupies time 
T, then the productivity of a sovrc i .- 

//'(A) / 
. 1S1 

If messages are transmitted in a system of communication from a 
source with a controllable rate, the average time T consumed in the trans- 
mission of an elementary message is determined by the transmitting device. 
In this case the magnitude H'(xl determined by expression (l.lfil should 
be called the productivity of the transmitting device.  The difference 
between these two cases lies in the fact that the productivity of a source 
with a fixed rate may not be changed in designing a communication system 
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while in tin' case of a sourcv with .1 cunt rul l.iKlr rite T'M- i"-i .liut ;\ I t. 
of the transmitting device i *; «;electeil ^v rhv   Icvu'inr m .»cccrilin. «■ -■'• 
the various technological ami economic Jrmanil«- -.i>i<- of the *\«.t»*n. 

It can easily he seen that the pr-">iluct i v i tv of .1 «:.>iir<.r ilop«; •■ >T 

change in the operation of enlarging an alt'habrt. 

1.5.  Interference and Histortioo !n .i ^^1.^nr^f>l 

In channels signals are transmitted in the form 
of finite duration.  The sequence of message clement' 

er* 1; n r ice*!<<■ "- 

1 - 

a sequence of code svmbols To each code svm.hol 
wv. c r* 

\ 
C(irrcsponiis   1 

i n . tain element of a signal, i.e., a certain function :'f" .Vin 
finite length of time (or a particular set of such function«^.  If the 
signal at the output of .t channel represent« the same function :(ti .!•; 
was delivered at the input, it would he nosstMe wjtii complete confidence 
to restore at the output the transmitted sequence of cod'- symbols nnd then 
to decode it, i.e., to restore the transmitted message.  I'hc «amc would 
hold if in the channel there were only reeulnr reversible di<tortion«, 
i.e., if the signal at the output of the channel zMtl represented function 
of the signal at the input 2'ft") = ff:ft"l] and if there were an inverse 

function f [:'(t)] = :(tl which would permit restorinc the transmitted 
signal exact 1\'. 

In actual channels there are irregular distortion« along with sue' 
regular distortions, as a result of which the mutually unambi •uou« cor- 
respondence between signals at the output and the input of the channel is 
disrupted. The aggregate of all reasons causing indefiniteness in the 
signal received is usually called noise or interference.  Hie tern "inter- 
ference" is also used in a narrower sense as the aggregate of volt u'c 
arriving at the input of a receiving device along with the signal.  Mich 
interference is added linearly with the signal and therefore is often 
called additive. 

Along with additive interference in actual channels there is to K» 
found nonadefitive interference.  It amounts to random distortions in a 
signal caused by the fact that the parameters describing the carrier of the 
signal fluctuate in the process of transmitting the message, i.e., the 
mode of the function :'(t'i = ffz(tl] changes irregularly over time. 

On the basis of observations of various actual communication channels 
(specifically, various radio channelsl the relation between the signal re- 
ceived1 zit)   and that transmitted can he represented in a more general 
form as follows: 

'We will call the received signal, for abbreviation, the total signal which 
is to distortion in the channel, and additive interference. 

i1a.-tj^^^v1^.-'J.,i..,.JW^..l ■....*,, I,, 
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lor exact   ilct rrmin.it i on    '•   t'ic  (-'''IN-T   of   i   '-i^ril   ••lii<   inti-r'rron.-r 
on  a   receiving  devico,   IT   I ■-   novO^^am'   T»  'i no   i   cor-'-'otr   •;: i* i - v . 11 
clever i pt i on  of  the   MßP.'i]   a-!,!   i ntorforon^r .      ^r.]v   ir   i   'ru   rvirticul ir   »-i^c; 
is   it  possible  to   limit   oneself  to partiil   data   i''out   m? erferoni"«-,   i.e., 
with  univariate  ili strihnt mn  of  pro'v-dM 1 i r ie«   m.l  ^orro'ati -n   '''in.-* • «n*;   'or 
spectral   ciensit\■,|.     llnue\cr,   i*    i ^  !iiv,!'.•.•  roa^onaMo  r^  tr\   to  .-or'--. ,<"- 
all   the different   pecul i ari t ie«;   of xiri'Mi-;   •;'urce^  of   i nt crferenco .     "'.••■t-- 
fore,   we will   lirit  ovirselvc"'  111  a  discussion  of  several   tvpical   tvpe«    -•' 
interference whicli  amount   to   in   ideal i rat i on  drscriHnj:  <ut"fu'irnrl\   uoll 
a  greater part   of  actually  oMorved  additive   interference. 

The concept  of width  of  signal   spectru" will   Ho  con^idorcd '■(■! 

h^.ü>l ^.^,..~.  .;- ^..^.^.^ ••-",)■!  r    .■■■■....   r.       ■■ ■■ 
■ 



»rn?«   ^'ir   cf,'•»'*','    intcrrM    fr-'J»   »   f Hci^rrf i c.i 1    ■»«   wr I I    .»*   -rii?-     il 
.^f   ^ i c*        I?»   t Hrv>r^t i >■ .11   •• i CT-i f j ^ jncr   I   <'<    I in   ?Vr   f.»^?   »»-i"    : •   »• >• 

>»T',ii»i?%    i'f   ?hr   ihnnnrJ    tf   the   »•rr«?«<«."    .'rfrrr    fll.       "Vr   »ri.'i     i! 

r-rr . 

!'-.»!,    it   ffr    •': r»!    r I >»'«■„    i?    » *•    i r«-\ i f >» ! .    •'«•«•««-p?    i •-    .»II     i    ■   . 

;-I»>T.    i!    »prrci i r ..»t r«    «nffivirr?l»    veil    ! Hr   «\en      '    »r^    » i •   ' 

frrrriiT   .iri«ing   ^r.'r?  mjjirr^ti«   «-'t»r-c-.   vh;,*    »rr   il>.i%'.   •fr-r** 

, H.tnno t » ,   r •-TTi- i 11 1»    t n   r •»•! t.'   k'h innr I • .      In   ~ir*«t   ,>««•«   f«or«. >!    ' 

!K>t   it   4 m TI« i .Vrril fr if? »■ ii 1 ! ■ . n • l n t t r 
the   •^.^If«,  "f>r»fir.il    t<liliti\r  vHitr   ".<: »r"   ^n,f 
«r<v t »-.•> J    trn* if«. 

-"♦■ I rt •* I'     'P« ■' r ; 

i - - «• I •■ 

•ill 
„. 

r • 

i n.'ntim ; f nrn «vf t r^sr ^(r »ill ^on« ; 'r» i rnr-u! «p irTrr*<rr,'i''' ' *ir 
'■ r i rf Jurat i-^ri ■ j r ; .■»r^1 T I «on ». • ?l- 'ur !ur .it t ^r ■■ ' » • i yP 11 . . -r "• 
'■rr<.i.!   «TTI't r>at   in.!   il«^   lijisrr.!   •. r r rr frrrPi r   v*-!,*-   »-i«    >   rrl i*        '» 

«rr ■ * '■:" .      In» ! u.!« ■ r    " ! f ? r r • ifl»    1*i|T Ml 1     ir'r-'rr«-» '»•• 

.' it t *n   kh.iP.nr 1 * . 

->v ■ 

' .f. Vc'^'o"   '■sr*'-  .»"d   ^ ;.*•:<.• I r .i I   Ct.\, 

•<•««! k*r   i *   ••«• r • ■" rTr 

crnrr.i I   • r rr«   '• >»■   rr« t "r 111 ■ ^ 

■    i    rt .' r ; • r,'    «. i f n ( I       *•    t      '' mne r • r ^    ii 

w .1«      ;«»•'    f'r>T     i    «fT ■     «IC"1' 

in.!,   .■•",r.«r<)'irn» 1 x ,   • '-r   •■'^,- i1-; ; ■ 
' r ^r   ^ r ?   ^   ^ *   T*r « « i ^c «   .* rr i ? r 

• ^     —.f *• <   t, f c     ."* T      T 

• ,.    I      I. .        f V. . ■!,r>T . 

'err  vr   irr   «mil !••{•  .•»f   r1-« ■ ,. . ,-, ! i;    ..'-••!' >   . ■    ■ i 

«p I Ok-1 d!     « ix .    <   T ^«ir0   '.    i ^   T^r   'IJTI]   rr c f ; \ r' 

1 rpuT 1 ^c   rr^r !'. i nc   '<"• i >r . •lit;   -.1 
Thr   f err jnolfgx    r>!'   ;.    ^^otlviril    fl'l.      -\rr";r 
r i nril   u< i nc   T*T   P.i\ r«    ? 'r^i I «    Mil 

,.   .>.,. 

r      'r ' r r 

M '»!• I r1-.". 

.11- I     ■. I 

h h r r 0   ? ' X . •r ;r«ri   rr ^'-.I'M 1 \ *"    « o I o . ' « « I (• r    i 

; r-   T*ir   ;on<! i ? i on.i I   rrr-'-1»-1 1 ■. T»    !rn«it>    i|*rnrr.ill»   «r^ti:-f 

v.iri.itc1   of   T^r   «icn.il   rrcrivril   "'   •     «•*,rn   »     i <; 

r1'!*   rfcn^itv '"rirr  (Jnt^rfirrt1 •'v  '^f  •»ro»-^«-T to«   P 

* ^ <;  i pr» 



"r   iv'1   '. ic-w   «•\p'r«"> Ms!!  I'«   !■ prfvKta,■»r• 1 n^f 

,'Ut'..'",ti  <«t'   *   rvxt orr'^F i   f" ot< ij't. t I j t I r**   ■''"'   nr < <. .i t^ir* *   f reif-   'l,c «..mir,-r-,   iin   i»-«- 

kfuvtirg   .ifvi.'r*   f'k<'   r.ii ifij-   ,■>"   .Ic i ■» icn    i*   r ^  u^ I C'I   ■"if"» B .UVT K.»*   f» iti-.n. i ' ' ••.' 
Itic 1 itcR^ ft n V ..    in   < rir<-    ..^r»»   T'lt«    Irrivwin,    ,l<   w«-   hilt    *r»- '-rlnv,   ^.i •    "  ■' 
W final. 

•hr 

p;r!»nt Ji^crrtp   jnforw^'1 

or.  thv ''.i«.t=  of  .ir   «M.t :\« 
Vr.i».|pdCr   .iv.»i l.l''' f   4»>i>iip    ' 
.in«i   t^r rropcrT I r*   r*   »he 
r..»Tt<>r   Ho».   ?Hr   rccrivittc   •'■ •. 
jr.  convrrtlrf   tn\    »rrixir, 
froa «rt   t.     "hir r«1^«:'"!«*   - ■ 
>!!   ?hc aultktudif of r»>«:«J,I 
.£pncr.i!U   «rr.ilinf,   infill'r   T   ■ ric.i'. cul .I
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 !«♦ 

I*    "^ T-Hnrntn i r ! fit .        "Vir   I'J'I': «■ I . r   rxt*'    "r   m v* 
•   f Hr   > 11;-»! 1.1   r^Cf* 1 vt»J   7'   T "    1 A   ' ' t-'- •   '"'   \ 

"mun u- i* io«   ^-•'i.innrl .      Vk • •-   n,- -itm   »hi*   *'<■ 
, r    i *   •• It l '. * ,    ' ^ <•   <•<■"> c TV •■    ""    - " -i   w P ^ S     ' i i- ' 
gn .i J   ;'   •     :rto   i   tprt.Md   r' fimrnt ,ir\   "-n^^ 
•>   tfi.it   t *• i *   i r>fi'\Tr« i .^ti   r if  ' «■  in-" •'^rffN* ' , 

•   w.iv«..   T^'iltii"»*   *••  '-ri".-»! i tu'    'own   tj-r 

-». ■h.-f.' 
1 

C'f 

I r   r»'««T   o t j .or it; on  *\<trr*   thj«;   ^ orrr^porMpner   i«   not   «pt 

'Tolrr  Jour   into  pon ; nt r r«.<v r i nij,-   < j' »o-t« 
>!; fpct Iv  ''nit   ».i th   •'•»•  S« 
*pf   of  arrl \ irp  s i ,— >! •. 
k'"Trcsr^nJinp  to  c.K-1-    .' 
of arriving '»igpuiH   ir*^  v;i)'.ff<. will  *>p v-.(iipi)   i i!pci»ion  «v*»p-    r 
f s r^t   ilro i s ion   *\ «tcn,

1 

'p   n .-r — >.,<' > 'K •h I 'r»".!* "ovi ■•• 

-p --ri'cr«^  o' '.pnt i f-i i rp   .1   « t er.i,   c 
cpivt>(l wit^  .»  corT.nr   »-o»!.-   •.\-rt>ol   ,'.i<pi!  or   tHp 
'■r  caillcd v!pr»o>!iiI ,it t on   of  •'M-   rpcrivpi!  *tpr;il. 

: r*t iv^Tpr v. i 1 1 

V ■>  .1  ro<;!ilt   of HpptoJtjl .it jon  tVc  «pourncp  of  Hipr.il   olpncnt«   i <■   i-on- 
vcrtcd  sflto  .t  <p((upncr  ^f  CO<IP  «nr^ol«  u»'icv  "u^t     n  turr 'M-  oonvprtot'   • 
.i  «fquence 'f   nc-'-ti'r   '" 1 c* •'T";1 

ill v.ill. '■ 
, i :; rr 

-l ? Tril  to  thp   rcc ; r irrt 
■TP  t'-.rouph   ,i   •iOk-on/   .!c 

.ino juts  to ''rp.iVir.p  ilc^uri  tS-  «ct   of ■. .iriotas  "Stfoupncc! 
or 

.  k-onvpr<ioT 
•. x« t pf"    UK 1 i 

COi^P   «NT-^OI«; ■to 

m^set^,   each  of u'li^h   i •;   i.lpnt i fjctl vit'i  a rp««.ipp   letter. 

Alone with   tV. is  ""ptho 
of   ! UO   vieCISIon    <: vtt «T'«. ,     >; 
•iincle  dpci^jon   «:v<;Tpr   :- 

!  of  rpci •• ' np 
rot i -p«;   \i<;c 

, -t,   j^   >'.jvp(1  on   «roupnti 
n.idp of .irot^p*- mothod v. 

»ral.incc with khiob  .»r   .irrivini'  «povicncp 

'f-cncrallv   «praVine,   it   i ^   not   reiiuirpii  th.it   these   Mi'-^ot«;   exh.iu«t   the 
entire  set  of arriving  ^-.en.il1;.     I're.d .'own«  .ire  .\]<o possi^jp   ,r  whu-^ 
sore  arriving signals   ar«.-  not   identical   uit^  the  code   svobols  ami  the 
question  as   to wMt   »a«,   transntted   in   the  channel   rer.iins iinansurre,' 
(sc-calle«! "erasure  channels*'^. 

■: -i - 
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„.. ....  .,.,„,    I,..   • ,r  t 

r   I r" 

-.r -., ..,     i r '     ' c . 

■ ■ " 

in .   .U'v . * •• • i r   t *■!■   ' n- i- ...     - ' 

• •' 
i!■,■•■     of     >cfi   infinite     nur'-r'r '■   ui 

t r!■,,'.'-r^   ir   .-.'rru-u'.»'. •"   ;».   •'■■    n-lo  • 
.»ffli'Tk-      in   u ••;"••-;1 !•■ "if-. ;v    • 
tf.",'-v   uv n.iThf-'.it ; .• i. •r.tr   «.• i   s.     ■.••.•        >.••■•>,-v; 

'u11   ••e 1 •• " *    'ic  ^f   *k '■ ^-c   h\— ot 'i'-vc ,.   • ■■ ' / ("S <; 'I» 

■' (.v t r '   h\~\^ t he1; ; •;   u    1 !   rv     i', «,P >.   ,   T'■••' '■ >•' '   r       u t n.i 1 i t v . 

1.    . 
; ^ i   i. 

i 

rlcT'-'-T     X "'.IT     r'l"-'      1> :   '  1     ''0      l     «ft       ^'      '"    1     TiiTi;     f f'^M1' i  1  ■, * i t-< 

Pi:'   x.'i   suvh  fit   in   thr   - r:!'!'-- : ^; -'•  ^t'  •:]<.-rv":   ■■ .   r'u   ^ij'r.il   rcceivoi! 
i i 

'•fl^ni'«!  *-  ^'-«I'T   :'       If  *,-c  «ttr.il   rivriv«-'  'Tlrnc*   ^'-   '  «u'^et   :,',   the \ 

'Mt     C 

w 11:  s.iv ■ 

■f .■••■.'.". n»'  ilcv ; v o  "naV c*!   »   il.-ci^inn •nt   x     u.i<   t ran^r-i r r cd .     'T 

it   in   "i!«   ;.i<r   iUv: • ; >ni   *.    i<   '".ulo. 

! f o''it-i 1 i r i c«  v   :'   x    ilefciul  of   the  uav   in U'MC'I   the nps^aeo  clcwcnt 
i     i 

x.   was  v-orrtVrtfd   into  a   ^iRn.il,   on  fie  noi^o   in  the  channel,   anil  on  the 

«elected  ilrcisjon  «vstcrr,     rhe ;>roH.i1v 1 i r v  T
1
'it   the  tran?mi tTed  eleirent  r. 

i«   receiveci  correct lv   i<  euual   to  f ■ :! 

r?l:',:'.•ct!   i ncorrect l \   i«  etmal   to 

x.1   .nil!   the  nrohahi ] i tv  that   it   i? 
i 

!dr unst'onnity we siu ^ here of a single decision svsten although all 
subsequent tiiscussion can He applied to narticular systems in recention 
,,••■ eler.rnt . 
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•"<•      i .'i- -: .       ! •■   •'' : ^   ,' i ^c    i"   "    i!' i 

' ,,     ,i • ,,.,.• i.,.-     : : . •>.-,.nt      |p l     if, , 

ir. 11 ,   it   i«;  f^^t-rit i 11 
:!"<■  K'IU-'   ^   t') 

i -■  no mt nrt in! ;!T!l    Ml 
num1"icr of varinns  stnt i <T io:il   cr    vr\ i  i1!' ^rt irp I i rs'  .-i^.  implini  ro \-arioi; 
"ro'Mors.     'ino t^f  'ho r.^*   ; ^rr.or   i«   the  ?ti-c:i I Id!  ^ri^crifn  of avernre 
ri^l   siigpp^tot!  'n   r:il'il   ri?1.      ''i   ?   LTitrrinn nrnp^   that   a   certain  "co<t" 
'■   ix.,x.l  which ilnc  not   ilopejui   -r   the t'.ecision  s\'^tor  is  a^siencv!  to eac' 

nair  of m^ssace  x.   iKhi  ileci^ior  x'.     T^is  cost   is  remTa 1 1 v  «elected  on 
i i 

in arHtrarv hasis hut ii mist i'1'u for concrete conditions prcvailinc 
in the rommuni cat ion srstctr umler coi si dornt ion. It is Mgher the more 
undesirable is an error which amounts to making decision x', when actuallv 

x. was transmitted. 
i 

The conditional mathematical expectation of cost ;.« called the con- 
ditional risk, (".., if it is known that element x. was transmitted 

O.-^Oix,. x'JpC ,'x,] (1.201 
/■ i 

The unconditional mathematical exnectati in of cost '"  . which can Ke 
a V 

determined if the a priori probabilities of me'-sai'es are known, is called 
the average ri sk 

2b- 
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w.tfi   fiir  .1  minjnuir of  ,i\ i-r.i.v:«-   n^k.      'hi-   ■.•rittri'Wi   :cr" i; ■ •>   • ■   •'■■ 

„h!.-'-   theff   rii-.j   • ,■   ' •• H, j ■slk'v      ''   ?'■»>       '■:      i '   i'  > '    •    .•     •     , 

...       1   ..,        ,,       ,,,,!_ . 

» '..,    '-<«^ K i ,••■ ^    iMntliit    ''ll? 

It'   rvs!      .i"^'.'^    ip     '.■>;; v""'," k'   ■■ ^ 

.>< s i ,'f ■-   t it*  '■■^.,;"^■ rt i r •if   <'M; v- 

vr   ' hv  r r.iii-: 

i'ülv.    nM,'"'',xtra.iTi«l\    nvi,   ,-.MI-;I\JIIITT ! ■. ,   •''■(    ,i   "r;"!":   :T'--ir 
,(;■■.'   lnin»n   ;ivrr ^v : :• .it r U .      i',,crot'rri>, '■\'<i   t'ase«   '''i 

,irc iittoKPthcr .itml i cit inn  r>i  thf  sf!i> 
>-v« t cms. 

in   r •     i   IM'»' i ^ ■ 

' '11, 

>■: rc\i i 

i iic  t 'u' rro1,! em i't"  i-i "■c  ■.■>'"T ! t-x .      ! >>   t '•'    oan h'   i1'   \ 
icurci' rn'triiii' nimerica!   rc^ult^  .M   miM^uroment^,   it  wouK!  <r-ov 

ii^ic.ll   to   use   .is   tho   CO'It       ix. ,x' i   ,   i t on-- itlor t l-!' 

•CvT i \e'i   ii'.i" >.' 

. i'. , 

cost   is ccuial   to t-ho mayni tiule  of Au<o\utv orrov  in r!i 
ri'larive  to  tne  rransir.i rtcd  i.uml'or.       ''".on  t^o  .-riT'-ri 'i1  .M' rininal   .iwru'i 
risl   aiTKnints   to  the  criterion  >t' minir'nm  a111-., lute  error,     i'ow'n'er,   w: *'■   i 
less   reason   it   is  possible   ti    use  '.ix^x'.'!        li   -   ■ '    ,   i.e.,   to  o.-T'.s i .'t-1' 

the  cost  eiiua!   to the  suwai ,+■   t-U the error, a:1.', this !ea is to a writer 
of minimal mean square erro:.  lach '■•' these ainveache« lea-is to t!ie cn-a- 
tion of its oun decision systems and alse each of them in i certain sia :e 
is optimal.  Other possible methcils of iletennini iu' cost leaJ to varioti« 
decision systems which ire also oi^timal.  'l,i' cost '»ecome^ even -'ore ii - 
determinate in those cases when a message is not associated ^^■i,!' a iiuan- 
titative measure.  This greatly 'nnders determination of tlio optical !e- 
cision system in the genera! case. 

In man\' cases, it can he considered, 'vised on the nature if the use 
of a communication system, that any error in message reception entails 
the same degree of undesirnhi1ity.  From this point of viow the cost 
should he considered the same, i.e., equal to 1 '"or all pairs i v. , >• i 

if i ^ i and zero when i = i.  With such an evaluation the average risl 
i s 

'  C'av V V/>.(-V<)^(-'|r()- V/'.t.v.ill-/<{-••,, \()1 
/ ■ i /""i (-1 

11 .;:,i 

Mlcre it is assumed that x. corresponds to the numher i. 
i 

-'- - mmämämtmjmmmmmmmmmmmmmmmiäimMm ■ -■ mmumm  «..,i.'.ij(..i..-.i Mammaii;.. ■„,. 



^^^M^WHWI—»^^^•"».U   'I ■     «■P»,»»Mtmi'i' ]i . II..-II.IIJ II iiii.i]|»j^)iL|.».!Mlil^iriTi'>"."'^!l'W'n"'M.-JitJr.i^'';'?''T''l'TtTr""''v''ri-.- 

I^ur   this  oxrrrss i on   IT^I'I'^MUS  not'MTii'  cl^o   Ihnn  rnmiih'tc  pioi'.i- 
hility of  incorrect  recor't ion o'" n riossniT dcrvnt   in  n docision  sv<;trpi 
il.l1.1'!.      i'luis,   the  criterion  o*" rinirvil   ri^V  with   the   ^.ire  evaluntion 
p)r :i 1 1   errors  ainoiints   to  the  criterion  of minimrtl   connlfte nrohn'M t i tv 
iif error or,   ns   it   i<  usu;illy  called,   the  criterion of the   ideal   ob- 

server1 . 

t   can  easilv  he  detei'PiruM \  I, n\  a  dec i s i on  s:\,si rust   '• e  arranged 
for  it  to ni'nvide  ,'. niiniptin of complete prohahi 1 i tv of erroneous  recep- 
tion.     nhvioush1  the  complete  proiiahi 1 i tv  of error will   he  minimal   i <" 
the decision  system iirovides   for a mini"iim i1'' erroneous   receiition with 
each  s i i;na I   recei val. 

let  signal   r'ftl   arri'/e  at  a  recei\Mn('  d«n'ice,     ''or anx 'tter \. 

of the source alphabet it is possiMe to determine the a posteriori 
(inverse"! prohahilitv 11.155>,  ',> (> i-.-i 11 assume tliat  the ilecision ^x-ster1 

assigns the sinnal to the suhset :.,'.  '''''en the prohahilitv that this 

sicna! wii! he recei\-ed correct Iv amounts to nethini' other than the a 
posteriori prohahilitv p(x, s in -he alpha'^e cert ain 

other element x  for which pfx  :.' 1  nix, :''', t^en \'   would 'n1 nossiMe 
n n        K 

to increase the prohahilitv of correct reception of ^i^nal "' ' an 
consequently, to decrease the proha''i':tv o<" error"' 'v i"1' 
rision s\'ster so that th.is sicnal i ^ assigned to su'^et z 

follows tha* the minimum prohahilitv o'- error in the rece 
gi\-en sirnal z'l'tl taics place in "hat case when it is in 
that messa.ee element x, which ha^ *!,.'- r; late^f ero^a'^i 1 i t 

Inasmuch as this pertains to anv of the sicna Is rece 
s\'stem based on the criterion •ir the ideal observer imounts to thai 'M-eal 
down of the st-t of signals receiveii "' wherein tr ^u^st 

mi'icr t'ie de- 
1   ' ror th i ^ 

it i on of t'"- 
er-re: ed a« 

■ •■> i x, 
■i 

\'ed , t ''e dec : 

i'-<et ?.;   -e:orr 11 ! 

signals which differ in that for thcp t've a 'lo^teriori iM-^^a'^ i 1 i t\- c»' x. 

is greater than or enua! to t'-c nro'iaiMlitv or -niv other messai'e element 

P(H\r\): 'P(y:\:\)   [i ' k) ' ■■'' 

In, man\'  cases   it   is   relati'/eh-  easy   to  Ituild   such   a   decision   sN'strm 
in a  receiving rievice. 

The  r'rohahility of error with  an  optimal   decision  svsfem '\ased on 
the  criterion  of  the   ideal   observer depends  onlv on   the  properties  of 

•This  criterion   is  often  called   the  l    ■•'I'nilov  criterion   inasnuc1,   is 
\'.   A.   Kotel'nikov was   the   first   to list    it   in   l^'lb   in  de\'isinr   i  th.eorN'   ^< 

potential   resistance  to   interference. 

- J K - 
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the  channel  which  are determined  hv   interference  and  characterize?  the  un- 
called  potential   resistance  to   interference  of  the  enmnuni cat i nn  ss'ster   r?l 

instead of comparing  the  inverse probabilities P(.X.   ?'),   it   i s  pos- 

sible  to compare  the  product  pfx.l.lr'   x.l  wiiich   represents  the  numerators 
i i 

of the expression for a posteriori prohahilitv accordinr in the Baves for- 
mula (I.IF),  Indeed, the denominator in fl.lP'i with anv sjiven r' is a 
constant magnitude which does not depend on x..  Therefore, inenuality 

!'! . .^.^l which characterizes the decision system : ,: equivalent to the in- 
equn1i ty 

/7(.v»l>.-(--'|vsi  /M V,l,. i.'|v,)  (/ --' '' 

01' 

■i->) . HO 

t-T h / ci 
ii / •'•) 

f i.: n 

! i ts- is ca 1 led the 1 i I el i - 
is ion s\,stem '•"or the criterion 

i iMi a ; assirned to 
all x. is creater 

The ratio in the left part of this ineuu 
hood ratio for x, with respect to %.,      I'he de 

k i 

of the ideal observer can be described thus: 
subset z'   if tb.e likelihood ratio '"or x. with respect 

than or equal to a magnitude which is the inverse ratio n*" the a priori 
prohab i 1 i tv.  We will note that other Bayes criteria ilso (with a \,ar\,i!P' 
function of cos'i can 'Ne reduced to a comrar i ^ n ^f 1 ilel ihi^od ratios 
analogous to inenuality n.?-!"1, with the difference t'-.-it in t'-'e ;'rht part 
of the ine(|uality instead of ratios of a priori "re1'iH 1 i t i es there are 
other numbers dependent on i and k and determined bv the cost function. 

If the a priori probabilities of -ill r1 ie <amo • h r i i1'11 tin !-t 

of inequality il.?..! is equal to unitv,  In ^ore cases it is assured to Ke 
equal to uTiitv even if the n priori proha^i 1 i t i es are net t^e same or if 
they are unknown.  The criterion thus pHtained is called the criterion o'" 
maximal 1i keli hood. 

Ke will consider a ven- simple example to illustrate the criterion of 
the ideal observer.  Let the alphabet or tlie «ource contain OP.IX- two letters 
A and R and let the siirnal received :'(tl ''e described 'n- a sinple scalar 
parameter (i.e., current in a line"! which will also '-«e designated :'. 
!;iRure 1.4 depicts curves of p fA") . f: ' ! Al and p(!*V.:' H'i w'iich represent 
conditional probabilitv densities when t ransm.i tt i nc letters \ and B res- 
pective'ly multiplied by the a priori probabilities of" the^o letters,  IVhor 
z'    ■   z'   the likelihood ratio for P with respect to "i i« iTeater and when 

z'   ■    z'   it is less than nl^l PlB").  According to the criterion of the ideal 

observer the entire domain of :' is '•■rolen down into the two subsets "' 

(in which are included all 

:' ■ s'l .  The point :.' -- 

(r.'l and ( i r w'i i ch are i nc hided a 1 ' 

z'   can be assipned to anv of" r^r   subset'-.  The 

;ii- 
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conirU'te prohaMlity of i-n'oneous   roccption  of   i   lottcr  !•   I'UII.I I   to  the 
cross-hatclu'il  .•ift';.   in  tho  fieuro.     Indeed,   this  aro.'i   i<  niiKil   t > 

r /M/.I..'!-',/'! ■'•' : ^ /" ^-' Ih'1 

m i 
!'ho   fir^t   integral   repre^inif<   rtu1  ITO'

1
;!''i li t \-   thai    letfor   !'  u:i<   tran» 

1  a;-.,1   ^" i r.:ia'   :'   afpcaiav'   in  area   "',   i.e.,   t lie  nroK-iKi 1 , t v  i>t 

i!      'Tonoon^   r-'cention  of  I-'   in«;teail  ot"   ^,      1'   Mif   iri-.i   of  \M1IH";    >' 
.   in-   ^i Icrt ir- II "l   l   1   < . V ] t.        I     ■        , 

L\hl of the "rhreshohl"  -',,   then  rhi- nr ''M' i ' ■ 

nfo   su'^et':   "'   .ml      '    ] ;•   qnofuT  uax1,    : 

* i> •■ |MHc.>u< 
'   | |1 

roo'-Mo:      ' ^   n'.^tead of !■ 'lecreaso*;  and  t1"   "rolial'i 1 i' v     *' ( rroncoii^   re- 
ceftiun   ". instead  of  \   increase?.     I'oKin'er,   the  or" ''-t r  iM'ol'alM 1 i Tv 
of "rronoon^ reception   increases l\v tho nvnTiitude o1' ti,,-   na'.i   ^hown ''• 
the   larVened trianvlo, 

P{J lu (.' U) 

Figure   \,k.      Graphic   Definition  of   a    Probability  'Visiake 

\pplication  of  the  criterion  of  the   ideal   ol^erver   ; ^  \cr\-  nafural 
since  tl'.o ortinal   decision  ^v^ten l^i^ed  on   it   f>rovide^   fin*  f^e   lex'   pos- 
sible   complete  pr(,haMlitv of i'rroneon''   reception   o»'   i  pes^.n".'    n:',   CMI- 

«etpientlv,   the  i'reatest  proKi'-Mitv  of  i-rror-free  recer,ti,n   ><"  'he  si-cuerce 
of  elements   const i tut i np   the messaj'e,     Belov>  we  \% i 1 1   pre'-ent   ^ex'era!   other 
conclusions   in   favor of this (■'•iterion,     l'o\\ever,   cases  ;irr i'O'.si^h   W'UMI 

the  result  of applying  the crit   rion  of  tlv   ideal   ohservt-r  contradicts 
good  sen st,-, 

'or example,   let   the alphabet  of the  source  contain  two clerentarv 
messages  A  and  H which  arc  selected   indeoendent1v  with  nrohabi1itie« 
pf.\1   =  n.')')[) and PtBI  - n.nni 

IVe  will   consider   two  variation  of  the  decision   SYSteir,      In   the   fif-t 
variation   the  set  of signals  received  "'   is  broken  down   into  subset-; 
Z'   and  A^  so  that  p(A':'l   = pfHl:^   = 0.999  and pfA|:^1   =  pfBj:^   =   0.001. 

Mien  this   is  so  all   messages  are   received  with  a proKahj 1 i t v of erro^ o4' 
O.ooi.      Ip   the  second  variation  of  the  svstem  the  entire  set   of  signals 

• 30- 
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rocoivctl  7.'   i<  t;ik(.Mi  ;is  "'   sinco  si-I   "'   is  omt^tv.     In  this  cnsf  .ill   s i ^ 

rials  Kill   be  rooe i vtni  as  mossai'i'   N.     I'htis,   \  will   'n1   recci veil   in  all 
^ ast's  correct Iv  and   l!  ahvavs   iiivairrcct 1 v .     nNvj nus lv,  \\; t'■   -K-''   I 

"doc i s i on  SN'S fiT" 

/M^',1 \)        /'(/   .[I- I       I       and   '{•{/]   j  \|        /  i/,    |:    i     II 

iii.l   the nroKab i I i I error  i <  caia i   t 

/-    /•(.H/'t.'M   ii , /'    ; '•/,, ■ !    '■■■"' 

1 r.ini tru-  i^oint   of vi>'i.  i»!"  r'u1   .ri' r  i"'  ',:.'   Meal    a.m.,-.•,.;•  ti,t. 
<t'COlu!   vat tern   is   closi'i"   to  et^tiral    ina^ruc';    "-   ;'   "r'v 111*^   '■.>'■   a   lessei 

.TP lere  pro'vi!' i 1 i r • ,.,,,■   ti. ,,.   .i,r   (■;,.<(.      Put,   'V   »he   et'u-r   har.!, 

!<  quite   clear   that   u'wur   the  second  '.-ariafMni  of  the  d'-ci^i   n   :\^'    '• 
rean i nr 1 ess   since   it   does   not   L'ive   nn a    d out   t1'.   rc^^ n'e   fran^ritte 
uh i 1 e   the   t'i fsr   vari at i on ,    11 • 'MIMC

1,
   u i t'    ! ■rt i' "t e,   - *'• 

-l''le   to    i'idi"1   uhi  ■':   "••^ar.        i-   *.■[■■■•■■'   'x    •''.•   ■   a:','.   , 

^uch   a   cont r ad i ct i or,   ''e'^veen   •' ;'.--ia'   ■■'   •'■•■      '■ a.,.,.,-,.,.    ,., 
,• ^\\   sense   arose   e-    i   cor^e.mence    >•'   •'■■    ''.,••   that   '.%; •''   <>: ■'    ,'-i-irl' 

• . :-\-; i i-    i   :'v i nj- •   v re'-a'-' ! : • i .••■■    ■'    \    .■   ;        : •   u.i<   . r-M, >, .■ ; '• i,.   •,-,   con»; : de»- 
• i,..   _• -^i   ot'  a I !   errors   the   ■-ir--.      t n   '.>■',   the   i nf'Tr- i» i ai   c ■• t i : •'■•■'   • •• 
'■ ,    u cord i ni:   to   i ! . t<i ,   i ■-  rn,-'    ,• -•  it ■■••   • '■ .•    *he   in* 'mat : on   cont i; ;vd   i " 
\.      |t   |->n^u:   Mi!»     ncorrect   P-O-T'i   •      ■    '   ]'■'■*,•, '    ■•'  "   M^tur'^   "'e 
; fit orrat i'Mi   trancn'ted   to   i   ^;■'■l'■•    leiT'.-e   •'■:'■   rece"t:i"'    a   i    i-.^'t-id 

It   ..h.ai!'1   n   •   i-e   thouv'' 
t'v  cri* 

M' •■ r i d r M i 

'•,    , i i ra !OX   preseiit e ,,. •.]   . ,.-   r 

rior   ot'  »he   idea!   ol^ I   ■   t   '  v- 

le   •■ ■   ^e : ec'   "ore   nj-   !!•-<;    i rt i t'i ci a !   >;; • i: it ;' '■=    : a   \1
1 ; i i,i    . i. 

ip '   >;(>nse >•,.,,.fore.    •'"■ • c I I'C* : .if 

i e'lt   r t'   t;'.-  recul i iri t-1 .■-   ■■''   •'•.•   .h 

i > I ; n irar\-  conmin i c it i •■»t;   <\-<rer>;   the   c i   t- . ^ 

'u od   : •-   nest    •on\a-nient.      Vconhnr   t.>   -'iis    -fi'eri  f   t'a-   !.■,■•- 
' a--    i i: t   \ \< ■ : cn^   * he j; ; en a 1   rece : ved 1 

: {     <, i 
I ..(' 

! he    id'/ant ai'.e   of   t !i i'■.   criteri'Ti   ; •-   that    if   doe';   nnt   reimi re   Inmviedi'e   ^'' 
the   i  prinri   iirnhribi I i t ies  i-t   "-e'-'-a ,'••-;.     If  tin    a  priori   nroh iK i 1 i t-i e«  .• 
rtirssain'"5   are   ^nown   and   are   the   same,   the   criterion   '•>,   rixiral    lileli'vxal 
cMtuides  Kith   the  citeri'm of  the   ich-il    »'server. 

in   all   crises   below  where  nethim*   to   the   cotirrar\    \<   stated,   ue  will 
u^e  the  criterion  of maximal   lÜelihnod. 

In   some  cases   the   sij'nil   received  depends   not   onl\   en   the  cnmmuiii cat i MI 

transmit'ed  and   interference but   also on  one of  several  unhiowai  parameters. 

a 1 

MM ■mMn ■MB  -"- - ■■ I 
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' .M'  !• xarp 1 f   in  i'.xrrt"-- i'm   il.l '     tin'  ti'.'it'n 11 u.lcs    ■'   ..  nr      !"i\   ''•  tuUnincn, 
' t'   i   ivir in'c't of   siu'1!    i1;       ronft'^cnr^   ;i   ranilnm  \,:M-i .-i1-11^  with   .1   I'irun   ili^fri- 
'"ition  >M   proK'iM li t ir^,   it    ■■   :■   -i^iMo   '^  i-.'Pi'iirc   rlu-  ronilif imn!   'TO- 

KiMlifv   .[:.'   x.l   whii-l-:   rnttT^   in   fie   ! : 1 <• 1 :'N^HI   ••;iriii)   u^inc   the   ''^nnl.i 
1 

I', i'  .■omv !o' i'  ITOIVII' ! 1 1 * ■.■ 
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i t''   ! ha?    '   v1' i o1' 
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1    ; 1 •"^r al !    1   '   1 

1 

• f.!,■ • 1 • r    1    'r ■ : ■ : -p 

haf-f ' . 
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•      ■• • 1 frvi' it ■ ■ -r   o'vi-'fo 

1,,    ... .1,   1. , 

na fa t 1  ir   .   1: 

,.    .    jl    I      l.:iV),      •  r1     1...       •   ;■;!„.; . 

■   • 'n*   rho   ? ran^ni ? re! 

• 't or   fo/Ot^t I nn   ,■'    ,; ,..,. 11 
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i\,(\l-',^ 

Thus,   tlic amount   of  information   t ransni t' (-,.  over  rlic rommun lent ion 
.■hannol   in  transmission  of mossat;e  x,   and  rocrption  of  signal   r.'   rlofinod 

is  x\\c di ffVrenof  In-tKocn  the amount   of   information   inolmiml   in moss.nno  x 

ami  the  amount  of   information which   ivrmiineil  unt ransmi ttnl  aftor  rcroption 
of  siRna." 

n 

'„■( >»,. ■"'..)      r.l/'l "A'1 -    r 1/'.,! 'M  'Jl 

>'./'o1 ^i'1  ^   '"■'./J-w-r n) 
.' ■'. ) '   1  .   vl'' 

/'<l- 

Tlio  axo'Mi'.o  amount   of   information  por c I'^"('n' ii"\' mt'ssai'o  tran^niittod 
in  ,i  noisv  channel   can  '-c  ilofinod  as   the mathomntical   exi^ctat i !in  of 
ilx    n'l,   i.e..   the   result   n{" averuinr   i (x,    r' ">   for  all   messai'rs   x. , 

k     n 1-     n 1 
ource  st at■ cna I s   rece i veil 

j-j ~i j-j /1'' «i 
11. ^n 

where  !      is  a1-"   formerly   the pre'vi''i 1 i ' >■  ei'  source   -tit 

■ s   the   i e i ft   •-;■ ^'- ■'> i 1 i t \-   nf 

n>!  v   ! x   ,:' i 
n     l      n 

nsmi s« i (in  ef  < : c1   x     and   receipt i ^n  of  ^ipna 

n 

! xot'i^'S i on   i I .."I     can  ',''  con^ ider^d  .e-   an   irount   ot   informaf' on  a'^out 
ne^saue   x   contained   in   ^ i i'.na I   received   -' ,   or,   i e   a   nore   general   -en^e, 
nt;  ,ni  amount  rf   ir,!"or;nati >n  contained   in   ^euuence   r.'   witn   respect   t'1  se- 
quence   x. 

fh i ^  amount   nf   information  can  'i     reiiresentod   in  another  form: 

/(•v, .-,     VVV,. .,,,,, 

where 

(    «• 
'■"• -''..'i-r. fj ',,i ■■,,i 

q      t     n 

I '.,■) l\[ p    {.\h\ 

XX ^''./Vf'*. •''-.) I-;•,;.•. (.»!•',)     //..)   ■//fvV). 

'^M-'J     -XXX'V'vU». ■■■,.)i'n:/'..(vft:,-'I,) 
7       n       » 

(J /I * 

( 1 .53'! 

■ .■i .•) - 
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is called thv  conditional onti'oiiy of nicssaiH' x in rocoptinn ot' signal .• ' 
(or, in the more general form, tin- conditional pntroov nf '•.emience >: vcit'^ 
the known sequence z '") ,  It is also called t lie "unro 1 i aM 1 i t v" since it 
characterizes the h^ss of' information durini' t ransmi ssinn.  In exni'ession 

p, (?',,) 

is the probahi 1 i tv ot' the ^ivnal recei\'e i ■• 

It can easily he seen that in a channel without interference !l(x r'   ' 
since p (x, z')   can have values of 0 or I, as ;i re^'ilt of whic'' all terms : n 

q k n 
(.1.33) become zero.  Therefore, as miyht he exnectdl, in such a channel the 
amount of information transmitted is equal to the entrony of the source, 
It can he shown [3] that always ll(x z''i  and, consequent 1 v 

/(A. .•■)■ //(O. i 1 . 3-1 i 

in which the equality holds, for example, in the absence of interference in 
the channel.  SpecificaI 1v, if wet z'  =  x,   then 

/|v, 0 II{\) i .;■ 

The  amount   of   information   transmitted   can  he   expressed  otherwise  hv 
us i ng  the   i dent i tv 

After multiplying  the  numherator and  tile denominator ot"  the   logarithm 
in   (1.31)   bv n   Tz' 1 ,   we  fim 

'    ■ q     n 

r.lx,.-'..) 

/;        n       k 

i 1.3e i 

The expression obtained is svmmetrica 1 uith respect to x and z', as 
a result of which we mav conclude that 

l(x. ?')    /(c'. .v). |i.,"^ 

Therefore, from (1.34) it follows that 

/h. .'')■ //(/) n.3si 

If we define the joint entropy of x and z' in the followini' wav 

// (.v, -'')   v -^ ^ y l'.,/'., f **■  ''«) l^^'' /'■ f-^'   " ,). fl.3") 
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it can be shown 

//(•')  -//(-■■|>)   //(V)-|. //(-)_ .//(V| ,') n .401 

Until now u'e ha\'c considered that the signal received has onlv a dis- 
crete series of values.  We will now consider a more nractical case when 
z'(,tl takes a continuous series of values characterized by a prohabilitv 
densitv . (r.'l and the conditional nrobabilitv density . (r' ' x, 1 with a 

(1 q    k 
known transmitted ;iie-sai'e.  After settini; amu-oxi mate 1 \- p lz')   - 

q  n 
=   .   rz').'.:',   p   (y, ,z'l   -  p   (x, 1 .   (z'   x, Vz'     etc.   and  then  iierformi ni1 

q    n ' qv k    n ' q    k'   q k 
the  limiting  transition  Az   • 0,  we obtain   from   fl.Sfil   the  followini1   in- 
tegral   expression 

Hw .-i 

■l        k 

/'.((»kll.-i ;   ') 

( i . -i n 

where   irtegration   is  performed   for the  entire  set   ~'.     Tbns,   we  have ob- 
tainod an  expression   for  the amount   of   information  contained   in  a  continuous 
signal   z'   about   a  discrete  message   x. 

\ltii;.,igh  we  considor  sources  of discrete mes^ru'es  onix',   in  some  cases 
we will   need  an  expression   for the amount   of   information  contained   in  one 
continuous  process   z'ftl   with   respect  to  another continuous  process   x (t") . 
lor  t'nis  purpose we  will   assume  that   x   is   continuous   as   is   z'   and,   per- 
forming   the   limiting   transition   in   M . ."(O ,   we   find 

/(v. •■■) 

1  x.- 

t;-,(v.   ••) 

n .-in 

where . <{%]   and . Ix, z'^ are the probabilit\' densities respectivelv of x 

and the ioint process [x.z'l with source statt1 S . 
q 

.Specifically, if the source has one single state, then 

/I*. •-■) .(I U'(>. ')l 
U' ( v , ."I 

( 1 .4.11 

If the average time tak n to select one elementarv message is equal  o 
T, the amount of information •ransmrtted in a communication channel in a 
unit of time, or the rate of transmission of information over the communi- 
cat i on 1i ne is 

y.\- 
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whore II'(x)   =   I/'!' tl(xl   is   rlu- product i vi Tv   >''  f'u-  ^om 
device  and  II'U   :'1   =   IT  IK'x   :'l   H   rhc  utn-e Ii .-dM 1 i f ■ 

1.8.     Carryinq  Cnoncitv  of   a   Phflnnel 

Let  there be given  a  certain  communi cat i im  chmnel, 
be defined  a   set  of signals   ■ ; (11     which  cm  ' c  dcliverci 
a  channel,   a  set   :

:'(.'TV-   of signals  at   the  ou,,"ir:    ml  a 
tributicm  of probabilities     ' :'   .•'l   of  -.ie'iil"    ü   ''"•■   ■   :': 
s i gnal   at   t he   input . 

If so 'e   a   priori   distribution  of proba1^' 
example with  a  densitv  of ^(^1,   i^  given,   it 
rate of  transmission  of   information   in   <.:•■'■ 
according  to   (1.-13I   and   11.4.11,   is  emial   to 

•er 'in 

■ ■ ,   ■ 
,. ♦ t 1 ( 

t'u • • ■ lit 
1,1   . ■ v 

I ' (             i * 1 ''"Ut i!" I 

; c   ■ •,^, jl. ,.   .,      i,.t ,. rr 

"UP ! ^ ■ i' • .' •: ■'\ir--ic 1 ■.■,'• ! 

/■(■. -•■) .' n- 
Here T is the average durat ; m of a «ignal <■:■ 

generally speaking, on  (:', and the ilensitie^  i :- 

in this expression can bo determined from the ric 

ii'{-. ^')     (.-(.•). (.•■|.). 

The value obtained for the rate of transm;^«iop 
on an arbitrarily «elected distribution of •■;■•-!'.d ;!■ 
!'he maximal rate of transmission if informat;i'n uit1, 

but ion of probabilities of input signals I ir, more •• 
limit of rate of transmission of information"' i' i ^ , 
capacity of the channel: 

C  Mip/•(■•. 'T 

rel i.d'le 
^ _  ■,■..; t 

irr\-i "i' 

Sometimes in determination of a channe t i on.i 
posed on possible probability distributions of input «ignal 
it is possible to require that the average stren.^h of the 

ire 

i! not 

as continuous.  PeIou, i n 'Both these sets may be discrete a^ we] 
to avoid repetition, all formulas are written for continuous •icf- of Mgr.i 
In tiie case of discrete sets, it is ncccssarv to replace di stri'uit ioi1 !e"- 
sities with probabilities and to replace intogration with sunmatien. 
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magnituilo of" average risk as is ilcsircd with any statistical criterirn hv 
losing a great deal of signal strength or, under certain comlitinns, by 
using complex encoding and decoding devices, the use of which leads to a 
great delay between the instant of emission of a message hv the source and 
the instant of decoding.  Requirements of practice impose certain limita- 
tions on signal strength, the width of the spectrum, the degree of com- 
plexity of equipment, the magnitude of allowable delay for the communica- 
tion, etc.  If these limitations are formulated, the problem of optimal 
selection ot" a set of signals can in principle be solved. 

\ combination of the two problems indicated above car 'n' viewed as 
the general problem in '•ommunication theory and amounts to the selection 
of an optimal communication system for a given message source, ensuring witl 
certain limiting conditions a minimum of averare risk.  One possible 
approach to the solution of such a problem widely used in subsequent chap- 
ters amounts to the following.  '-'or given characteristics o*' a channel and 
for signals satisfying the limitations imposed but stated in verv general 
form, an optimal decision system is determined and an average risi computed 
I'he magnitude of this average risi depends on the set of signals used, and 
on the method of transformation of the message into a signal.  In mam' 
cases it is possible to determine such a set of signals for class of such 
setsl and also such a method of conversion of a message into a signal that 
the indicated average risl is minimal and this amounts to a solution of 
the nroM em nosed . 

problem of determining the optimal method of converting the message 
gna 1 is greatly simplified when this conversion is broien down 
operations, i.e., into coding and modulation as was indicated in 
.2.  This makes it possible to make an optimal selection of a set 
s based on the characteristics of the channel and the limiting 
s imposed on the signal without considering the peculiarities of 
e.  Then a search is made for an optimal method, of coding which 
a message into a sequence of code symbols unambiguouslv linked 
lected signals and which allows for not onlv the charactei istics 

The 
into a si 
into two 
cect i on 1 
of signal 
cono11 ion 
the sourc 
convert s 
to the se 
of the channel but also the statistical properties of the source.  It wouh 
'■»e methodological lv more convenient to first consider the second aspect of 
the problem, i.e., coding Chanter M is devoted for the most part to this 
asnect1 . 

It should be noted that, as a consequence of the multiplicitv of 
limiting conditions dictated by practice and also as a consequence of the 
various characteristics of channels and various statistical criteria suit- 
able for various concrete cases, there is no general solution to the 
problem pose.,  lor individual and more typical cases this task will be 
solved in subsequent chapters.  However, the y far from exhaust all con- 
ditions which are encountered.. 

As already noted, in many (although not in alll cases of practical im- 
portance in the transmission of discrete messages, the criterion of the 
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ideal observer serves as an adequate statistical criterion.  In these, and 
also in several other cases, fidelity is the measure of quality of com- 
munication transmission.  By fidelity we will understand the probabilitv 
of complete coincidence between the message received and that transmitted. 
Such complete coincidence (in the case of a channel with interference) is 
in principle possible only in the transmission of discrete conmnnicatinns . 

With this definition of fidelity we must indicate the length of the 
message for which a probability of complete coincidence between messages 
tiansmitted and received is given,  A comparison of various communication 
systems with respect to degree of fidelitv should : Iways ' o mnde usint1 t'u- 
same amount of transmitted information. 

In speaking of the fidelity of transmission of information it must be 
borne in mind that in principle as indicated in Section 1.^, it is pos- 
sible to obtain as high fidelity as desired if the speed of transmission 
of the information is less than the carrviiu' capacity of the channel.  In 
this connection, for determining the potential capabilities of the communi- 
cation system, it is important to know how to compute the carrying capacitv 
of various communication channels.  This is also a verv important problem 
in communication theory.  It can be solved relativelv simplv only for 
several mathematical models of a channel which usuallv only in rough out- 
line describe tiie properties of actual channels. 

It would probably not be amiss to stress once more that the c 
capacity of a channel determines only the potential ca^a' liitv of 
tton transmission at a certain rate (less than the carrvini' capaci 
a certain given (perhaps very small but still differing from r.erol 
bility of error.  If the required probability increases or the req 
rate of transmission of information approaches the carrying capaci 
channel, then, as follows from the discussion presented in Section 
is necessary to increase the length of the sequence of messages fr 
source compared with the signal in coding.  When this is done the 
plexity of the encoding and decoding devices increases very rapidl 
limit where they are technologi ca 1 I v infeasiMe.  In view of this 
customary in practice to be satisfied with a relativelv low level 
lity or to transmit messages at a rate much less than the carrving 
of the channel.  One problem in communication theory on which mam- 
worked duritfg the past few years is developing methods o* coiling s 
lengthening the coding sequence of messages leads to a relativelv 
increase in the comolexitv of the svstem. 

arrying 
i n forma- 
t v1 wit h 
prob;) - 

u i red 
ty of the 

1 . .0 , it 
om the 
com- 
v to a 
it is 
of fide- 
caoac i tv 
have 

uch that 
sIight 

All the problems listed will be discussed in some measure in subse- 
quent chapters. 

The properties of a channel, specificallv the interference and dis- 
tortion existing in it, are considered given.  In engineering practice 
problems are also encountered in building or improving existing communica- 
tion channels and reducing the relative level of interference I for example, 
by improving the design of the cable in electric wire communication, bv 
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improvint; iii root i vi t y   in  rocoivin^ antonn.'is   in  r.-nlio commtinicat ion,   ami 
many otlicr  mottiods  up  to  and   including  creation of artificial   ioniration 
in  the  upper  layers  of  the  atmosphercl .     ^uch  nrohlems  i;o  'M'\-oiid  tlie   frame- 
work  of general   eominunicat ion  ttieom-  and  ulii   not  In-  considered  here. 

Notes 

1.  i^ee Sections 1 and 21  In most works or, commun i eat i on theot".' i 
mutually unambiguous correspondence [letwoen message and transmitted siunal 
is assumed.  lloKever, in actual commun i cat ion ^ystiMns t'iis is far '"i'oi" 
ilwavs so.  I'ery often i particular messaue ma\ he  converted into dift'erent 
signals.  ''or example, two signals differinr onl\ in constant roeff*icieni 
in many communication systems correspond to one mes^ai'e.  With a shift of 
the signal in time 'n- a certain magnitude, usuallv a signal is ohtainod 
which corresponds to that messai;e,  I'.'ith narrow-band signals a chance in 
phase of the high-freauencv filling and even a change within narrow limits 
in its average frequency in many cases likewise lees not change the message 
to which the signal corresponds. 

Because of this the transmitted signal anvumts to an element oi not 
i discrete hut a contimioim set of possible signals. 

Many authors completolv ignore this fact and i* -onetimes leads t, 
important divergences between theoretical results and practice,  'ithr;- 
authors (for example, I'ei n^tei n1 view the ambii^uitx in a sinial a« a re- 
sult of the effect1; e'' "inl erfcrence" occurring at 'chc   instant of signal 
t ran.sm' ss i on . 

I ^ee Section l.-!"i  !'he --w'r^rv  of a soui-ce M" Information is ile- 
termined h%' enna^ions (I.""1 and i'i.l'^ is the mathematical expectation oi" 
an amount of i nforma*' i on •»• eiC'ment o a nesstige , u i'; macn!tnde 
have t!ie actual meani--.', if the awrage raltie of the amount e*' inrormation 
eer element in a cert.ain, ^uf f i c i (Mit 1 v long seuuence of mes^are elements, 
it is essential that the source ^atisfv certain conditions o!" ergo(,icit\' 
fl].  Strictly streak in;;, actual sources of information are not ergndiv- 
hut can he considered approximatelv so if tlv.^ are considered o\-er a ;trerch 
of not very long segments of rime. 

The concept of entropy of a message source is closely related to the 
thermodynamic entropv of a physical s\'stem which forms, together with the 
observer, a source of messages,  The greater the thermodvnamic entropy 
(depending, spec!ficalIv, on the number of degrees of freedom! 'he  greater 
t lie amount ot i r. forma 11 er, re(|uired to tlescribe its state.  Brillouin [!'l 
made a detailed investigation of the relationship 'v-tween informational and 
thermod\-nami c entropv, 

3.  (See Section l.M  The- Raves criteria which are 'vised on minimising 
average risk (1.211 are suitable for designing a decision system onlv in 
those cases when the a priori probnbilitv of elementarv messages pfx.l are 

■ i 

known.  In some cases in designing a communication system (specifica11v if 
it is intended for connection to several sources previouslv unknowrO the a 
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priori   prohah i ! i t ies  cannot   f'e  cletcnn: neil.     In   ■ u..h  a  rasr  tlu1  rrinip;i.x 
criterion   is  of'tcn  used  as  a  basis   for tics i i>n i ni'   ''10  ;!ivi';: >v   svstiMii, 

The minimax criterion is a method tor L va lua! i ii); .1 dt'Lisj,Mi ^N-'-.tcpi 
in which maximal values of conditional risl ll..?""i arr cmiuvired and th.' 
maximum   is   takiai   for messai'es   x.   for  each;   decision   svstcm, 

lax     'ni* ^L '' ','■ '' jl '"*   ■ 

\  decision  ratr-.'iai  '.chich  iii'iu'ldes   lor   1   ninir.al   viin 

l'or h'hicii   t!ie  maximal    ('for   ill   messaiU'S     .■ ■■ad i M .aia I   ri'd 
least  not   creator,   th.an  for anv  otlu-r   leci'-;on   '^■^••a-   is 

It   can  he   shown   ll..."^1   that   tdie   minimax  criterion   leads   tr   • !;r   ■■■i:'- 
decision   system as  does   the   Raves   criterion  o.:'  minimal    i\,i,r',ir"   ris!   w ] t'' 
the  condition   that   the  a  priori   distriiait i on   >■!' nrohahi 1 i t i es   '■'' rru'Ssaj-.es 
is   selected   so  as   to  he   the   least   favoraMe,      If   in  ac'.ualltv   •1'r    1   "»'lor': 
distribution   vf prohahi 1 i t ies   is   not   the   loa^t    ("axaaaahl i«,   then,   ''■■■    ':': 

trihution,   it  would  'n'  iiossiK]p  to  deslr.n   1  de-.'ision  Kv^'t-r :-i^ra  ■<]•   •'■■■ 
■■y  •■ i-T i tude   nf   tvvr ice   r i ■■■»    t " 

mil, a minimax decision system. Hat, 'Mi tho (---•■ ■ h 
to find an a priori disrri'-ution of i-roh d-i i i t i es wit1! 
risl in the Kaves decision svsten i'aii It •'■'■■ .niotha'r 1 
will   he  greater  than   in  the minimax  s.':••'-. 

I 1 W.l'. 

crap,o 
•i'an : 

\''V v.lW note ["''1 that i !' for ail c.'-cs o' .■rro" I 
the same, the minim..ix decision --vstv;.'] coiacidi-^ uith a 
accordance  i\;r!i   the   criterion  of  maxima 1,. i ; '■ 1 

learned 

Inasmuch  as   1   communication  system 
information,   it   seems   reasonable  to  defi' 
the  one  whicfi  nrov'ides   for  the  complet-'S 
contained   in  the  signal   received  with   ro 

it enile 0•■  • '■■    ' r {}:■;'-1 <■• \ on   1 
'cc i     !   ■■•.'    •■: s; .'P     is 

,,     :,<'     •  I-,.       ;  ,,'',: r)v:1'    j 0j- 

me- 'i.icc   ' ran^m i 11 "d . 
In  this  wav   i t puss 11 st i'^ 1 • sli   an   i nformat 
t imi 1itv.     Hnfortunatc I v,   t here  ar I'M cu 11 les 
If the cost il(x.,\'\ which firuros in ex'v-s'; i ^n ' 1 ./I"1 , o1' a'-'-ico ris' 

-  1  : 

is made inversely proportional to the amount of ir.fi'rr.iti ■••  contained it; 
x' with respect to x., tnen it would seem tin' the criterion ■■'■ avora.v i-i^1 

1 1 

would load to minimisation of loss of i''format i on in the decision «v^em. 
But a certain peculiarits arises in connection with tlie fact that the 'oint 
prohnhility entering into the expression for the amount of inforration 
itself depends cm selection of the decision svstem l'1! . 

If in (1.211 we set the cost r;(x.,>:l; with x' ^ x."1 of" the inverselv 
1111 

proportional   a  priori   prohnhility  iiix.1   fop   the  basis   t^at   t'u    i n^'otanat i ona 1 

content   of the message   increases  with  a  decrease   in   the  .1  priori   ivobahilitv 
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tlion it can easily 'if ^om that the crifcrion i^f" pininal axTrai'.t' risl co- 
incides witli the criterion of maximal t ikel ihnml. 

Several authors [.", l-l] siiußest that the informational criterion ' o 
that according to which the optimal decision systimi selects fliat one n<' 
hvpotheses x. in which the particular amount of information contained in 

• '        i 

an arrivinc sienal r.' with respect to messai'e >:.. enual to loi^ f. fr' x, 1 / . f.:' 1") 
i 1 

is  maximired.     'I'h'.*  appmnch  also   leads   to  the  criterion  o<" mavimal   lile 
1 i hood. 

■I.  (See Section 1.")  l:xpression fl.4.^") for flie amount o'' i n^'ormaf i ITI 
contained in one cor.tinuous process r' with respect to another continuous 
process can be changed a^ follow«: 

ff. 
IT (.-'iL- (<|') 

T/" V 
) .'t   l 

I I .'|V' 

.T." 

i".   Shannon  calls   the magnitude  hlx^   - — f tp(t) l.^ rrfvirf.t K. r  ontropv 

continuous  process   and  the rarnitudo  )i (>••')     -   ffnif.")^  tp{t\y) hv^-rit].-')!'t/ 
x .'"■ 

the  conditional   entropy of a  process   x ^ith   a   I nov;n  nrocest;   r'.     I'owex-rr, 
such  terminolO^N'   is  not  especially   fortunate  since  the   indicated  macnitudr^ 
do  not  possess   those  properties  W'MCII  are  had  In-  entmnv and  the  conditional 
entropy   "f discret».   sequences llfxl   and lifx   r' ' .     Therefore,   I'cillowini'   V   v. 
fnlmoporo'/   ff-],   we Mil   call   hfx")   and  hix'r'l   the  di fterent ia 1   entropv  aiii1 

the  differentia!   conditional   entropv  respective1 v. 

As was  shown   in  Section   1."  the  entropv  of  a  discret«' PI^';!!"
1
  l"xi    MP 

be  defined  as  ttie  amount  of  information   included   in  x with   respect   to   it 
self,   IK.xl   =   l(x,xl.     The differential   entropv  does  not   have   this  roan'ni'. 
Indeed,   from   (l.-l.^l   or  from   '1 ."'   it   can be  shown  bv means  of iia^sat'e  to 
a   limit   that,   for a   continuous  process,   Ifx, xl   -   ■. 

This   is   altov.ethcr natural   since   for  an   exact   description  of a   finite 
sepment  of a  continuous process   its  value  must  be   regarded  at   an   infinite 
num^or of points.     I'ven  for- an  exact  setting  of the »"ihre of a  continuous; 
random variable  describing  the  distribution  densi^v     (xt,   aTi\-   fini'e  mar- 
nitude  assigned   to  the  amount  of   information  proves   te  he   insufficient. 

••1-1. 

^^_^.^^,^JJ—, .,.,.„ — ....,  .. 
■"■ '^■'-- ■ ■■   ■  ■ ■ ■ ■  '--'    ■     . ■ -riM 
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This  can ho  pxplaincil  ;is   follnKs.     Wc will  1MO.I1   the cntii-o ilomain cif 
values  of tho vnriaMf   x   into  ^onnrnt^  ctC i\:c   '\  ami we will   nniliK('   t''! 
mapnitiulc with a precision of  'xT.    njniovislv,   the  amnunl   n»'  information 
neoddi   for  this  can  ho  ilcfinod  as  the  entmin-  of a  discrete mapnitude, 
adontini! the values of x.   with a prohahi 1 i tv of w(x.ix: 

i i 

H.{t] V.uh-)^ l"Rl-.-{«.l ii| V ■j M , I '. i 1 ;; ^ i >,) 

-Vu-cliU.^i.       -    \j- (>,) v.. I -^ - (v,) • I .: ,, • 

If now ' .\ is allowed to niTroach rero, i.e., tin iiiecislon with w'-.v' 
the continuous random variable i^ set increa^e^ without limit, flic fir0! 

tern in (1 .." H approaches the differential entronv  ''('i  ■ [aojl-: 

and tho second firm increases without liri*. 

■j i i. i ' i, 

I'h i s result can on!\ He o pi,-'.nod in the followini' wav.  !'" t'-tre ;' 
a channel with complete al'sencc of noiso s, that the signal ''oeeived, r'lt', 
is identical U' equal to tho transnitted continuous ^iiT, il r ti (or inv 
\ ilue of ;' is a recular inverse function of :   , rhon l(r,r'' - ■ and it 
should ho possible to transmit ("-or such i cKannH an ei-rer-'ree ressai'o 
from any source, no matter what the product i vi t v ,  If tho deiiontience 
between x and :' is not recular 'Mit inverse, then I i r , "' l i< a finite 
pesitivo maitnitude.  V.'e will point out arain that the terr "continuous 
signal" is to he understood not in the ■"■ense >'' ..'ont i nuiMisnp-;«; r thr func- 
tion : 111 but in the ^ense that the signals ' it"! are element« of a continuous 
act. 

Phc di fforettt i al entrop\' hix1, in contrast to the introjn- ,,' a <\:   - 
crote source llfx"), mav assume noi'.ative va'.ues.  'urthemore, thr ilir'erop- 
tial ontropv ira\' at will clianpo i^s value ani1 ex'on i t ^ ■ '• IT \:'

,
'

U
   \  c'vance 

in tho unit of measurement of magnitude x since wher this occurs the 
value of .[x]   changes.  Vs far is the difference in differencial entro"\ 
[l.?n) which is ecuial to the amount of information contained in one con- 
tinuous process with respect to another, it does not depend on the nnit "f 
measuremen! but on the Inparithm ha^e fi.o., on tho selected unit for 
amount of i n format i on"! .  in actual itv s i ' h continuous processes in h' the 
amount of information has a nhvsical meaninit, i.e., the difference of dif- 
ferential entropies and not tho differential ontropv itself. 

K'e will point out that by simple transformatior it is possible • > 
exnress r{x,",1 by arilog)' with fl.4ni .■, follows: 

m^^. tm^m 
miifiim tM-mmstmimäitäimm^mmm lu^^^^.^,^...^.,,,,,,,,,,. |r  _  ^^ 
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fhF   Oiv-PHT   r.HAMNEL   AND   FUNDAMENTALS OF   CODING  THEORY 

r M'. >.■ r (-■ t f   rfian'-fls    md   'Ilu'!'-   F 1 ass i i icat i nn 

I ii  VM:;'   •■ ;-,i!-1 .-;■■•;   ; ii   Twii'ii o.i t i on   tlifnTv   rl'.p   ptTticturo  m'  the  tfodu- 
,m.l  viorioiiul itor   is  givi'ii.     ' :■   rhe^e  caso^   rhe  ch.'mnr1!   is   rhat   part 
v.nu:'u" i • ; ,">p.   liac wh i >";'   is   encircle,!   it:   ' ipurc   l.!^  '""v   the  ITOI en 

'i ii">e !    ifj   i'rer.   t lie   .•••i;r,'i;t 
ie   n.^'        ■ i pr ; il'.i   u ; ^''    v    1 r i i'Ul 

MI. "   -.'.   \, i anr.e .    is    MII eil  i 
i'" s s 11',e^'     ■'■', ;■    i   '.i i s ,' :"e ' ■'•   .■''   " " ■ ■ 

i-i.cwJipji    ind  1!een<lnu'  uh i ch   perr 
,   ;■■■:- i !"■  .■ t"  ,■    'is- re * e   s. mree . 

'i'1 i \ e is.'ii   ^ n   the   input   of  such   i 
ii r:i  symbols   v '   wh i c!1.,   s'enerallv  ^nenl-int», 

screte.     In   stiuh'ini'   transmission  nF 
•'e  rain  '•»ro'11 er1   is   ro   Find  rcthnds   nF 
T,   in  one  sense  or  another,   transmitfimi 

■ .•■  iv   1;   note'   rhat    i-   -tlrnosr   ail   acrual   communi cat i tin   lines  a  discrere 
si'-.ne'   •,■■;.:   ins  i.itliin   itsc'lF   i  connnuons  channel   at   rhe   innur  of Khich 

.•■■■■■.       '      '■■.■  deli-.s'red  ;tni!   '■>•-.T-  jt,,, nittnuT  ot" which,  signals   r'^t),   dis- 
iric: '■ \     P;'M't erence,    i r"   r.dvn.     I'h.e  properties  nf this  rontinuous 

i 

v.l.    1 ■ •        I I IU'      !  .   i     • 

''. P 

't.-)-.- of the discrete channel.  Therefore, 
i p'i I     :,    .' i  discrete  representation  oi   a   con- 

r,   i".  rat .'icnat-i cal   i nrest i pat i on  o*" a  discrete 
pinnel   .mc.  the   interference  act'nv1  on   \''  are  ne- 
ra i d   t.    'i   [Hsci-ete   channel,   ei    im1   an  alphabet 

r »•['.' i l1 i    i * s   input,    in   alphaht'f   of code 

nitrul ,   the  nui"i'f>ev  \'  ^F  ,-ede   SXT-N.-, 

,i   • ' ,.   •■ po'si'1 i 1 i t i ps   c-F  cfMV.'ers i ens 
■ \--1'P!   v'    inpn.iT's   nt   the  output 

p.pu. i'iiesr   nrohahi 1 i t i es  depend   on 

we p 
T-1« ,■. 

e    '. IM :.a" : 
■ T-.-vi,,      mA 

"p ; c.i: 

'■:   md   recei'/ed  pre1/! nus 1 v.     ''lie  alphabet   o I' 
;tpr.t    • •'  a   c'-arnel   need   not   he   the   same,   sp.p- 
ssi'-U.   rhat   m'    '  n.     The  '.'aria'^lc  c   is   sometiire? 
'   r raippp ss i .-»n , 

(■'■(>     '   .p \ n  •■- ■rr I-.PM l 11 i i.-s  p  \- * or  eac'1  pa i r   i , ■   rema i n 

and   .1 i   r.c   ('■epend    'ii  what   svrhnls  were   t ransmi t teii  and   pecei\-ed 
<• ,   'hi   di -.cr'^e   •'imnel   is   -ailed  constant   or uni'orm.     Sometimes 

-'- -- -^ - ^^^^ät^^kMhmm-Hmii^mMik*.*^  MMamamMMiMteMaaaa 
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other names are used: a channel without memorv or a channel with inde- 
pendent errors.  if, however, the conversion prohabi1itics depend on time 
or on conversions which have taken place nreviouslv, the channel is called 
nonuniform or a channel with memorv, 

I n t ef Tpre nee 

Messane 
source 

FncoH i nci 
device 

f h ,i n n e ^ 
rieend i nq 
dev i ce 

Mess.inp 
r e c i n i e n t 

Figure 2.1.  Communication System with a 
Di screte fhanne1 . 

In a channel with memorv rhe probabi 1 i tv ties, ai least in t!ie first 
approximation, are distributed only over a certain finite segment,  Tbis 
means that the conversion probabilities pfv'.'v.l depend m what conversions 

took place in the transmission of the preceding 1 svmbols and do nor depend 
on earlier conversions.  Such a channel is said to have a series of dis- 
crete states S.,...S which are determined In- preceding conversions, thv 

1    '' i '        ' 
relationships r < fmm') ' holding.  For each state S conditional conver- 

sion probabilities p |v! v.]   are defined.  \t the same tire, iinlv the last 
■ u ■ i ■ i 

1 svmbols transmitted and received determine the channc! states ^ . 
q 

The   iveraiie  unconditional   cotn'ersion  ivrolvdM 1 i t ies   are detern;ned  m- 
averaging   the  conditional   probabilities  "vvr  all   the   ■bannel   states 

PdiWih)    y I'j'J«";!-',). 

chore  1'     is  the  probabilitv  of  state  S   . 
(i • u 

In actual channels in element-bx'-e'^ment reception t b ■ i or. iro- 

b;ibi 1 i t ies p fv art not   pi'/en, but are let em ne ,n thO 

interference and signal distortion in the channel and, on the other, Kv rhe 
transmission rate v of the code svmbols and by the first decision sv-item. 
By selecting, on the basis of one criterion or another, the optimal de- 
cision- svstem, it is possible to change the conversion nro'vdM 1 itv in the 
desired direction.  In order to consider a channel discrete, il is noc^s- 
sary to select the first decision system and, taking into account the 
■ ff'ective interference and distortion in the channel, to copiputc the con- 
version probabilities,  nbviouslv, in those cases when the parameters of 
an actual channel are constant and the active interierence in the channel 
is a stationary random process, its discrete representation is a constant 
channel.  If these conditions are not met the discrete represent a*ion, as 
.i rule, is a channel with memorv, 

-•P.)- 
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Figure 2.7  Probabilities o*" Tonver- 
sion in a Symmetrical BInarv Channel 

r ! nn re '.' .^ . prc 'bab 
v r s 11 in in ,i '"\ mnp I ■ 
f h a n n p i . 

If the  alphabets  at  the   input  and  outtMit   ot' a  UTiitor:'1 

iilentical   and   for  any pair   i   t   i   the iiroba'M 1 i r i ns  piv!   ,■. ' 
■r.cl   aro 

L-nn<t , 

I : i ii-lr 

•'ill t"i 1 led 
then this channel is called symmetrical.  l\'e will also call a 
channel symmetrical if in every state ^ f"or anv pair i ^ ; i' 
the condition 

P.;(•/'/.'/.) /V const(i, /). (;.;■) 

1-rom  (2.21   it obviously also  ("OIIOKS  that 

piy'Jy,)    const, 12..^ 

but it would not be true to assert the converse.  Channels wit1, remorv in 
which i2.7<')   is fulfilled, but (2.21 is not, or not for all o, v;ll Ke called 
average symmet r i ca 1 channe 1 s .  '; i pure 2 
probabilities in a svmmetricai channel. 

scht'mat i cal 1 v sbows the con\Tr on 

Among the channels in which the alphabets at input and output are not 
identical, the so-called erasure channel, in which r' ='"->• l, is ,u' in- 
terest.  It gets its name from the fact that its ounnit alr'uibct c-MUajps 
the additional svmbol v' , siunifvim' "erasure" besides the ^vr'^o', 

' 11!+ 1 
common to both the input and the output alnhabets.  !'he ippeiraiue >l," 
v' , means that the transmitted svmiiol lias beep distorted 'n- interference 
• m+ 1 
and cannot be recognized, 
has been erased. 

Therefore, a iiortion o<" the receive ■(nie '■'• ineive 

As will be shown subsequently, introduction of this erasure s\m>>ol 
does not disturb the feasiMlitv o<' correctl\ decr.d.inp the recei\ed codi^ se- 
ciuence, but, on the contrary, facilitates it when the coding method an-1 de- 
cision sytems have been rationally selected. 

Let us observe that the code alphabet at the output is determined 'n- 
the choice of the first decision system and is there! ire considered to be 
given only because we are examining the discrete representation of the 
channel.  The choice o*" the first decision svstem also to  a considerable 
degree determines the characteristics of channel symmetry,  'inure 2.3 shows 
the conversion probabilities in a symmetrical erasure channel. 
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It   i^   inipf?siMo  to  tran^rit   r'-r-   i<  ii'.'iir.itolv   i-   'r^irr!  ,if    i   rit' 
groater  than  v   log m/Hfx"). 

I'hi"   follnwinc   a^^crt at i on   i^    in  o'nioii';   .■on 
which   is  .inn 1 i ; i1,1'■  to  a   <^'\vcc with   i   ' : wl   r-ito 

(i'.tM' -<•   .■'   • >■ •• ^   t '-o -ror 
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jn^o«   rtf"  their  .if-1 i ,• it i   •■. 

i        i ;i-. c r i .   \ • 

1'   let   t'u'   «.nirci"   M-livr   -'--v,,,','  i-h-^ont s   i iii't-tHMi.'.i-nt !\   n» 
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■«vcr  the  ch.mnol   I'lch   «coorii!.     IMI'   •   -  ''   l->r,r      ■    ' ^-.'   =  '' ' .      'i.,.,,..'-.■. _ 

under  these  comii t ion's   tlie  r'-d-rrr   i^ true  ext-n  v'vn       -   ".       :   thi«-   ,-.i--i' 
i >;   «omct iine?   t,-."'v'. t'1-. T ,   'MI:   i>iT,-iM:T    \^v <"vr'\ ■     rc.i^^n,   •'i.it   T'

1
'   '-I":;I.''

>
   ■- 

transniTteJ uithout   o^-linf. 

i-T   P   -   i1 -   !■■,•,      i«;   '-ef.ire.   »Mit iilUT'       i 

nur'cr.     ' e*   w-   f'orr   ill   •>->;<: i'■! •■   civic    -N' ,I.   i ■ (••nr'u-t"- ,i.,       .^.i, ; „ 

^r   lenpr'i   n.     It   i«   iprnrent   r'int   •'■(T''   ire  r      >♦'   t'-.er.     ' ■••   ■:-   ext i'-!   <' 
mntuallv uri.nie   " ,rrr,;"on1i(.>rl.-''  between  IMC'I  ne^^.ii'e   eleri-nt   \,     cc1    i   ,• sli- 

i M. ,,.-,..- ,, ,. I" '  T"1 ,    '", ('!■. 1 -I    , 1 , ' '• I" ■ 

riTtei! nver Tl:i- .'-.it I Cl,rrc?t,|■,n^l,; T0 i ^ini'lr rc^'-.irc ("IrT"! i" ' '•■'•:• 
The *r,in<-iT'!: rite ^''  the re^-ip" ('Icrer't-- i ^ 

.J  ..• i h i •'  ' .: 

Thus in this oi^r, top, thi' theorer i <; f TMU- (".■on when   - ''.  ^ >■ '■'•• 
in which nil cmlc combin.it ions .iro of" the sane lenpth i is .M'IC1 I MP ; * "■'- 
a-d i fi t C'iile . • 

that   in H'   c.i ■■ c   '■■>'-, ;!• ■The  tern' "n-nipit   code"  owe<   it1-  >'ririn  ? -  "'v   •" ' 
p\:w lie   inngined  is  nuroherinc   ill   the  element«:   •>*'  ,ur  «^urce   IIII'M'M-T   uit'i 
i-dipit  numbers divisible 'n- r. 
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' i   ' or  the   -. inc   <nurci'  ui t 'i  I1       " 
r i > 

rh.ilH'T       ii^t   I'C  .1  whtilr  t^nwer  ^'   ,,''•  nun'-c;   ■• . 
source   i tuleiuMulent 1 v  .uul   isit1,   'Miir. •i'^';!1-1 1 : '- 
i1, I,...'i while  the  channel   'i.i-   tu.i  ^^i-   '.<     .', 
mits  t r-inswi s«; ion  of v  ^\T

>
'
,
(''1'~  per  ^erornl. 

I. ' 

UM 

I'' 

I      i 

lit r i n ■   r }■■ I- 

\ccorilint!  f.1  the  rheoren  The  t rnnsiii ss i i'ti   IM* 

riile   as   close    i^    le^irei!   T ■  i''I1   - 

et   u<   trv  to  .ich i eve   this 
ii Ki t   w*oile. 11 us  reduces  e.ssent lal iv1  T^  repre^iM'T   i r  ca 
'. !,....l' 'n-  n  Hnarv tmmhcr ^'^^,   i1""! ,. . . ",',! .     '■ '   ■ ■■ 
dii^it  binary  nunhers  as-e  nectleii   ''or  this.     1 h.('r'.'t'',T'. ,   ■   • 
(deciral   ilijjitl   in  this" coding   re(|uire<   ' mr  ^ <'•-  ^ .■"■'   ■!■ 
reifl asserts   that   coding  can  he  done  more  "(■■;   n  •• i , |]1\ ," 
^..^.^.?  code  s\Tnhols per dirit. 

i-" i 

i 

' :   it 

■;s U'c    ■ 
-,* ..    .i 

l\e will show that this is p^ssi1 ]•■ ;' r1',' --.M 

before encodini!. IVc will consi 'or ever". !'air ' !: 
to be  a   two-digit   decimal   number,   i.e.,   .■■i1  ■    !'   o ; 

',  -   inn  ;ind will,   as  before,   reduce  c'iiir   "•'  re^r« 

in   the  binary  system,     rvery  number   ii's^   rhan   l"1' r 

scven-di ci t  binarv number   [bee uise  2    -   i..,:       ,"1   .; 
six-digit  bjnarv numbers  do  no1-   s'ifice  t.'   mr-.-t ^vr 
numbers!.     in  rlus  codinp  e\er;.'  ruo ncssi.'e       •'    ! ■• 
s\T.bols,   i .e. ,   an  averaue  of   v."   CIMU'  ';■.■■''   .js  •■v   ' 
a 1 ptiabet   en 1 arpement. 

•    1     ^|| 

Let   us  continue  enlarcini'   r'n-  alnha'-et   'n   rer 
■•fitted by  the  source  as  a  three-Jisit   deciral   -.■.irb-v 

in  the binary  system bv  a   l^-dic:'   nunK('r       in  t    .'' 
sequent Iv   in  this  c^dinr  ore  dil'i,   TCDI: 

; !■•■■-   ;.i   '  -   ; 
is  already  very close  to  the   theore-icil   ".'v , 

'•'urther enlargement   ct   r'-e  alnha'-et   ■.; 1 '   •-  • •' 
digit   transmission   rate  o\-er   ♦■,". is  biiMi"-'  cKann ."et 
v/Iogjn,   but,   of course,   not   to   co  ■"■\l--  '   ;t.      ">■• ■ 

emitted  by  the   source  are   combined   into   in   »div'i'    ;' 

be  expressed  by  a  v-digit   binarv  number   1"   c^niiri-- 
x   logjn  •• ,   whence 

n •■ 

*       y     -kill1" 

\.   N.   Kolmoforov   first   point   out   Th!1; 

.>.i 

Haa^B»u_ *■ .■ -     . -  . ||I ,.lir, 
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In   the   rix'on   eise   the  i'ini.i!   <\vn   is   f\'oii   inimssiMo   sim-t1 uith  vchnlr- 
numbcr \'alncs  of"  x  and    ■   fho  ocpialilv   \   ini',in  --   y means   that   Inp^in   j >■    i 

rational   number,   u'hile   in   realitv   it   is   irrational. 

In   iHMioral,   when  11-11        ,   hit    '   is   not   a  whole  > r   rational   pouor  nC 
^ max 

m,   there mav he  t'ouiul   (or anv number h a whole niimHer a ichich piales  the^c 
i iHMiia 1 i t ies   t rue : 

hdi l.;; l 
h. !  1. In; ■■! 

\\v  will reuarJ everv b messatU' letters as a letter ''r an eniarveil al- 
ii 

nhnhet eontiinini'   elements atu! will estahlisn a mutual lv uni'iue eor- 
resnondonce between the enlarged letters and the code coinMnat ions of a 
uniform a-digit code, as can alwnvs 'n1 done on the basts of i.'.ini (since 

m') , and some of the combinations will also remain unused,  T,'en everv 
combination of a svmbols transmitted nvor  the channel corresponds to  b 
letters of the nrimarv mossape alnhabet,  I'ere the transmission rate is 

6     Ch 
:.! i 

from   ■ .'. I ^'i   we  have  ^   !oc a   loi;  r1       (b   ►   ■ 1    loc   ',   w'^ere 

'Ulis  expression mav  be written   in   the   '"orm 

,jl ^1m      ('' i  'Uli'.. '. 

where  il 

1 rom  ' h i ^ r        b       C     fc    ^   r      '' 
"'  '  w", / b]"')" II b \ h"^ ll  b'\-\ 

M'   i" 

-(' b  i   1 

If number b   is  chosen   from condition   ^ , 

r 
,v     „      ■• 

and this is what we wanted to prove. 

l -, , then 

I .M 41 

!he result derived shows t1 

we cm, bv usini' a uniform code, 
which has an alphabet of sire ', 

t in a .■banne' with carrvim: capacitx 
ransmit the messages of am' source 
nd can do so at a rate as close as do- 

sired to C/li ,  - C/logv' letters per second,  is'e will call this the nrimarv 
tna x      ' .-        " 

method of codinp.  This confirmation is, of course, less rigorous than re- 
quirement of the theorem acc-Malini; to which anv source with entrom- 
i:  I!   can have a transmission rate as close as desired to ("I1, 

max 

itm  , tlm^^^^^ma mmmämmmämmmmmmiuämm ̂ WW^^^^L-,....., 
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2.3.  Methods of Fliminatina Messaae Pedunciincv 

If the messnpo source hns no redundancv its nrndm-T i vi tv is I1' = H' 

In the case of ;i source with redundancy 

and, as was shown in Section ?.2,   a sinmle prorcilure can encode the messajje 
for transmission over a noiseless channel with carrvinu canacitv C  1M 

mn x 
II1   •   I!1        .     Therefore   the  nrohlem 

max 
often arises of transmitting its messaiie over a channel with carrvinc cana- 
citv '" ■ 1!'   which is in nrincinle possible nrovidcil that C  I!'.  The 

ma x 
appropriate codini' must transfnrm the message element s^mience with redun- 
dancy into a code svmbol sequence wit unit redinidanc}' or witli considerablv 
less of it.  Therefore this codini' oneration mav he called redundancv 
eliminati on. 

Let us first study the case where a source selects elementarv niessace^ 
which do not have the same orobahi 1 ities , hut select- t lern independentlv 
of each other.  In this case the entire redundancv of the source is the re- 
sult of the unequal probabilities of the elements,  'i'h i s redundancv w:\v  be 
eliminated completely or partiallv if durinp encodinp the mo^t probable 
elements are represented by short code svmbol sequences and the less nm- 
Kable by long sequences.  I'rmn this it is apparent that this efficient ende 
must be nonun i form. 

If message element x, is represented bv a code svnbol se<|uence con- 

sisting of n, s\-mbols the a\-erai»o mincer of s\Tbols n in the code semience 

per element i s 

V piij'l* 
i r. ir>i 

Maximum entropv 1!  fvl of the code sequence per s\'in,''ol emials Inc 
ma x • 

where m is the nitmber of different code svnbol; ("onsomient 1 \', the :\vv i IM' 

code seqtiencc entropy per combination (correspond!nv to n message elementl 

.. ; .  . .,  I.-. r.l 

Ihl I'llV.l)-   ."//;,:,ix*")   y. A'lH-)'''»''-"' 

The chief reuuirement made of anv cc>de i ; ''"at it be nossib'e to un- 
ambiguously decode the code sequence.  This leads to the stinulntion that 
nil (yl = 11 ( x"! , whence 

7iun    ",;,,,■.':■»' 
k   I 

The expression derived gi\'es an estimate from below of t^e averav-e 
code combination length.  The task of economical codini' is to select a code 
cnablini' us to move n as close as possible to that estimate.  1'' in expression 

iMaMMrtM^^MMMM^^M iiiaaaaMaMjiaiaaa^iiiTrtkiivm  iWiiiivin-.iir 
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(2.171 oqualitv is achioveii' . this moans thai llfvl = II  iv)   ami that the 1 ■    max 
code sequences obtained will have nn redundancy, otherwise, festdual rc- 
dundancv will remain ami will be 

II tu) //(v) 

n I  ^ HI 
8 1 

This  reJumlancv,   however,   may  always be made  substantia 11v   less  than 
message  redundancy  r 

x i-nifxTi/i >u'. 

Actually, by usin,i» primary .odinj; (Section 2.2)  with a uniform a-diyit 
code we may derive n as close as desired to lop 'Dog m,  which, by substi- 
tution in (2.18), will give r v But by us in); a iionunif:orm code we mav 

always shorten the average code comMnation length n by emploving the shorter 
combinations for the more probable  igns (provided that the message letters 
are not equiprobablcl; and we mav thus derive r ■ r , i.e., eliminate at ii v   x 

least some of the redundancy.  Let us note that residual rediimlanc\ can be 
made as small as desired by enlarging the alphabet. 

Khen designing an optimum nonuniform code which permits maximum 
limitation of redundancy we must tale into consideration the reouirement 
For unambiguous decoding.  It is ea>:v to see that rhis requirement will be 
met if not one combination of a given code coincides with the beginniiu' of 
another longer combination. This code property is called "irreduciM1itv," 
In decoding a code syr'-il sequence the nronertv of irreduci'M 1itv permits 
the unambiguous division of this sequence into code combinations and the 
comparison of the corresponding message element with each code combination, 
i.e., decod i ng . • . 

l-'or example, a Mnarv code with base m - 2 containing code combinations 
00, 01, 100, 101, 110, ;ind 111 is irreducible, whereas a code containing 
the combinations 00, ni, 10, ll, nnn, nni , Hin is nor because combination '"»I 
coincides with the beginning o!" Oil1 and combination 00, with the ''epinning 
of combinations OO'i and "01.  !"he first of these codes permits unambiguous 
decoding.  If, for example, the code seuuence 

'It is easy to prove that thi ; equality is possible and alwavs attainable 

if each of the probabilities pfx,) equals m K, where n. is a whole number. 

•The property of irreducibi1itv is sufficient, but not necessary, for unam- 
biguous decoding.  It may, however, be shown that the stipulation of irredu- 
cibility does not limit the degree of redundancy elimination attainable 
(Remark 2 to Chapter 111. 
'It is convenient to designate code symbols by numerals.  When the code base 
is m we will designate the symbols bv the numerals n,1,...,fm-11 . 

■5b- 
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is   received,   it may he ilivitknl   into ccvdc cnmhinat inns nnly   in  the  ,"ol lowi m' 
way: 

00 01   101 01 01   111] 01 lit) 100 1 10'01 00 01   im    , 

If the second code without  the premertv of  irreducibi1itv wen' em- 
ployed  there  are  different  ways   in  which  the  same  sequence  could  he  divided 
into code sequences,   for example, 

or 

or 

etc 

0u ill  10 in in 11 IH 01 (Hi ID 11]  111 01 (H 111  Id   . 

oon i i oin in 11 HID in OK! oi m om noi IO 

000 I I 01 UK) 11 01 01 Oo| 0i)| |II 0| oir) i | ni. 

Various methods (algorithms 1 are 1 nown ! I , .^ ,-1 ] for construct im1 irre- 
ducible nonuniform codes of base n which make possible the greatest degree 
of elimination of message redundanc\' for .i given source1.  IVc wi 1 , describe 
the most general-purpose method which was proposed by Huffman [4,5^1. 

All the letters of the message alphabet ('   in numberl are wi'itten down 
in order of diminishing probability.  If the number  -1 is not di\isiKle by 
ro-1, adtlitional "letters" arc added to the alphabet and arc ascribed a 
probability of :ero so that for the sire '' of t^e alphabet thus obtained 
the stipulation of divisibility of ''-1 ^v r-\   \<   fulfilled,  'then the 
following m elements of the derived alphabet are consolidated into an 
"enlarged" element and the probability is computed and no'ed in the appro- 
priate place in the alphabet,  The same procedure is '"ol lowed with the last 
m elements of the derived alphabet (including the enlarged ones\ ant! this 
is continued until there remains an "alphabet" consisting of m elements. 
The single-digit code combinations 0,1 ,,..,""-1^ are ascribed to these m 
elements in any order.  If these remaining v  elements include anv which be- 
longed to the original alphabet ('i.e., not derived by consolidation of other 
elements') fRey prove to be encoded one-digi'' code corbi mat i nns .  'or t^ose 
elements derived by consolidating m letters of the original alphabet into 
code combinations the second symbol'- are written out so that thes." signs 
proce to be encoded two-digit combinations.  If among these two-digit com- 
binations there are any which correspond to elements also derived 'n- con- 
solidation, then third symbols are ascribed to these combinations, and so 
on until all the elements of the original alphabet have f,een encoded. 

As an example we will construct a nonuniform code o*' base m = -1 'iv 
using code ■symbols 0,1,2, and 3 for the source with an alphabet consistim1 

of ](-  elements (which we will designate with 1'ussian letters'! with the 
following a nr'ori probabilities: 

aMJiJi^^M^i^u^^    f   i ,^L,., „,, rilitolllijÜflM ;-. im^anirtrtr'iiiriMt ;y^i.i.;>l-^i:^^:u..L^^.-^--.JL.....>'.J.',|l   v ,- fljjg 
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A 
B 
V 
G 

MV 

(i,:i !    D 
ii 2 ü   E 
ll.-, II Zh 
i'. i ;i z 

ri',> 

|i IM 

(I IP 

o nr'i i!N 
M ii| 1  u 
u.i.l !    P 
n.i'l ,   R 

?",' 

11,0] 
n m 
h   r! 
II   l-i. 

ho  tntropv  of  t'iis  sourer   i« 

//I')      V /'(M'i'v   /■('<)      L'.''^ 

bit>  nor ^ipn aiul   its  roiuiiulntH'y   is 

,        /Mi)        ,        2 'mV 
r'     '     i.i: /■'-■..    •   " ■-''"■ 

In the piven case '-1 = 1 fi is divisiMr In- m-l = 3, so there is no nee 

to introduce SUPP1ePentarv letter^ into the alphabet. 

Let us consolidate the la-t four letters,  '''he derived eonsol idat^d 

elerumt has a prnliabllitv of n.o."." an I mist be inserted in t!ie .-ilrhabc^t 

b-tueen P and 1 .  Let us s,o  thn Uidi the same operation uith the last four 
ietrers ■nv.i write tiie derived eonsol idnt i'd elenent with :i total pro^:!'-i ' i t \' 
of '.a.)-, in the appropriate place in ''■.■ IIPI'.-IIMM ^etweer i" md I'.  1'e con- 

r; nu" in the same war until there renain ''.^wr   letteps i^, 1', v, and a con- 
solidate! 'lementl, to which are ascribed t'p- code srrtbols l1,l,."' and >.  We 
•"hen compile code combinations '".M

-
 T

U
C   letters which have entered into the 

•onsol i dat i or s i^\' groups of m letters''.  'he wliole tirecess \{  construct i ns' 

-he code is rleir fron Table .". 1 . 

i'inallv we will have deri-avl the followini' code ta^l«-: 

A (i I 1 i 1 l.'O N tl'iU) 
B o 

U Uli K 1 '1 G |IM| 

V .i Zh lllj L ! ' ' P |iM.' 

G 1 1 Z in , M i '; P, fiM 

It js easy to sec that the derived code is irreducible and that the 
most probable signs have the shortest codi- c.aiK i !\a'i'U1-;.  '''he iverav'e number 

nf sxTlbo I s iier 1 et t er i,: 

lr. 

n      N' /Mi.l -;,       l.l'.i 

The  rcduncianc\' of the derived  code   is,   accordinc  to   i \1^' 

■I ' Niij,- // !• 
" i i: i 

Imost 1 (' tir.i-s U-s' rhan ''T redundancx' -f thr messare source 

.'< s - 
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TARLF   2 

x. ' D ( X . )  I 
First      i    Second    1   1f ird Fourth 
Consoti-t   fonsnllt   fonsoli-   fon.oli 
dntion    •   dnl ion    ■   dation       dal ion 

fnns I i"')ct ii 

A     \P,J 0,3 

C.7 
v,: 

C,i' 

c,: 

G l\ ' 

D i7tSb 

E J\ S J 

Zh S  ' ? 

Z •  * -> 

1 :>,3'5 
K C, iT.' 

L 1   "A» 

M 
N .. -.. ^i 

0 

P "    1 
R i CCOi) 

r— .    . v^ 

r— .",;,J5 

c,ci 
r.03    '' 

s.os^ 

J 

r. 
r ■ 

.' J 

J 

i i 

-J __. 

T 

m  of 
inns 

fode   Fornh i na- 

lr  may bo  shown   [4]   rliat   thv code derived  'v   11; i >;  al .i'or i f'.r   i ■;  -,■•■• ii- 
in   the   sense  that   with       i'.iven   source  and    i   civen   code  '• i^o v   it    i^   irnios 
siMe  to  construct   a   code K'TII   U

V
SS   redtindancs'.      In   the  ca»'.e \V

1
M'!

,
I
I
       -P   I 

is  a  whole numher this  code   ;s   Full;   tin ^  'tieans   t1; i;   uw   -euuence  of  ^vrnSc 
may he  obtained  as  a   result   of encoditM'  '-•ome  messaiio.     '•   i ^  o'n'iou';   t'i.!* 
this   condition   is   always   Ful t'i lied   for  hinarv   codes   i'"   -   '   . 

[,et   us   observe   that   since   the   red'iiulancv  o''  such   a   n.aun i''.■!•■'   code   . 
verv  small   all   s\Tnbols   in  .MIX'  tyi>ical   code  sequence  must   'v  enc  la'*"'.';'1  ' 
witii  almost   identical   frouuency  an.d   '''f  tin-.ba'M 1 i st i c   connrC" ion^  ''e'ween 
the   svmbols  must   be  verv  weal    i'i.e.,   the  cctiditional   r»rob;)hi 1 i * \   .■■*'  s..ine 
svmbol   apne;i r i tu',  when   the  tM'eceiiini'   ■;■/■"''■• i ■;    ire   '• nmen  ■.*■'':■•:<   :oyy   iitMr 
from  the   totaj   probabi 1 i tv   that   this   -cnl^ol   wi i 1    o^oear   . 

Let   us   ijo  on   to   the  more  general   .,.i';r  where   the  FC ■•■■,;iv    ■ ajree   ; ,- 
Markovian and   its  redundancy   is detcrm-ned  nor  onlv In- t'-e n,■.-!,■■ i •■ r- ;■;■-- 
liability distribution  of th     letters   'ait    ilso by   the  de:'aider--.    ■ '   '■iu^-~f 
probabilities  on  whaf    letters  preceded   a   i'i ven   letter.     I'-'e will   ^crut i r.i "e 
two  possible methods   of el iminal i m.'   ia-'diiiid;inc\-   in   codini'   the-  me-;saco^  of 
such a  source. 

The   first   method   is  as   follows.     lor  even   state  ".    M'  •'••-   source   then 

is  ;i   "particular"  cole   constructed  as  described  above with   resi-i    t   to   ''"■ 
conditional   nrohab i 1 i t i es   of  the   letter  which   tiocur tat e 
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uoi\ls, the  code is constnict^il ,is an apgropnt r of the individual lodr-s for 
o\,er\' state S. li -   1 , . , . , rl of the source, 

tennined by the nrecedhij; message elements it 
mittinv'. :ind the recehnn^ dex'ices. l\'e remind 
discussing a noiseless channel in which everv 
ceived without error. Therefore it is always known which of the particular 
codes is being used for the following element, and this ensures the unique- 
ness of encodinr, and decodiiu;. 

nee state ^. is uninuelv de 
i 

s 1nown both i n t he trans- 
ho reader that liero we are 
ransmitted  element   is   re- 

Tbis  coding method  completely  eliminates  redundance  caused  by  itro- 
babilistic  connections  between  the message  elements  or,   as   is  said,   effects 
comrlcte  decorrclation.     At   the  same  time,   because  the  optimum nonuniform 
w'idc   is  einr>lo\-ed   in  i.'iery  state,   redundanc\'  caused  by  nonuniform distribu- 
tion   of  ;Mv;vibi iities   of  the  elements   is  entirelv,   or  almost   entirelv, 
••! ir.inated. 

fhe  -K ■  of  this  method,   in nractice   is  genera lU' made  difficult   'n- 
•'u-  need   to  us.-  automatic  change-over  devices   for  encoding and  decodim' 
■ i-  to use a  I'Touii .M" sue'1.  de\'ices   for all   states  of  the source.     Sources 
are,   howe\'or,   frecjucnt !>■  encounteretl  witlj  such  nrobab i 1 i st i c  ties  'vtween 
the   'lerne-•■■   such   that   the metliod  of drcorrelat i on  descr i'■'e.'  a'iove   reduces 
to  e.xt r i"o 1 .i' : MI   of a   -euuence  of  elements,   i.e.,   the  predict'on  of an  ex- 
pected  (.■'■■"i '•   from Inowledge of  {he preceding elements.    Here  the 
"di f fererco"  '«etween   the  predicted  elei'tent   and   the  one actualh'  chosen   is 
coded.     ■■.'hen   tlie    'oncept   ''.1 i fference"   i ^   'ro!>ot-l\-  defineil   for  a   rivon 
soui'''-'   •|'.--.     ' i f t'e r'onces   h:wc   '':\r   loss   tioverful   probabilistic   ,-ies   than 
do   ;'•■     ■! : .M n i !   elements    >!'  tlie message, 

..;i   s'-.^.;   t'-is   In-  ■!   simrle  example.     let   a   communications   svsterr 
serx'e   '     transmit   messai'C'--   i'ioul   tbo  srreni:th  of a   current  put  out   'n1  a 
remco-     'ir »•■•-> !'c>. |  eloetric  power  st ition.     In  order   for  tliese rnessaces  to 
be   !;s ■;■.■;■■   •>;, '■■,■-   correspond  ' ■  'ho  strerirth  of  the  ^urrenl   at   ci^rtair, 
-.-•„..nt .,   ,.)■  »ip.^     .■.c.,   c.'ec1'  ^.l   s(>cl,   and  the measurements  must    ilso ^e 
•" i l(i  ■. ;t!i   i    ■■ ■■' iin   accuracN'   ("sa\-,    iccuratc   to  one  ampere'i .     ''"he  alphabet 

:   ■ ; ■■     nil' ns;;;;  ,ij' whole  numbers   from  .-ero  to  the value  of  the maxi- 
mun   :•'■:■:     <\^] ■  current,   u-hic!1   '"he   statii">n's   i'rotect i\,C'  aiiparatus   prevents 
from  '•■■•.   ■ Nccede'.     These  ",;:•-'■ ors   are   nor,   o*"  course,   ecu' IM-O''.!'

1
 1 e   since 

thi*  a'v'eran      ilues   '■■■M-,.  xhc  i'.reatest   proba'Mlity.      In  addition,   rhev   ire 
i nderend.ent,     in-"  t!,e  nroba1'i 1 i t\'  tliat   an  abrupt   current   rhanre »vill   occur 

-••■uid   is  wrv  small.      It   is  most   provable  r^at   t!i(1  current 
I   remain   ('with   accurac\   to  one  ampere''   the  same   that    it   was   .-j» 
rt        rig;   current   cbaniys   of   ■!   amtiere  ha\'e  consi .era^le  nro- 

arce        f   • '  amt^eres   have   less   pro^a1, i 1 i t\-,   etc.,   and  changes   in- 
ters  or  hundreds     '   amoeres  !ia\'e  vcr\'   little  tiro'ia^i 1 i tv at  all. 

Hero  uv  ]:AV'-   i -■■••nc-  a  Mar!-o\Man   source  whose   state   i':    'etermined 
in  a   first   approximat: M     nP   '■■■■   the   last  messapo   (current   strenrth   a*   a 
i;i\'en  momentl   and   '"v  ■•'■• i"',-  state   is  prefer i ht«il   i'■ s   "iwn  particui ir  ilis'ri- 
'mtion     f  the  probabil   ' ■-'s     f the  other  T".-"=sace  element   (t'ie     ther  curretv 

in  a   tenth    >t 
strength  wi 
the prcviou! 
habi '.< tv ,   cl 

Ml- 
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values').  Moreover, all particular nrobahilitv distributions dl ("for from 
each other only by the position of  the most probable value f equal] inp, the 
value at the last moment of readiiiL'l ami can be found bv shifting the 
Krajih of probal'i 1 i t i es along the current axis, as figure 2.4 shows.  This 
figure eives the distributions of conditional nrobabi !ities nfl /I -11 of 

n n 
ti'.c measured  current  strength   1     if the  result  of the preceding measurement 

n 
was 1  ,.   Consequent 1v, the differences 1 -1  , do not depend (more 

n-1       ' n n-1 
exactly, loosely dependl on the precodint1 values oi" current strength1.  H'o 

1  , as an extrapolated (predictedl value of 
n-1 

current strength 1 .  Then onlv the difference between true read-out value 
n 

I and extrapolated value 

will regard the value T'* 
n 

/,.- /*,. /„ /.. 

need be  transmitted  over  the channe 

p[l^!,,] 
p[l,/iol 

... llil 

C[IJ2»! 

,11, 
I 1 I ' 1 I I 

! i i i i i i i 1 
iJklJ ; .1 1 L i i ..  — 

:o I a 

f7 i qure   ' i   /, r; dp   Hi s I r I hut i nr   of" 
Conditional   fVob.ii-; ' ' ; i-"s  of  Messaqes 
frnrr a  Marknvian   Source. 

Kc  shall   us{>  an  nptimum nonuniform .-ode   for   these differences,     '''hen, 
of course,   the shortest   code enmbinations will   mean  that  the current   strength 
has  not   changed,   or has  changed  by   -1    /ipere,   while   longer cede   copbjnations 
will   correspond  to more  subst-ant i a 1   changes   in  current   strength.      It   is  easv 
to  see  that  this  method  of decorrelat ion  l^y  transmi tt i ni'  t'1^ differences 
between   current   ::trengtiis   is   .-ne  .if'  the  N-ariants   of   the  method  of particular 
codes   for  ever,p  state  of the  snurco,      'n   realitv,   everv  code comMnaMon 
does   in   fact  carrv  a  message  about   current   strenrth  at  the  giver moment, 
but   in  order  to  decode   the  combination   the  state  of  the  source must   be  1nowny 

i.e.,   i in  the  given  example     the current   stretn-th  at   the  nrecediiic   reading. 

• I n   rea 1 i tv,   of course ,   tin 
nrv particularlv distortoil 

i st r i but i ons   ■\vn   pot   fr\\ •e! v ic'.ent i am: 

n- 1 
:ero     i-  te  current   niaxiiium, 

but   the probability  of  these  extreme   states   ■ ■;   small   and   the distributions 
mav be  considered   identical   in  shape w.tliout   anv  part i cu!ar errctr. 

■M 
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The particular codes  in  tliis  cxamjilc differ  from each  other nnlv 'n-  the 
"initial   reading point."    Let us  note that   this method  n<" eliminatin)1   re- 
dundancy  in  telemetric  systems   is  of practical   value  because   it  enables  us 
to  reduce  the  requisite  carrying capacity of a  channel   and  to utilir.e with 
more  efficiency an  existing multichannel   line of communication  to  transmit 
the  results  of measuring  a  number of physical   magnitudes. 

Another method of decorrelat ion   is   to  ntilire  the  alnhabet-enlan'i ni' 
operation with  which  we  are  alreadv   familiar.     U'e  thus   form a   new  ^nurve 
alphabet   and   if the  number  of   letters   ■■''  the   initial   alnhalH-t   uh k h  'M'c 
gone  into one  "letter"  of  the  enlarged  alphabet   substantially  exceeds   the 
range  of action  of the probabilistic  connections,   the   connection  K'tween   ,1' 
elements  of  the enlarged  alphabet  may '<e ili sregarded. 

As was   siiown   in Cliapter   1   [see   I 1.1-111   total   redundance   does  not   in- 
crease when an  alphabet   is  enlarged;  hence  the decrease   in  redundancv cau^ ■' 
by  reciprocal   connections  must   lie  accompanied  in1  a   correspondinr   increase 
in  redundancy as  the result  of unequal   probabilities   "f t'1!' appearance  o*' 
various  elements,     •\ctually,   the  enlarged  alphabet  of a  messaue  source   i^- 
alwass  characterized  by  a  more  uneven  distribution  of element   rro^aM1ities 
than   is   the  original   alphabet. 

By use  of" an  optimum nommiform code  to  encode  the  en 1 n i'ed  alplia^et 
we may practically completely  eliminate  the   redundancy  contained   in  the 
message.     Therefore,   the process  of e'imi nat i nr  the   redundancy of a  v,arl-'V 
message source  reduces  to  two opcrat ions--decorrelat ion    'N   usins-  r'-"  "ar- 
ticular-code  or the  a Iphabet-eni arr i nr  method"]   and  encoding with   the  c- 
t i mum nommiform code   IS]. 

1    I!' 

Man\-  countries  use   special   codes   for  official   telegraphic    •.u'ri»^- 
pomlence between  the different  ministries  and  departments.     'he^e code«  use 
short  combinations   for  transmitting often   recurring   sentences   and  expres^itu1 

[ft]   (typical   sequences   for  a  gix'en message  source",   while   rarelv encountered 
sentences  are  transmitted   in  fh e  onnnarv  wnv. MIS   is VP i ca :•; a mp 1 e 
of the elimination of" redundancv bv enlaimim;  the alplia'-et    ' u< whele  sen- 
tences  ami  parts  thereof")   and  Ky  efficient   encodim 
in  telegraph  expenses   is  also  realined. 

\ able s.iviny 

I'hc described methods of eliminating redundanc\' permit effective use 
of the carrying capacity of a noiseless channel.  They are also useful in 
cases where a large volume of informat'on must be stored in various nemorv 
devices,  let us note that economy in channel carrying capacitv or in memorv 
device capacity results in the last analvsis in actual monetär}' savim's, in 
reduction in sine and weirht of instrumentation, etc. 

The elimination of redundancv, however, also has a significant negative 
aspect. Code symbol sequences of an optimum nommiform code, when they 
are stripped of redundancy, prove to be very "brittle" under the effect of 
noise in actual channels or in actual memorv devices.  This brittleness 

■b2- 
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consists in distortion of one of" the svmhols in a SLMUHMUT lifinj' pnout'li 
to make impossible correct decoding of" ttu' letter c<intainin^ the svrabtil 
as well as a number of following letters1. 

Let us clarify this with an example.  Let us assume I hat rV foHohini' 
telegram is transmitted over a communication channel: "Kl'l VI l'H'Vi <'! I'lMSini 
8000 i:i\"r (LMHI'RP.n." If this tplci'mm was encoded in a nrimarv uiiiform code 
without the redundancy removed, th'ii erroneous reception of one or "ven 
several isolated code svmbols wi I ead enU' fn errntu^nis nc 
or several letters.  Let the telegram be received in the fcl Inwi in.' fori'-: 
"U11L:AT IIARNLIST I'lNLSilLP snoo |H\T (U'niHRI-Ii."  I- is obvious that the reciiMenr 
of this telegram easily reads it and restores the sense accordinr to context, 
the four mistakes notwithstanding. This is beeause of  ihe redundance, "f the 
Inglish language.  Since the entropv per letter i1^ considera^1 v Irs; than 
the maximum entropv the overwhelming number of random semiences of letters 
form atypical (meaningless! concatenations.  Those include what was received 
instead of the transmitted telegram and for this very reason the tvnical 
(meaningful) sequence which in all probability w;"S transmitted over the 
communication channel may bp determined.  Let us make the a propos observa- 
tion that if the number hDOO had been erroneous lv received instead o*'  ^oon 
it would have been impossible to correct this error from the context.  The 
reason for this is that when numbers are expressed in rumerals redundance' 
is abruptly reduced since every numeral sequence has meaning.  The number 
could have been written in letters ("eight thousand""! to increase fidelitv. 

Let us suppose that the same telegram was encoded with the special 
departmental code which was mentioned above so that redundancy was reduced 
to a minimum,  incoded with a literal alphabet this telegram mav, for 
example, have the form KT^HA ROnn, which can be transmitted over a tele- 
graphic communication channel considerably ('aster and more cheai lv than 
with a primary code,  let us assume that one letter ^as distorted in t ran - 
mission and the code sequence received was K'nUIA snnn.  If" a code eliminates 
redundancy efficiently enough it has the property of completeness, i.e., 
any symbol sequence is typical or, in other words, has a meaningful context. 
In the given case the telegram received mav, for example, mean: "Because o*' 
natural calamities the crop on ^OOO hectares lias ''ecu lost."  It is ne 
longer possible to correct the error from the context. 

Therefore, every elimination of redundancv is associated with the risk 
of losing fidelitv when messages are transmitted in a noisy channel. The 

'it should not, however, be thought that after one erroneouslv received 
s/mbol the whole remainder of the sequence will he wrongly decoded. As 
(iilbert and ^loorc [39] have shown, optimum nonuniform codes generally 
possess the property of autophasing, as a result of which the possibility 
of correct decoding is restored after several erroneouslv decoded signs. 
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; r ; it ■ 

'"cert 

- '  . ■ ■ i' 

T  .:<"■< 

• '■ i' ..<•]. 

-■       '   itv 

-r. '■ d i 1 

i, ir    i M-     t 

'    ' .- 1.- 

•.   IM'   •''•   "r       i' 

1 h.>   c i rcun<t iri 
re.-iscs   rarivüv  Mth    in   increase   IP  r   i 

ticularlv   to   the   de.-odor.     Wo  v> i ; ;    -on-; i  'or,   tor   <^.,r--'.v 
i-, ,.,,,■.;,]      <,•: i ' a'-''N   for    if \    ,-odir i    -..ri. -!    ■'    oncodini'    ir.' 

— I T t e !   me «sag«    '. •-   an i' ■•' re i   : n    o'   i-r, o '. r   .\y .\   to- ] u-o ' 

i-   i-r.c.   le r    in i    i 
■ pp. i r * a t' * .      ' ^ - t. 

,1 .,   ■,,.!,. r 

•u  - r 
■ r i ^ ^ 

thr   c   de   u^ed   '■ '    W .-on"- : na' 
i M   N     permi s<i'■ I'- ll 
the   remorv   of   T ho   ■■• ooder 

p''; r i' r   n--   . ■ nt i : ■■ ; r ,■  v t   re ' 
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Rememberi 114; that   from  i.\.'.l)  \ Y     '   hohU ,    the    •■- i T.V   nf    f l<,r   t.p- 

codcr memory must he equal to ra   >' n lop m 'iits.  I'lie rect'iv^J omU' ooir- 
nination is compared wirfi combinations stored in the memorv of the decoder, 
to each of which a certain decision corresponds,  nhviouslv, \%;''' ^ucH a 
method of  decoding, the decoder must store all possible code corr'-inat i ons, 
permissible as well as forbidden, i.e., have a memorv sine OMIMI to 

m n log m bits.  Thus, the sires of* the memories of encoder an1 decoder in- 
creases more rapidly with an increase in 11 than thov would if •'■ lau were 
exponential.  \s a result, with a value of n equal to "", the '■ miivd sire 
of decoder memory for such a uni\ersal method lassuminy r" - .1: • iches i 

! H 
magnitude on the order ot I11  ''its, i.e., many ti-o-- ivciti r •  ■ th;it 
technological1y att ai nahle. 

nn ,"K'> other hand, to obtain high fidelitv in reception '!■ i-u' cor- 
recting code"-, i *" is oftan essential to ust1 a value .,,' on T'".

1
 ■■•der of 

hundreds or even higher.  Therefore, a principal tasl ir rodcr:  'dim; 
theory is to find codes which permit detection and correction  • irror«, 
not 11>P means of ccmpririson with code combinations «tored in a ■'■•■•*TV,   '>ut 
b using relatively simple operations ru-rformed on a recei'/cd r !•< corK;- 
nation.  Several achievement^ have ali-ead'. hcen scored alont' t'   !;:,''. 
Codes !\a\'e been suggested in the application o*' whic1' the c^rt  ■• ; * \ >'" 
the encoder and decoder increases with an increase in n, not < ■■ neiit i il!\ 
but in proportion to a rather snail i^ower >'" n f l1'. 1 1 ,1 ^l .  I'f' ' i"1'"' r 1- 
tion about these codes will 'T t^f-^ented in t'^e fell w i nr "ir    '■<. 
detailed classi f icat it n of suggested correctiru1 ,■ -'<■•■ :-• ci\'ei    ' ' '• ' . 

\■-■ u.is <hov\r 1' 'he i. ,1 .11   ^•CCt IOT 

i ■■ 1 roce also permits ^rror corrert 
it .^fter pre .-e« advisable '. ■  use 1 
message red.urd,inc\ ,x'y  rethod-: ot" I 
nonuriforr me ifter whic'-   t'-e  c 

.1 no rpdundan;\ ,   are  recodi 
I'hus ,   redun 1 inc\   . ^   ; "* v 
fi lel : t\ . 

, *       t '. ■ , .     (- 

;.    .   -.■- .re   ■  MI-V   :••• '■;•■ ' i- 
,,   I       •  \   '(        ^ ,•!■      ,• '..■•.••'.' 

1 it i v    1- '    - '   -::•-        '   - 
r'    1   ^•,;u-- ,0^    '•-•   - •• '. 
„,., i.    1,     ,.    .   .  1   . 

Message  so\irc"   : 
character 1 st i c« 

1,., 1 r c '■ 1,. 

Ihe   f-"ll M.:n,-   ireune- • s  - :•.   ' v    , '<'■:.■■■ ' 

,.,.    ^  ,„..1,,^.;,     ,..;], -,,  1 

whereas   it   i ^  aliv.iv:  p'!««--;' I ■-  t -   .'ico^f  t'M' 

matches   a   given  chime!,     ''o^t     I   *'■•   prcro- 
detection   and   correct:on   .V'  rrrorv   -■;-'.■   recer.ed   ■(';•.;•"■ 
rel.itive'.v  ci^ple   ru'e«  '••e'ore  dec 'inc.   i-'^le "<•"■    ic 

r 

Tree' 

a 

•.«  often  stipulated 'n- -, er-,   conrl   CJ 

inherent   in  granrnatici!   rule«''    ird  ^ 
coding.     The  rain   ro>   ; •>  pi ,•■<:'  '■. 
it   i "^   ;-'po'; *.;'■' !■   To   '^rnal:-'    •'■•'   pr 

ed   -M- «1  I'M li T'f* 

'^•o 
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It   is  natural   that   in   cases  wheri    •'■■'   ürcot   ••ivi; 
is   not   a  man  tmt   a  machiiu1   (".i'.,   it;   automata.I   L

1
 nit i-o! 

smirco riHiundancy  is ilifficuli   tp uso  t'.ii-   inorca   ins  ic 
This   redundancy   is only harmful   ''coaiisi»   it   nsolfsslv iv, 
tin'  carrying  capacity  of  tho  channol.     ('ont rarMu i ••■o,   rd 
introducotl  during  oncodinj',   i !"   it   otirrcct 1\'  "■atclir^   T'T 

tcristics,   hermits   imprnA'ini!  corrrnmicat inn   '': U'i   f ■■ . 

■t  !('!'     < 

i <' S     I 

i 'a-u-v 
1   , 'M' " ! 

!r I • t 

IncidtMitfil !>•, in some cases t'u1 redunda-.-\ -' ,i • 
useful in trnnsmission from machine to machin-'. "i ^■'-■: 
a comiMiter tl-.e values of the .-oor.! i nare«; o» ; ••. 
instants of tire nay serve as .n exarple. !"t i 
related with eacl' other. rh i •-■ corre! it ; " ,• n'■ 
and may  uc  useful   in   increa^inr   '   ''('.•• . •   " 
simple   interference-resistant   c.-Jt-   i«  u^e!   ■;': .■•,■.'.':■ 

■tection of errors,     ''eadim'11 I,.r,.••.■. |    , 

storei.  h\    interpolation  '»etueen   a.'    i.-.-f 

? .5 .     r">"s'. .i^t   r', "^rne t r ! c»i 1   f'^-^fi 

Mil'    .■' 

' . r ■   ; 

^   constant   'xTtpet r i c 11   c1,an 
''asc  - ,   »he   rechri ,■; 
n ot'   incorrect   svt*1^ 

ate 

irrv i re   . in> 

P     2- ^,'''.•'''' \     i m ' i' f; ■ " 

C      r. h 

IM    \ 

VV 

\ . 

■ / " >. ' 

VV 
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Only  MO'l   iii  tliis   rxpi-o^1; ion  dciionil1;  on   the (U stribut'nn  nf nro- 
Iv.'1 i 1 i t i o^ p(.y.l.    Hence,   in ordpr to tfrtrrmino the cnrryioR c.ipaoi ts'  nt" ; 

constnnt   svmmctruMl   ^hnnnol   wo rmsr   finii  such  :i prohaMlity dist ri^ut i nn 
p(v  1   a«; proviile?!  tii" maximum valut1 of no'").     It   is  ,'iln'inu?  that   P'N'I 

i 

adopts  a  maximum value of   In^  m   :n  t^c  ca^o wherr  tho  rrcoivrd  svp1»)]   pro- 
'M'^ i 1 i t i (>«  p')'!"1   arc-  equal   and do  not   dot^ond on other  svnhols   i-e^'oi \Td . 

iUit   from  the propert ' of a   srrro* ri o 11   .'lianncl   it   i <  ca^v   to  show  tlvat   fo; 
the  forepoinp   if   is  necessarA'  and  "mn'icient   to   i'inoso  the  s.ijno  rimditi <n 
on  t!ie rroKihi ! i tv  Ji stri'Mit inn :^iv.^   .•'' the  t ransr.i 1 ?rd  sx-m^o Is ,     Hi-I.-I- 

i 

r1', :s  condition  the  rate  ot"   informatinr   t ransr^i <s ion   t"i\-, 
-ixirur whioh  '\nials   the   channel   oarrviiu'   caracitH': 

re i •he« 

f-    '.'ll^ri       f.l.;^   '■     -j    ,1        /..I.;;,!        /• 

In   the  ri.ar-; cular  ,-:,;-  u'wrr  r 

(I       ,"i ;   ... i I   ; / t,   hi t5/si C . 

; e!   M«   ■^'-'^er'e  t'nt   s'-.en 
"•.•rf*'->re ,.   i, i fhnu' 

' r- 1     •■,,   .   c   .■.irr"-1 "k-   c in u-1 
•re, „ i   ; >,   ,. v, 

-   1     •'        .■•;•■-> I"  •     *  '    I' 

I . ,-   .    .    . . 1 

». ...       ... ,1, . I 

- 1. , I, ,'   ■•■'  . n i' 

...... 

'I      ; i 

.... , i.. ., 

* 1, , K   , 1,  .   ■   . ^ ,        . I.      ■ •  I    •■    --,-~ ■; 

i    -^.V.r- 

<i        (I     ,"' 

.,. i 

• s- v.- ^ i,o   •' f-o'   i1,: ! • 

r   a    ■ ■-n'-t an*   >:\-~ne ,' I I    ,■'■ in"«- '.     • '• c    •■ r ^l   d' ; " ' ' '■      " 

.,    .   . •     •„.,,,.- i      ..   I   >,,     ,. u,,..   ,;   ^.i 
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sviTil'ols  ;i  certain  r  symbols  wore  srmrhnw distorted  rind  the   romainini'  n-r 
received  correctly,   accord ins:  Jo   (.\.'r^   ]< 

p-ji) (./.)• 
rr 

It   can  easi|\-  he   seen  that  v   i'rl   is  a  monotonic  decreasini'   i'unctien  of   r 
n 

inasmuch as p/m-I   l.'m • l-o and dors not dctiend on what •ymhols were re- 
ceived incorrectIv. ■  Rut p I'rl can He rieKeil as a '"unction n<' the lil'Mi- 

n 
hood   if a   transmitted  code  roflihi nat ion   if   it   differ«   ifom th.e  one  received 
i n  cefi a \ n   r  d i g its-. 

fron  thi«   it   follous  that    in  a  constant   s^'met rica 1   charuiei   the   func- 
tion   M"  lil-elihocd assumes  a  maximal   value   for  that   nermi ss ihle  ende  com- 
hjnntion  which   differs   from  that   received   I forbiddeni   combination   in   the 
least   number  r>f digits.     (If there  are  several   sue:;  combinations,   thov  all 
have  the  same  values  of  lilelihood   function"1. 

In  codin.i;  rheorv  tlte number of dibits   in whic'1  code  combinatio''   ^ 
iliffers   t'rom code  combination  !•'   i<   called  the  I'amminr  distance   M."!,   d     , 

''etueen these combinations. It can oasilx ,Ne seen that the Mamminc di- • 
• nice s;iri<fies th.e usual condition": of metrics, and namelv: !. when and 

•■■''. v  wfien  com'Miiatinns   \   md  B  are   identical lv  ettual;   ^,   d,,, 
■ |M • 

, t'of U'.'- tlTce combinations ^,,e axion o!" a trianrl- '»old 

<•  \/:   - i'(l 

\nd   ■>.■,    in  de-odinc   iccordin.f   to   the   criterion  of maximal    lileli!iood 
i   rt,cei'.e(i   t'^r'^idden  combination  must   be   internreted  as  the  nermissiMe 
.••""' inntion  nearest   to   it   lin  fhe  sense  nf ifammim:  distance''.     Incorrect 
a'ecodini'   in   this  ca^e will   oHtain  onh'  when,   as  -i   result   of  the  action  "'' 

- i • r i 

-l1(v      r ■ i ve >de  k-omKi nat iim   is   farther   fror  the  one   actuallv   tran 
in   in\-  oti'or nermi s^ ii>I(<  cor'Mnat t on . 

If (■«etwoen   two  permissible   codi^   corib i nat i on«   \  and   !■•  the  Hammim'  dis- 
eaual   * \i ,   ii1   ordei 

r   i s  no.-o'■.";,i •■'.■  th.d t IK    rece i vc 11 n a t I \ '   rhere  be 
not   less   thm   1   J  d.„   incorrect h'  received  svmbols,     fherefore,   the  rreater 

\ !■' ' 

• !>.. ic  rne  pr ^'vibilif    th 11 ■c   ci'/er1   channel   the   code 

'.'.e will   note  that   the nro'vibil i tv of   inconect   reception  of am'   n  svm'^ol 
if n   follow;  .i  Hnomial   ilistributi ai   I which   i st : np.U i sh i nr * eat ur'e o! 

•orstant «v'-net r i ca! channeP and i< eoual to v   (r^ 
n 

1 !1-PI 

hi« ("unction has i maximum w'-en r nn. 
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combi nat i'lti  A  \u 1 1   IU'CPIIH'  I'   in ilocoilini; with  ocrTcct ion  nl' rrm'^  'M^CI!  en 
the criterion  ol   I;M \ ii'vi 1   I i l-c! ilutod. 

iii const ruct i ni'  ;i  oi-rrt'Ct i i')'  on.lc it   i •; ,   of ^oui^c,  lii-^   IM'-IC  to 
choose pormi ss i h lc   codo  roml'i i. it i en';   =p th;il   the  l!.i!"i''i in'  i! i st incf^   I'l'tuccn 
then are  as  cre.it    i^  ro^iMe.     I •••   t1'«' M.immin)'  lii^tanc' ''etueen   tun  ■■•■i'- 
niissihle  code  comf^i nat ion«;  uv d 

p; n 
ihf    t he  error  detect i m \I*V I >■('    '..III 

detect   anv  erroneously  rrceived  code   Mn'-i n.it i on«;   in  id i.'■   thr  nuirt-iM'   '♦' 
erroncouslN'  received  «x'tphol«;  doe*;  no»   rxceed  d .     \cti!:il!\,   it"  v 

unnlH'H   in   the   received  code  co!,'h i ;i,i" 
fron  t!-!1  transr.it ted  cnmhin.it i mi';   i •= 
r      d   .   -1,   the  received  code  conMn 

—   ir. i n 
ones. 

"   .i re  e r roneou^ , 
det'i n i t i   r ,   ; . 

>ii   Mnnot   '■(•  etic 

■  irr i IM
1
    ' i ■-1 ,m 

''c■ •■ ''.■ IT  wl'.cn 
t L,    Pi- ri" i ^    i'  1 '■ 

C 
mi n 

i v  an  odd  nun'-er  thr  ei irrect i iu'   le v. ■ I ',   correct ! v 

decode  .ill   received  coile  con'Mnat inn«   on  condition  thit   the  num'M'r of •■rr   - 
neously  received  svTihols   (or  the  so-cil!ed  mwl t it'l i c i t'   .it'  t'-e  error1;'   dor»; 
net   exceed   (d   .    -11 T.      \ctiiillv,   when   the  mimHer  ot'  erroneou«:) s1   received 

mm 
svrhols   r       (d   .   -11 '2   the liamrini;  distance  '^etueen   t!ie   reci-ixcd   com^ i n.it i .T 

—      nn 
and  any of the  permissible  com' ir.it 
may,   nccoriiinc  to   i.?..'21,   not   '-e   le 

erroneous  decniiinj:   doe«;  net   occur, 

mav ho  easilv   iscertained,   ' ■  cerre 
ceedini;   [d 

lexcert   the  om-   ic'uill'.   frins^it'e 
i" I   .   -r   •   (d   .   -! 

mm       —      r! r 
i <   e\c'i   i ' 

err 

m< I ' 

,| 
mi n 

IM icitv d 
mi n 

.mil   11 <i'   it   t he  «ame  ' i ••'••   to   ' 

nee,   cetvMM 1 I \'   sfe/iMni',   in   the 

,»■   ,   nu 11 i p I ' c i' \'   no* 
i-tect   error--   .-I   —.: 11 i - 

1 at t r v  c •<<•   thr re  rvn 

tv>o  or  sevvral   permis^ihle  com'Mti.i* i in-;  at   the  •»amc  di'-t.uue   '"rot"  'uv   re- 
ceived one.    rorrection of all   error«  of mul t it^l i ci tv -. t   ■• vc-d ; nr 
id  .   -11/2 and a certain prn'MMlirv of correction of error« of" "ult irl ici' 

mi n 
d   .    '2 mav a 1 so  '»e  ••>re'.- j ded . 

m i n 

Therefore,   the  tasl   el'  .on^t ruct inr   i  Ciirrect i nt'  cede  reduce';   to  t^e 
choise  nf K    n-dicit   cer.1, i n.it i .■n*;   ho.ir.i;  .i  r.ixinum  •v^«;^ i'-] ,•  distance   e'" 
d   .    . 

m n 

n   this   connection  a  que-Jtion   .iri-r-;   .c i   the   pre 11 e-: t   po« s ; i Mi 

v.i luc  of   d   .     ui rh   ci \en  '■     md 
mm     ■"     ' 

'. , with civen n and d   .  [here ; « no i-v-ct • v; 
'' mm 

answer  !o  tliis  question,   how vrr,   t'-.ere  are  «ever 

,>)•   j.;   T  .   the   create'if   po';<;i,'le   '   line   r< 

.i- i .-I i. ■ii   uli i CM   \-; e I i:s    in 

nowr   wavs   of  r«'ir i • i ec . 

We  will   present   without   proof  rue   ••'  t'ic  mo«:!   inportant   e«t inat ii'ti« 
which pertain  to l>inary  correcting  code«   i n       ."'1 ,     \s  Mammini'   f 1'■ 1   «howed, 
for  anv hinarv  code 

MMMi jlAtlllMttMMilltoailfl^^lUaM^^           
■.■'  ,..-■... 
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rhosi1  coiles   t'oi" v^liich   ir   (.,..,'^'|   thiTr   i ^   ciu.ilitv'   .irr   i'.'tllfil  ilcn^c 1 v   i^ulct. 

\linii:  wit1!  priiKirv  codr<   thci-i'  .<vv  h-iin-.i!  sm'tM'.'ii   ih-n^i-lv  pu-I (Ml   .'lUTcrt i IH' 

I'.HII.'S,   \'ov c\:ur.v\v ,   r lu'  (.■^ul(,  run!; i st i ni1  ut"  the  rwp  i-o!n*M n;ii ions  "|,ii  .n, ' 

,   t nr uli i c !i i t-)i  v n 
111 I •! 

r; n 

"n   tho  Pthi-r  hniu!   [!.   ^.   \';ir^!'aino'    viiinvnl   fill   rh;it   v. i •'i   -.aw   n   .in 

rlit'ro   ire  ..■■,ilr<   ''op wlii^h 

\ 

V    , '. ■■•i 

mp 

he  t isk   ■ (  .".'pst T'lit't i tu;  .ip    :,ti,,Ml    ■ \ov   i   i/on^' mt   ^vnircrri 

."ivlf   h.i'.iiu',   with   i1 i \ PP   p    i"1   '     ,   tl'.r   ur'c.'i t (■•-*   I>I><^
:
    ! c   ',■ 

(-•   IH-PP   < -1\ , i ••s      ilP-.-, I 

rlic  ^^luri"1   '''  '"hi-;  I'TP'-U'D   'uiTli   i   ^ut'l 

iv   if   -\w   <^v'' ,    \<   the   'MPii'ip    ■rh'v.'t inp   ■' 

■i!". ir\'  L" 'df^    i      in  '-i i'"" ' i 

■n 

pi • '■ ' '  ■•'' .■iri'1?-!1 '   '■ i np 

! .i .''''i'  n   ,   :i«  p.i r;iili x ! i' ! 

■:>; i'<I.■  ,-,■ 'f  i-cir*- • '■ ir : i'P1 

,.    ui 1 .     ,.xp|   ,:.,    .1 ,.,, ..... 

M.,. IMP -(• .P.T- ' 

I .-nut 

ipj  i« r; * ; nr   i 

■  : ,!r v    IPV   p.i ; i 

'■ PtM'l'P   •!'••<■■ rhin.it !.."< 

- i' hor .T : ,■ i 1    rXf.-.-r it I .'P    iP. '    ■: ■' 

\' ., 1 , , , 1 I p 

.1,,..    . . „.,,., ,    ,, ; • ■ 

''■,(■   .1 P    v     t  ' 

'"\  ' .■:!'- ! \  ,    * i i   .'• i'; i. , • i     ■ ■■; i . i.,. 

wriilr:    ,' 

i, .... 

.,■ ,i, ,1. 

',.;., r ; i ■< . ,;<-:• ir :   n   M I I   'M   ■ 
.i,,.  ,,- ,.nr ;   .;.,-;.; ■■■■:■■ ••'■, :-     • 

,'   •'■-  .::   .••■   tun      .If  . ■:-'   ■ it i-, ■ '.• • •■ '. •■• .   •'■•   • ■■ 
rpdiKi^   •■.■    i   '■'>-vr. ■•: 1 1 i   •;••.'■•■   ' ■;,  pp •■ -r        '   •      •  i,.. , ■ ,' , ; ., 

,1. j ] j ••,      .■...,»:.,,     ...     ••..<,.; i i'    •         . '■. \ •■    :>■'•'     ,p .   u1-"- 

n ! ; -pi'P- i 

i\h(    '     ! ,    '"    IIS I Pi'   ' ' c      PT i .•;■ i :     ! 

,   • M- px;implp ,   M'-l ' ,   )'   '•••  ■  ■v-1 '• i" 
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/'{./•a11.'1    '')") 
I., 

/(   '.sr/zj. 

IVith   ;in   inci'o.'Kc   in   n   rlu1   l.nplnco   ''mu-rion   I-'i-.^Mr   rn'Milh'    niiircac   he 
rcro.     TIUM'CKMV ,   for  ;iny  positive       ami  •, ,   it   ', ^  iios'.ibU'   ti    Cind   m   ti 
siK'h   that   u'irli   a   m'olvihi 1 i fy  gr'ater   th:\n   !-■■   tho  I'api'nnr  ilistaiu't'  'et'■ ecu 
an',   pair  of  rindor i v- sclectotl  rinlc  COIIIM nat i nns  wi 1 '   ','1   i'j'oatcr   f'iaii 

'.--       -In. 

I'he   .! i '■"rii1;-- i   ;'   'MV-^M' t n1   \- i r M<   . n ! N'   a   ana ! i t a t i vo   oon '"i rin.: 1 i mi   of"   the 
i-      M'   ran.lia"   sclivtion   UJUMI   :t    i'~   'MS^IMO  wit1'   a   iM'o'va'M 1 i t v      \^<f   •■> 

aiitx'   to   .■>'•  11 :•    i    larri    !'i''iir: Hi'   lii^tatu'r   ^(»tua-c'tl   firrrn ■■; ^ i t'1 r   soAv   .■■'■■■l  ii-a- 
.Ml< or  ihl<  iMirpo-;.1   \v  ov^rv   • ■  ilotorri no   the   rato  of  t rar^p i ^ i mi  o1' 
t'o tana t i ■ "i   in   IMIVIOP  (.'oJir,;'   v.r  uill   i-waluato   the  "TO'VI'M ! i t v   .■•''   inoot'root 

'-• v; i n i'   W'UM'   ii        1 . 

■■r  uill    i^nrr   Mi i'   \     v i -■ .■ :■ 

■   ' ranpnit: 

* a'T' i* :     i 1 

as   u\-1 I    is   nvc i \ 
•: -  •    '■,- «Mt;  o 

MIO  v'oi"'- I nat i.ai'-,   \-u . ■■ 

i v   r in.'oir 1 v   spii' 

..   1 a>. r 

en.! ■ ,    i fe   f in.'oir 1 ■>■   spii'   • ■■ '.      ! .■• 
•   I'.M ii!; i >■ i t i mi   tiiai'nc ! .      • ovo ;■ i ! 1 

i,; ; ; ♦.,      <■   ,, y,..,.   ;,.   . i,(,   ,-!vipii( ! . ' i" : 

.1. 

i ' • r ■ 

■   ,r-l 

I * ' ' 

i . ■ m 

in1 

ri..    i 

" i • ; . T 

.. .■  ,1    ,1 

i    V    <r<r 
f(:    ■  ■) 

■ I'   ,• I • • 

I,. „.■ tl ■ • rv   i' IT i 

■ i' •::,(;,)■(■■/)'■ 

i,, 

i.,' i,- ,.i. 

ti   i   fror   ! '.       I I WaV«     I—.; ■■  : !■  ' p     • ,-     <(■ 1 I'l'T 

■ -    i,      ..       'mifjiLl--'—■-   "           .■.■....     ,. Liij     .. :..Ji.l   .              , .,. ,,  ; ^         k       ,    ,_,      :     ^.t>.l.-..^..L....,.~.     ' v^.,!,»...^-.-.. ,r..^_   ^.^^.....^   ^-JVA J 
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Hut"   the   rat iii   r/n   is   less   than   p  +    ■   will;   a   probaM 1 i tv   n''   !-•.     l\r  u 
dosiunnre n +  .■'  =  p*.     Ihen with  a nrobahilitv  ol"  1-, 

V'.':'" C.-vSl 

\nv ol"  those k  conhi nat ions  can  hr permi ssiliic with  a  nmbahi 1 i t-.   of 
P 

\    ..'' and  rlu' prohalMlitv  rliat  tun oru' ol' tlio !.  comi'i nat icns   f^xccpt    -or- 

hinatuni   \  which  was   f.noun   licfcireharull   di^es   not   ^oloni'   to   rh.nse  piM't'ii ^s;' 

(l       %)>\    ~k']l I     ' .       '1 

Unis,   rho pt'nhahi 1 i ty i.Mn!   of correct   decodiiu'  of a   rrcived  comhinati' 
is  r'.a 1 u a 11 .'  In-  rho   t'o 1 1 ow i in', expression; 

Q[n\    ■(!   - i\i\     /■ i    k  ,,; „ • 

>'       J       -^   "I7   -n'"".,-,   /''   '"'^       /''I (1      I   ) 

■y /'' !/■•   .■ r"   ■■   /■•     ■■ .i   /••■, 

I'      /'•) 
•la      A, 

w'u1 re   * h''   i ■ • i .'•; ' h.n  'vise   is   .\ 

'■:•■  wil!    ;ari-v!iico   stiil   another  de^ i i;nat i .'n : 

C      eil   :  /■'I..;'./.'     (1      //il/.d      /■ 

cm  o i1- i 1 y  'n1  ^een  "lit 
I, inn,.! • 

•'•, ill   • lie  car p. i ni'   clr ic i : \ 

C'I inri 

C     v\\   ; ■/':"'/' ; ,1'      /,)|"-;i|      r-\- 

irrroichc^   if    ic        iiM'riMche^   .''.'ro,     ''ewritint;     '.l1'1    i^   •'(IIIOK-; 

Q('i) 

rhaf  witli   in   mcr 

r " \ " 

n   • ''.■   •■•■ \b i1' i M t \   of  coi lee • •: • r 

ipproaches   I- .   on  conditjnn   that   '■,     sat i ^t"! >'s   the   ineiin,il;r\ 

n 
t  ' 

where   .       1/2. 

1 . .; i i 
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ipcci fi cal I)',   this Kill   Fie  true  if    X, 1    ,v 
c^ 

COIT- i deri im  that n      n  • 
with a sufficiently  Largo n  the maimitude   <  may bo as  small   ,i'-. desired and 
the magnitude  C*   a«;   close  as   desired   re (",   it   can  he  asserted   that   with   a 
randomly selected  code  tlie proNal'j 1 i ty  of correct   decoding of a   received 
combination   is   as   close  as   desired   to nnitv   (Tor  a   sufficientlv   larp.e  nl   i 
tlie number of permissible  combinations   is 

(.\-lr.) 

Finally,   we will   determine  tlie  rate  of  information   transmission  kith 
such  coding.     Since  the probability' of correct  decoding   is  as  close as  de- 
sired,  to  unity,   the  amount   of  information  transmitted  over  a  channel   i^ 
eu.ua 1   to  the entropy oi" the  code    ombination.     If all   the permissible  com- 
binations  are   selected   independentlv  and  enninrobabi lv,   the  entropy  of  a 
code  combination   is   equal   to   lor  X    and   tlie  entropy   for  each   transmitted 
svanhol   i s 

IIdn      n  l-;; .V 
:..ih i 

It   follows,   that   tlie  rate  of   information  transmission   i 

/'I.V.-'')        £'//,■/! 

>r ,   subst i t ur i nr   [1. -1." ) 

rui.u-) 
n 

Kit!) an increase in P the second term approaches r.ero, i e , the r t- 
of information transmission car; f'e as clo<e is desin^i to tin' carr\'itu: 
canac i f v o f the ciiannel , 

Understamlabl \', with the de^cri^ed random ^election i^'" .' ule t'UM'e ; 
certain prohabilitv of ^oloetini r   m-i\- 

hatifien,   although  with  V'Ty  sliglit   rtvbabilitv,   fhat   two  combinations  o' 
\  and  B will   coincide  with    'tie   mofhor   M t tor   :n  oniv   one w it'; 

transmission of combination   \   i*   •ill   '-r decoded  a^   !'■ '.■.it'-   i'pMt   pi^«;ii>i 
litv,   and  vice  versa.     If  rh1,   ivcur^   for  several   p.iir^  of  i-.-nbi nat ion<, 
such   a   code  wi ot   prov i 1"   for  h i t'h   f i do 1 i tv i'oC.'MPi- 

The prohabilitv of correct   roception,   evaluation  of uhich   is  gi\-eii 
in   C2.4."1,   is   in  essence   i   joint   prohab i I i f'.■  o1'   two  events,   i.e.,   tlie  «elec- 
tion  of  1   "good"   code  and.   correct   decoding  using   this   fod«-.      \   n'ore  detaileii 
analysi:    f'1]   leads   to  the   following  r'-^ult.     \moni'  randomh'   -elected codes 
there  art1  "good"   codes   for  which   the  probability   of   incorrect   decedins: 
P(nl    ■   l-r)'nl,   with   i  sufficient','.-   lane  n,   follov.^   the   ineuualitv 

PMU-   .V 

„tt^^ui^^^^^^^-i^^i^^,. .»»^.^a^^-.-,.-..^..   .-.^.^^.q^^.^.  . . 
———     .    ■ .  . ( 
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uiiei'o A   is  a  certain  cocrf i cient  ivhich  ehant'i's   slnwh.'  with  ;ni   inrroase   in  n; 
HfRl   is  a   function  of rho  rate  of  information  transmission  iJ  =  r/n   loi; X 

which   is  positive wlien  P  ■   ('  ami  equal   to  rero when  ''   -  (". 

As   far  as  nrohabilitv  !'    of selectini'  a  "IKHI"  code,   for- which   f^.-lS'i 
p 

Joes ii(it hohl, it also anproaches r.oro with an increase in n and much more 
rapidly than the prohah i 1 ' tv of incorrect decodini'.  Thus, if n is so ^elected 
as to provide a sufficiently snail nrohabilitv of incorrect derodinc f.1.''^), 
a randomlv selected n-d!i;it codi will ho i;ood with a nrohahilitv of prac- 
tical lv I . 

It would seem tliat the results tihtained slil\
,e comriletelv the nrohlrm 

of error-free transmission of information at a rate close to the crrrvinc 
capacity of a constant symmetrical binary channel.  However, practical use 
of a purely random code encounters obstacles which are insurmountable at 
the present time, ami, it seems, will remain insurmountable for scores of 
years.  The fact is that storano i'l *^c memorv nf n decoder cr encoder of -it 
least all permissible comMnat ions am' comparison of t'iem with the received 
combination is the only nu-thod of encoding am! decodinr twhen usinr a random 
code'),  hith values of n which piav.j ie for ^u^ficien! 'v i;''vi! I probabilities 
of incorrect decodinr, the recjuired sire of memorv cr^atlv exceeds that 
ac!iio\'able b\- modern tcchnolorv. 

It is for iust this reason that purelv rmviom colim: has nof found 
practical aiM1'. i cat i on and efforts "'' researclrers have been directed toward 
retailar or semi-reeular methods of codini; for which it is possible to 
formulate certain rules for conversion of messapes into code combinations 
and also rules for decodim: with correction and letection of errors and 
also t" construct, in accordance with these rules, relativelv ^i^i1!!1 locic 
c i rcuits. 

2.6.  Constant c,vmmet r i ca I fhannel.  Regular Codiiig 

eis t w : .lesiiread amoni «a.- s are . t era t i ca ! code1; 
lifol,>lems in the construction of ui'iv"''1 ir0 considered in file alrebraic 
theorv of codini: usins1 the ap'varatus ir modern alre'va f ! 1 , 1 \ ! ""■' . 

\ systematic t'n.M code amour.ts to 
ot' which 1 dicits (usual Iv the first one 
codini' of i message.  fhev are called i" 

■t i •   ci'tde  co'-'i- i na t i or 

digits   are   formed   in   accordance   with   cert 
dipifs.     I'hey  :\rc  called   the  died ins1 

the purpose  of detect ini!  and   correct int'  c 
f.-H   is   a   code   in   which   a   seven-' lernen t   rode    ■■ip''-i tia t i m   contains   four 
i nformat i on   svmibol s . 

represent   tho   result   o*' iirima'" 
orma'iop  'M,: its.     riie  re^aininc  ^-\ 
air   rul''<   from  the   information 
'•rectinrl   dirits  and  thev  serve 
rroj-s.     t'o'- exirple,   the  code 

In  other words,   the  process  of encodini'  a  m^'ssare  mav  l^e   imacined  ai 

a  succession  of  two procedures--fj rst ,   encodinc   in  a  uniform l.-dipit   noti- 
redumlant   code;   and  second,   assir.nin):  n-1   correct i\-e  dis'its   formulated In- 
certain   rules   to  each  of  the   code  cop'-i n it i oiv.;. 

Bftiiiirii'iiiiirtimimiMh'ni-iii^  ; ^^ 
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ilu' niiTiibcr .M' pn p-i ss i l1 lo  >->nlo  comlMnat inn^   in  ;i  ss'^trmat i 
•r.     I'rnm  this   ("tu-  rndc   fcilurulaiu's' mav  ho  caMlv ilotcri"! in'«1 

Cc^di'    I ^ 

II i A l'^ v, 
1 .' \ 

I \ I'M 

ilu1 correct i n.y ;ymho,s aro ("cinneti In- linrai' niKTat i ivns , lift e rinim^i 
orei- a tiiiirt1 '"irK! J;-

1
 in'oduciMc m'or tlic i nformat i on ^v;"1'!'1 ■-. In the 

p ■ r ■ i on 1 a r   v'":i'  WIUM'I is   .i   pi'ii'H'   ihrso  mu'rations   are   i-oni'rni nt   with    ■'!■■■ 
:• um   r.o i; ■   T ' ■■  L. MI! '   P.TM n !   •'■"   r< a '.T   i ha'    "•■■   '.■,,i'   !-■   ":I;"IMT 

\    qul   H  arc  o,; h-ii  >■ "-• i IM!-1 c  IIHHIUIP  ir   fun i! en   ^       '■,   inul  r" 1   if I'.'tii  n1 

t'''■■■■(.,  numbers   ii'wv   t1"   ■•am«1  ro'^aiiulor KIUMI  (tix'iiloil  In1  p.     i-or  example, 
11   (ruul  .Vi   T  S i'pioil  "   .     '''«I   form eorrertim'  ^yr^   \<   eertaia   ii>- 

fninitimi   svmbols   (rePi'-^ent'ed   In1   the   number^   ''rei"   M   t e  m-I '   are   aiKleii 
moilulo m.     "I'h i s means   tint  titter  arithmetic  addition  ■■■'   these  number^   their 
sum   is   replaced  b"   the   least   ivhole  niai-iuM'a t i \a^  tmmbiM'  comparable   to  thi^ 
sum  modulo m  for  the  "least   remainder modulo m""l .      ''MP;,   'or example, 

1   <■   .'      oi mod  "1 , 

.' > :     i  (mod y], 

I   *   1       i'   (mod  2) ,   et c . 

It   is   obvious   that   these  npcratien^  produce   ni'..oer«   ■ ''M"  "   t,    ",-1 
u'hicli  mav  ^'MMa-^cnt  ct^'Ti'ct ii^p  ^xT't'ol^, ■     \'v approuri it'   ^i'le'tirn o'" the 
eviiiations   for  '''rnin,'   the  corn*!. * i n.   •■'.■'■•!'^ 1 <  KO  ra V-  c^atiau'!        -ode udth  a 
i'i'-en minimum lianmini1   iistance d 

■ '■,< leu! 

F" |  ll 

iv   i nto   the    'c* i: ! -   et"  the   ' heorx' u:  code 

'.vhich   i <  '.'erv  thornuidil\'  set   ''nrr1',   in  a  monpf'raoh   rill,  v.o \ '■ \ \   r'wc an 
example   ni   .Mn^''■u,-- i th'   code   ■"". '"   ■,..'■, r   r   ■   .\      ' ^   the   de^iip'i'i   "   '"'VK^ , 
four   .licit'-'   of   the   :^i\r   c.'pl  :■■. it,  -n   are    '.•citpied   'n'   in'ormafi'';    - .a"!'.! 1 •; . 
Ke  ivi 1 1   de^ii'tiate   r i ra1   a . ,a ,, i - i', •      iU"   rerainiiM'   thre"   dicit^    ire  oCtuti'ie 

•n-   correction   svmbols,   ivhich   ue  will   denote  ''v  ''d-   ,b...      rlv.'   ■;\-""'el^   i. 
I ■< ! 

nav  adopt   valiie«   "',"   or  "1",   to  'a'  i!et<'rmined  Kv   t'-.e   ceded  me^^ace.     The 
svnbols   b.   are  determined  '"■■   the  eintation^ 

a, \-a,-\ a, ■ h,     t), i '   •"an 

wliere  a 1 1   add i t i on   i s  modu h or  exami 1 (^,   if  the   infornation  ':\-inbols  an 
We  easi 1 \ inni,   the  correction  svmbols  mist  'a-   11".     In  th;^  code  d   . 

mm 
satisfy  ourselves   o''   t'li^   if we   note   fhal   revei'sini'   the  value  ol'  one  of  the 
information  symbols   results   in  value  chani'e of at   least   fuo  correction 

' IVe  would  note   that   in   everydav   life  we  often   emplev  addition  modulo   M 
(or   12")   when  figurinp  time.     Thus,   if  it   is  now   l1'  o'clock,   in  ten hours   it 
will   be   vnii  AM,      Actual lv,    10   *■   111       f,   (mod   Ml. 
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symbols, uii i 1 (.' value reversal o)' itiv tun int'onii; f i on svrhols leads fu value 
chance in at least one correctiini ^vinhol.  Theret'oi'c, am' tu-o nermi ^si I» le 
code comli i na t i ons (i.e., those sat i st'vi np f2..riCil i dit'Or f'r'oii each other 
in no less than three dibits.  Hence it follows that efolovment of this 
code can detect an error if no more than two svinlmls in a conihination are 
erroneously received or can correct an error it' one ^vmhol lias heen erro- 
neously received. 

I'lte receiveil code comiMnation \ ^  i'!uvcl ed to ^IM' whi'f'M'" i* <:]\ '■':'"> >'< 
the eouations used tor forming tin.' corroctini' svr'MU^, Hw enrrosi  •' 
this operation heinc to detect errors.   ! <" at least one of them eimation« 
is nor satisfied the recei\,ed combination is not a permi^siMc one and .-on- 
seuuently an error occurred, in transmission. 

1 fror correction must tale into consideration which of the euuation« 
are not satisfied and be i'.uided by special tailes which are easilv estab- 
lished for the specific code.  If, for example, two euuatinns of f?..r)01 no 
true and one is unsatisfied, then one of the correction svmhols must '"e 
deemed to have been erroneously received and the received combination mav 
le decoded from the information svmbr.ls without anv correction.  If the 
first two euuations are not sati^Hed, sN-mbol a, wliieh \<  common to both, 

is li.-iMe to correction ('clianui m; "d" to "1" or "1" to "n"~i .  i |u- first and 
third equations, if unsatisfied, subject svmbol a  to correction.  I ♦' f'e 

second and third equations are unsatisfied s\'t"i'"'! a, i< to hi 

inallv, if all three euuatior.s ire un^at i st'i tul •ikil 

ciirrect ed. 

1 j i!. !,. to 

correction.  nf course, if two or more symbols of the code combination are 
erroneouslv received that c-imbinntion will not uc  correctU' i'ecod-'d, 

• ■  I'll now coi,..;^'^, several alre^raic prooertie'= of ^ina'-v sv^temati; 
c nie1 whivh r ""mi t examining detail thei'" detect itc and correct ins', i-aiia- 
I ■! i 1 i t i c s. 

\ bii'.arv svstematic cule containing a combination c^isistinv ot reroe> 
onlv forms an \belian group witli rt^sriect to the operation ef lirit module .1, 
This means Hiat after addinr modulo 2 symbols found in the same i.igit ^i^acer 
of two pt^missihle code combination^, we obtain a combination which i< also 
permissible.  Therefor.■, such codes are also called, croup -odes. 

\ group code may be nniqu' lv [ieteiaii tieil bv g i \ i tu' onlv l linear inde- 
pendent combination1- included in it.  'bev form a reneratitu1 matrix '' havin. 

In '•»inary correcting, codes these chechs are called "oarit^ died s" since 

the expression X*1 n'"i'!'-'i simnU- means tliat this sum i': an even number. 

^^^amjtmmuniaUiä umäiiimitm^^i^^mi^m^mm^iimii^^iimäi 
^""^'■■"""■"•"^"•-''■•'-^"iniiftit a  



^^^^^*^^m&H^*mmmmmmmmm   im   i i—ppw^twimnii un n    i , u.ii.n ■nninj .ii.m-    — < ■      »■!■■   ^-<..», ^J.. .._   11,1        ,.      .    ,   , 

!■   riMs^   :u\'\  n  c ^ u!".;!^ .      Ir   ran  I,',  nsc '   t n  ontmt rud   .ill   rena i ni nc  coAc 
comb i nat i iins,   aJ.Jiiiu   ihv  ■li.'ii   imvlulo   .M   in  i\airs,   In-   rhrcos,  In'   fnurs,   ov 
rous   ot' a   gencrat ine  rratrix.     '^poc i t'lca ! 1 \ ,   hy  adding'   am-   1 i IK'   tu   iiscl*', 
\se will   dbrain a   zcr^ k'ombinat ion   Icons i-^t i ng of n  r.croc^"!. 

l;or  the  code  considered  above   ("j-P   rlu1  p.rtu'rat i nn  matri.x  can  lu- 
wri'tcn,   for example,   in   the   followiiu'   ''orr: 

a 
\ n i) n i n i 
li | i' iM I I 

U 'i i n i I ii 

' P n Id 1 ! 

it    15   Mil t'i ci oil*   to  !ia\'i/   i   i'oncrat i ni'  rat PIN   in   the  memnrv  of  t!-c  iai 
!'v   usinr  a  device   '"v   ü i'i;-'n--t!i v i!   summation   ii    is  possiKIo  to 

n  anv  .-ode  comb i nat i on . 

for dec-'ding with  detection "r  correct i i--'  of errors   it   ii" 
\  I!   cent a i n •.-. have in the memorv of the deeo-Jer a chec' inr matr 

r^ws and n columns. In eacb lini' of this r'a»^;.\ one' 
iicits vchicli enter i!'r^ t'"c corresriVid i ni' cb.cel ini' ei 
•■ar example, 

a re   ' ounti 

• o ' ! cient 
nr  n-i 
i r  th<iso 

at ion ■   ' :.r>'ii ,      IP 

// i  l i' t n 

i'  ; p n i 

i. ■,i,'i"   ' "■ ,-,,■   t'..,. nemin'v   o'"  ! h o  oneo i,.,. aiv 
■    ii !    i r.. .V.IM-S   "it   ''xpiav:-1 i a 1 ' .   '.,'. tb   an   -ncrea^e   in   a  but   on 1 v  "•■OM,M-- 

;);i:i!!\-   •■  n -■-■;: ■'••ri "c   that   '•    ; ^   nroportional   tr   n'1 .     \'o\a"'rth'-lc^ •;,   *'••■ 
un^er or oiieration^   .a-'-'i  rtist   '-e  performed   for   lecodtiv.'  with   the  corroc- 

■•   fr''';'':    ind   c 'a1;'c aa'' ! . ,   the   C'lrrleNitv   - 4'   J,ie   di'vaaii.M'   increase« 
• \ i ra' " 1     t xp^^ont ; ■.' 1 '.■   i '; * :-^iii'h wi t ii    i   sr-a 1 1 rr  exponent   ' 'MI    i n  t hi 

■ ■•■'   ■•'  randon cod i ■ ,•. 

i, i-;t    •(•::■•   'vi •■• i ■■ii ir   i*' er;« i en   '-as   '■eon  C"»  ■• •vi   t -   -A  VIPI I !V 

t   svMcratic   c ice  winch   \ •■   ctll'   ;    ■w'.ical.      ' !i i ^   ' \aa'   o|'  code   i ■•   distinc- 
.,   • i ,        i".-,•   C'." f" 11" r in ,'o:"i n *   o C   ,•>•..a, , i s   i 

; 1- 

itiifi'  and   11 ^o  «ev'era 1    11 
^   ibi •    r ■   ercat !'.   •• ire I   • ■ 

.,.,.., ,.,,1,1,.   _.,v.a.;„:l, :  ,,. 

-ra : c   :>!a>;vM-t ; i's   of  cw . i ca 

a   eermi ss i ^ 1 e   c ule 
:t i ni1!-.! s.-1 nr 

, r IM^S 

oac«   -a! i- 

r 11, M , i ^ 

Pre hi 't     i'    i   i'otVMM t i r,(i   i"-i1 ird   f ransiios i t i oned   r-hocl ir .■  -.itriN 
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IHT  several   cyclical   codes   riu'v(   ma\'  'M'   I   rclativclx'  ^intilf   i.iltlinurii  IVT 

alwnvs  ontimall  jsrnccdnro   ("or .locnilinc  whicii   is  callcil  mainritv or  throshoh 
docodinp   fl.^.l'il. 

Nnotu'.   the  cvclical   codes  wluch   arc   intended   for  a   constant   svrrictrica 
channel   the best   are  codes  Kit!i   i  parTicul.ar   ili'el'raic   structure which  are 
called   !-on:-('hodl-.hin-i   codes,     ''or anv  uliole  s  ani!  :   rhore   i >;  n  Rou^- 
I'hodktmri   code ivhich  corrects   iM   errors  dii'isil^le ^y  t   (i.e.,   hru'inp  d 

,w       ,        ,  .        ,vv 
wlier  n  - md  ! 

t   -  .1 ue obt a i ti a  code KM th  n ■;    I 

• t.     !. 
and  d 

mi n 
exami 1 e ,   for   s   --   h   rtnd 

P i n 

The introduction of cvclical codes lias made it possible to construct 
encoders and decoders for n on the order o1' sex'oral tens in the correct ion 
of errors and on the order of hundreds in the detection of errors.  'Mich 
codes with varying redundancy rennit a rather high level of fidelitv in 
reception in actual channels.  Xevertheless, in manv cases it is desirnblc 
to use even longer codes with a decoder u'hose design is as simelc as pos- 
sible.  Therefore, efforts fo find new methods of constructing codes never 
cease.  Mere mention should l^e "i.ade of the woH of ". ('allagher \ 20]   who 
suggested a svstematic code, the construction of the checV matrix for which 
contains a random selection in one of 
cannot be considered corrpleieb. r^ruda 
and columns of the c'iecV matrix •'ont ii 

io stages.  I'herefore sucli a code 
fh.anl « to the '"act that the rows 

• far fewer ones than reroes, this 
code permits a relativelv simple procedure in dtH'odine 

I'xtrf^melv protnisini' are the naci age code's for uhich a metiiod r>f se- 
quential decodino has been d'M.-ol.iped [1"1.  'thev nsuailv certain to random 
;odes, h.owe'/er, in their CMI1'» met ion rliere is aa eleven' of regularitv 
. h ; /'• no rm i t s si mp nr the iM'^ces^ !' .' , 

codes which h eea ! i ^ ussed ds'iv'o i re 1 ocl ■'•her1 

i 1 so exi Mit i minus codes i n wh i ch t h e   '^euuence  ( f  t he  t ransmi t t ed  sx-r^ol 
c mnot  '^e  sttbd i v i ded 

!'v wa\'  of example  ue  wi 11   de* 
i  chain  code   M •: , : 1 1 .      It   is   iisT;m 
o'icodinu  ani!  decoding.     ^r>eci I'ica 1 !' 

one of t'^e recurrent codes, called 
in its exti'emeU' simple methods of 
pe rmi t,;  ma i or i • v deciMl i ru;. 

As  already   indicated,   this  cod.' d.oes  not   di\Mi!e  the  cede  svmbol   se- 
iiuenc'» up   into  separate  code  cor''i nat iep.s.     ''orrection  S\T-1IO1S  are   included 
in  the  stream of  information   ;\'mbois  so  that   between  ev^rv  two  int'ormation 
svmbolM   theia1   is  one  L'orr^ct i on  symbol.     Penotinc  as  ,ierore  the   information 
svm.bols  bv  a.   and  the  correct ion   s\'mbols  bv  I .   ',:■• obtain  a   s\'m''ol   seuuence 

fl/'.-i ''';'■,     .'.''..■>.,• 

-- --   - j>■ Ito'i«t 11-i ■ r tämttm^äimmäämm iHiifiliffUllnir-illiiiilliniilii ntin,.-...ihv,i.,nr,^,-^,^..-,,,„.,.,, 
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The   i ntofmat i (Mi   svH'oH    HT  Jcrofmi IU'II  
]'v   '.Uv   tr.tu^mlt'i 

rht,'  correction  s^'^ol^  I-v  the   rollouim'   ntlo: 

''»     "»  .- | ft,,,.("■'"•I'-'). 

where  s   is   ail  arbitrarv  Khole  niimi''ei'  callesl   the  coile   -tep. 

it   is  apparent   ttiat  when   <ome  coi-n-cf i^n  ^vinbul   !>.    is   i n.-orri'.-t 

ce i \'ei 
i   -  k 

orreI ation   i. will   nor i       COO1 [ 

If,   however,   information   '■.vr'>nl    i.   ;<   incorrect 1 v   r^cei',"1.'  corre ! 
(2.[ill   will   not  ho ohserveil   Cor   two  calui"-   of  1 ,   narvlv  !        i - - - !   :mil 
k  =   i   +  s.     I'roni  this   it   is  easy  to ileil'ice  tlie  rule   for  Ccrrectini'  ern ri 

decoding,     i'orrelation   (.?.S11   is   checked   for  even' h.    in   the  code  se.iuerv" 

received.     If   it  proves   to  fie  unfulfilled   for  the  two  values  of I-f!       1     a 

k   =  k.,1   and moreover  ! ,  -  1     -   .1s  +   1 ,   tlien   infoiT'at i oi   elerneni 

must  he  renlaeeii hv  the orMiosite one. 

nd 

The  redundancy of  such  a   code   is  ohviouslv   1   .'.     It   permits  corf'ci i 
all   incorrectl)'  received  signals   if  t!ie\   cccur,   sut'n ci enf lv   in   freiiue!11 !v 
Thus,   if s  =  0,   it  eives  correct  decodiiui  vollen  '»'.-rweiMi   two   incorrecth   : 
cei\'ed  s>Tnhols  there are  no   less   than  tliree   ''and   in  some  case«,   "■.•''     ■ ■■■ 
received  sNttihols   (this  refers   to l>oth  types  '',' sv^hnn.     vu,.   I'.-K-TOI'S  '■■♦••■U 

latint'  the  choice  of stop   s  will   he  explained   in  Section   ."'.S, 

■1 I \- 

Coding in a Constant Symmetrical Frnsure ("hannel 

In an erasure channel the svnho! :(liMia'^et used contains an cxti-a 
m ^ P-tli erasure svm'iol besides tfie ■■' transmitted «xanhol1-'.  In in actual 
channel whose discrete representati in i-■ an ry\--^ri'  ..■,' !:•!:',■! wi 
obtain an aihi trari 1\ small pro'vahi I i •'i' of erroneous -v'-1 ■' :i 

i ^ m + ! l it the cost et' incriM^i'ii' t ho •" p = niv; v.i (i - 
' J  ' 

erasure v    -  p(v' , \-.''  :'' we prop-.'rlv .di 
• m+1 ■ i 

t 

If we li srec ird the probnhi 1 i f ■ i'!" 'nenu 

si 

carr>'i ng  capac ity  f the ei' i n 
prohahi ! i ty \22]; 

•h; lar1 vv.w , v.- 

>. ;//r.)    I^H'-'V, 

ii,      ■ i 

Here llfy ' v' )   =  p Jlfy) ,   si nee ,i   svm'io!    : ■■   coi'ia-ct 1 -■    •■'•,■''' ■ ■   '   t !u 

residual   entropy of y   is   "ero  and when  a   ^vrbni   ; ■;  ei'ased   it   euual     initi 
entropv llfvl,     Therefore 

-82- 
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I'll'   <;irt'   .■iM'i'c •* i in;   c^'i-^    \<   ire  imi-.l   in   'hr     ' it i  ''Lirv   '■. -nmrr r s IM 1 
Mi.unir]   r..i\   '■('  ii^cil   to   rc^r IM'I'   rTVT^rJ   ^x--'^'I ■;.      It'   i   ^s--» er-it j r   .-rrTPCT i nr 
v'oJf  \\\th  !"i!iir.iir I'.inrrim'    'i^tnu-i "PIMI"',   »'■('    :iv\ 

codi   .'vTib i nnt i on hith :m or r-'.v! ^x-t-hol nuantitv of" "•; 1 \     ' ■ i'    oo 

rov r ! v ch coilo.l.      In   f.iot ,   the  m .,' v .-l.   , 1  .;     ,,1. i    -I- lofn^Ci!     :\T u I; i o1,   rorvi ii-   in   r r : <   proot^1; 
.iit'for   in  .it    least   nnc  of  'hoir  i!icit':   from  r1'^   c-.-.-i.,, i <     •'   it'1-")-   ■■■m<<\* !■ 
ooJt-  oor,'1 i na r i ons  '(-^iilo-;   rhr  ono   iv'tnallv   f fai'^ri' tn.'.     'M'  oot)i-';i',   i ••   i^c- 
'ati'il  oa^o--   oomb i na t i one,,   J-IM.   ntimt'ot-  ot' ona^n1   •■\—1',''      ii    u'licl;   cxocoii^ 

vl       -I,   mav  !,o  enrroeth'  .'cooilnil  ^in.oo  o'/rn  tluMi  suo'i   .-oml'j i-.it i on-    n-e  :io<- 
;" i n 

^'■lo when   rlio   svnil^ols  kejil    in   a.t    loa<t   one  .lirit  ililTei"   t"i-or   tile   ^xa'i'-oN    >■ 
oriioi" norm! ss i'i U1  OOIHIM nat ions.     Ii    i ■-   apparent,   however,   thai   M'ere  oar 
he  no  code which  '.vouhi  cor root   am-  reoei-o!  OI^PI'M nar i on«  Kith  a  number ot' 
erased  svttihols   f   ~  d   .   .      In  actual   fact,   Nv  definition  of  the  I'amminr   ' i ^- 

Ml i n 

t ance  herween  pertni ssi hlo  cmrH nat ions,   there  exi^t   at   least   two  oonJuna- 
tions  differino  l^v nnlv d   .     dibits,     I *"   .IM»  of  tliese  con^inati >ns   is 

mm 
t ransini t fed   and   fltose  d i r, i t s   in   it   ai'e  t^rased  wlii c1,  di'"'"erent i ate   it    ''ro'" 
'  ic   iither   comlMnation,    it   v. i ! I   '"■   ;:-i''";'    '-'r   t (■■    ': ■■' ' !M"i: •;'■   'her'   ■"..•■■   >'ac'' 

■•'■-,.,■ 

^,...,1, , i ^   .,... 

..:1K.(,   ,., 

In   the   case  -..here   t 
han  d   .   -1   erased  « 

mi P. 

'    ■•    !   max-  'T  aptvrox 

co.:« pi 
'Ols,    r've 

1    loes   no!   ]' 

ha1'! ii tv   of 
eel  ' Oil   i   ' 
decodi nr 

he  pro'-!1 ' Ii t v   • '■ it   of 

o f  them a re  erasr.1   f d i si 
i" i P 

r number of s\'m!<o 1 s rav '"' era■ 

■ '.•■' »''a'M li t\- t hat a 

that in the us CO.IC"-: \: a !'ia\ii I tammi nr d i stance ; t 

i« possible to decoiio received code corMnat i ons correctlv e\'en in tliese 
cases when alonp with the erased code ^vr^ols there also are incorrectIv 

received symbols.  lor this purpose it is su'^'icient (but riot alvvavs neces?ar\' 

to meet the enndi r i on 

u-hef'' 1-  i'; the nurber of erased «x'i-ibnls and 1  i < t'te number of incorrect Iv 
o 

.■-I.,, i - j n i iv. r.ni,. con'1 i ii it i on 

Indeed,   let   i ,  s\-mbols   located   in  certain digits  o''  a   recei\,ed  ci'inbina- 

t i on be erased . I'.'e ■.■. 
b i nat i ops . Then ue v. 
t he  mini ma '.   Hamm i tu1 d 

II eliminate these digits in all allowable code com- 
II obtain a nov .it of coi'ii'i nat i ons iccide^l in which 
stance   is    :'. d   .      -   1    .      I''   inoni'   tiie   erased 

111 1 1:     —       1" 1 11 C 
.vnbols   thi're   are   those   lacei'/ed   in  an   amount   not   exceedinc r,] •        -I)/'1     in 

'min 

• S.-i 

a.^,^*-.......^.......^.^.!^,^«.-... .- .■^.;,-^....., ^.,L.</J-,^..,-,'.v.,).,,.w,;-..jV..i^i,..>W...U^.Vnv^ 
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BMSCJ  on   t h i <   it   i ^  fi»*;^ i l< h'   tii  u s,    t In1   f'i i-;' ■i-rti   ..'M.-1' 

pormits   I't'tTt-'Sfnt i ni;  .m  ,K
-
TII..1   cliaiMu-1   a^   ,i  ^l i SITVI <•  i-iM^iifi'     '■. intu'l >■. i t'    i 

r ro'vi^ i '. : t \    ^ i"  or.Kurt',   i ^   tint   tuv I i i; i t" 1 •-   •■'■ i ! ! .      I "o i iii'nr ;i: 1 \-,   • 'M' If.,-,- I; ■•, 
■^x'stern  in such   ■  wli.innel   mu^r  bo nuch rorc oc^mii'i'^  ili.-m   in   i   •'MIHIOI I-.

1
'' •■•• 

onlv  erasurt.'   't'  ';\'"1nil»;   is   in  practioo lu'ssiMi-, 

i   o fiid i nri   in   ^•jvmme t r i c-i 1   Channels   ,inii  r1  i"nt*ls  w i • t1  MpFiof 

\s\Tirot ri o.i I   uniforr   .■'vini,''N   arr   ,■> • 
praot i oo .     PiH   is  n-M   Mirjn'i s i nc  I'ooauso 
has  Keen  oniv  sliv.'ht!\' Korloi'  on! ,     '.'it'i  ii^vroilnr. lant   oo'li 

in'   * ''.■.>i-\    t"iii'   ■ hi-s{•  c'vinm 

ato  ot    inf onnat i on   T ivansr; •->; i .<■■   in    i   non- t •• i ,M !   o'vanno ! 

nonun i I orm a i ^ t r i Init i on  ni   a a-'M'-i liti- s   u'ion  a- ,„,-.■ (       ,    M ..!■ 

mado  of tho'-o  svfihols  wliioh   iro  r'/ooivoJ I'IITO   -IMTOOTIV 

Wt    -shall   limit   oursclvos   to  a  'M'!'-!' J.rsori pt i on  of  ,m  as vn'iüot i'i oa I 
constant   whannol,     lot   tho  tuo  ^vr-ii.'!-   "■'"   m.!  "!"  ' ■■  omnlovcd,   an.! 
:uv'   -  o  \-  -   I"!   =  i>,   aiiil  p(v'   =   I   \-       in       ",  J

1
   p,.     l'.o will   desicnar.'  ; 

a  i 

I  S 

r i o- i   pro'vi'M 1 • f rho ose  s\- 
lv »on   rho  a' •■;• ii'o  tm.tnt   • \ 

hv  ■    '"■    im!  !'f 1 '   =   1   -   nit1',   ros- 
.     -,,.;., ;••,■!   ; n/'orT at i on   nor  svrh   ! 

■1   l'(ltll       /':i] !   , ji  o'i/,  '   I'ilj.l       /•,'|   i 

-I ' oii(l     r.-'Kil    /'.' ; fi'h," I .; P.. i 

•f-i'ii'/',!'-:/',-! I'Ulii   ■;','! .;ii     /',■ 

Pi f fcront i at i ng  thi'-   oxpre^s i mi  nvor  i1'"';   with   i-oi-aial to  PMl   ■--   1   -   Pi'1 

and  scttira:  tlie  Jor: ■. at : vc  oiiual   *o   r.oro,   wo  rna\'   t'inii   tin' 'nuin  a  priori 
s\-nbr !   prohahi ! i ty i! i .stri'nit ions  which  man^iilo   rho maximum !'  transmt; t al» 1 o 
i n forma r i on.     I'ho oprimun' oaluo  ■■*' P  i1'   rrox'os   t ' ''o 

C . pi i"; 
i 

l     /a     /! /", 

v.'lore 

P-h^Pi • (l    ..'■•ii. :.:(i    /'.) 

i-'indinc  P       ("1    uul  suhst i tut i nt1   it   in   (."'.*.""l   we ma\'   fi 
opt 

amount  of   informati ai  transmirt iU!r   in  tlii';  v,;  mnol   !        tv',-1 

!"a \ 
capao1. tv  (    =   vl i v   ,v] . 

ma x   ' 
S-l- 

l   t h'    "la x ; "a 

anil   its     ar 

■hrtit^Mli^ri-ii^iiiiltUii'irniiilllltmm-illiiiiiriliriiff <-'uuii*ai-iM.Mm.iM„yr.,*,*^.:.,.-i^u^.^ . ..,,... i.-.^.-vMi... , ■ .,., ...      .,^...,.,^, .■.....,,.;., ..I ....ilivl-...^^.-...... >...„    ....:   ■ ■  . . 
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In the particular case of a syimiu't r i ca 1 clianncl I1, ~ p, the value i'*' 

A is :ero and the optimum value of Picl, as was to '-e expt'cted, is n..'. 

in the limiting case, where one of the svm! "1", for i nstance, 
always correctly received (p. = 0] t   while the other symbol "d" niav l>e 

received as "1" with prohahility iv,, expression (.'.."('', is simtilified 

i 

fV.'"' 
i r. 

I N f '...(•a i 

Let us note that in this case the symbol "'" is the "reliable" trans- 
mitted symbol since it is always received correctly.  The "certain" received 
SNinbol , however, is "0" since when it is received it can be asserted, with 
complete certainty that it was just thi* symbol which was transmitted. 

In the particular case where n. - d and. p,, -   d.f, the ontimum svinboi 

probability distribution is P(01 - n.i and '(11 = n.e,  | lie carrvinK canacitv 
of such a channel is n.322v bits/sec.  let us observe that this carrvinj,' 
capacity is considerably higher than that of :. snnmet r i ca 1 channel with the 
same average error probability (p  - p, - d.^SI, where it is 0.199v bits/sei . 

p, 
The carrying capacity of a binarv asNTnmctrtc channel is .-.ere when 

p., = 1.  'n this case the received sxinbols contain no information at 

all about the transmitted symbols because the a posterior 
pi'obab i 1 i t i es of the "0" and "I" svmbols coincide. 

an nr i on 

I'fficient  error-correct i ng-and-detect i ng  codes   ("l-i]   nia\' 
that P,' as-mmetrical channel in which p H ((!•!•>, P - , 

tically disregarded).  The theory of these codes has, 
elaborated and differs essentially from the theory of 
channels.  For example, a code1 consisting of the two c 
11 allows one error to be corrected (change of "|1" irr 
stipulated that the received code combinations nl and 
At the same-time a code consisting of the combinations 
afford the possibility of correcting the error, but on 
although both of these codes are characterised by the 
of 2.  Let us note that in a symmetrica! .'hannel both 
mit onlv detection of a single error. 

: oi'-ever, 
coding i 
ode cor,' 

be 
mav 

used i n an 
be nrac- 

Id be tK 
'M and 

1 v   of i'' 

e>, ou 
! i' 

et ee 
:■•:■. ":::■   ' lamp i n 

e CO 

ll- 

c n 1 i; 
vmmetr 
t i OTIS 
1  i s 

ed as 
uo not 
ring i 
1! dist 

t le 
ica! 

,',: .m 1 

i n c' 
of the1 

Of cons itlerab ly more practical interest are nonconstant ciumnels or 
channels with memory.  Included in them arc most channels which are found 
in communications equipment.  Symmetrical channels with memorv d'M'er '"rom 
symmetrical constant channels in that the distribution of the number of 
errors over the length of a certain block of sym'mls with any length n doe5 
not alwavs follow a binomial distribution.  If in a constant channel the 
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■ (■■tM-iI   I'I'isni'<   dir  tho  ilc.iitioii  of rrriir ili st ri'mt ion 
in   u-tuil   i'h.nippl«.     'hu«:,   .i   ;'i;ninrl   with  monnrv  IM'OXT 

;■'•!■ if^ciit .it i on  of" inn^t   r.idio  channel?,  usual lv  Hccausi1 

o'   the   tad im;  >^;' .i. ncoui's   ami us  u i con'; i ilon-il   in Chapter  V 
Vnother  reason  r.i\   he  atmostihrnc  .mil  "".utiial   interference.     Sometime",  ilc 
•ciaTion   frorr,   i  iMivmial   di stri hut ion   is  caused  Ivy  peculiarities   in  the 
methods  used   for modulation and demodulation.     In multiplexed  cable  com- 
munication   lines   the presence of commutation   interference,  which  occurs 
when  suitchinr,  separa'e  elements  of  the  channel   and,   in  essence,   tempo- 
rarily  puttinp  the   channel   out  of order,   is  usually  considered   to  he   the 
,■ di^e   of  "remorv." 
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^'ndvint'  chantiels  with  memerN',   developini1  correctinc  codes   for  then1, 
evaluatinj'   their  effectiveness   is  made difficult  hv the  fact   that  to 
rihe  s\ich  a  channel   it   i ■;   insufficient   to  know one parameter   fsuch  as 
nrohahi 1 i ty  of  error   in  a  constant   svnmetrical   channell .     l"or  this  pur- 

it   is  neces's irv   to  tie  ahle   to  define   the  prohaM 1 i t i es  of an\-   com,,i- 
ol •ors witiiin the limits of a hlocl of anv leip'th n.  i:or the 

nv-mo o1' o'ntaininc such d.ata, resort is had to experimental research 
c various actual channels,  However, eeneralirat ion of the experimental 
ults oht;iined is made difficult hy the fact that it is not alwavs 
si hie to select a convenient analytical representation and, furthermore, 
ferent channels behave differently.  Therefore, researchers are trvinc 
construct mathematical models of a discrete channel with memorv which 
1 he determined hv only a small number of parameters, an approximate 
ection of which would at least permit, in sjenernl terms, descrihint; the 
avior o»" actual channels. 

Ke will tale note first of all of the principal peculiarities in 
accordance with which it is possible to classifv channels with memorv.  v,ost 
channel ■; encountered in practice satisfy the condition 

p(H r'i)   -p 
r^1 

This means that, in comparison with a constant channel, in such a channel 
errors have a tendency to group.  Kith an increase in r, inequalitv (2.5^1 
usually approaches an equalitv.  Svich channels will be called channels with 
error proupinR. 

In most channels with error proupinc pfi + rhl   f"1 - H/m and, 
specifically, in a binary channel pfi + r'il ■ 1/2.  Such channels can tie 
called normal channels with error groupinp in distinction from anomolous 
channels in which pfj + r'i) can exceed fm - U/m. 
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Ch.inni'ls  witli  ili sjirrscd  pn-ors   i i:  which 

(.'.S'U 

AVC  oncounttMVil mich  murc   i nt'roquctit ts'.      \n  nxnmiilo   is   iirn\'i(lri! In-  ;i 
channol     n  svliich   impulse   intcrferiMici1   is   the  c;iiis(^  o'- error   i'" enrh   innmlsc 
ilesfrovs onlv one sx-r'hci]   ;nul  the siMirco i'!'  i lUiM'Td'ctuM1 has  the iTcim'i't v 
that  rhe iM'ohah i 1 i t v ot" occurr(^tlC(, of"  the   l'o i lov^i ni'   imtmlso  i mrtoil i at !■ h' 
t'ellouiiu'   a   free oili in',  one   is   rory  snail   and   increases   with   tine, 

I'horo  also mav bo  chaiuiol? with irepei-x-  for which  with  some  values   '*'' 
r   (J.-'.^l   holds  and   for  other wal-tes   (.'.SO)   hoMs.     Thus,   if   i \ .'^ i   is 
net   u-ith  odd   r  and   (2,001   with  ecei1   r,   thei-e   is  a  tendencv   'oward d'nihlinp 
of errors   in   the  channel.      \n  esrtnnile  of  such  a  channel   will   he  presented 
later on. 

\11   I-novvn : .atheria t i ca !   models  of channels  vcith  nemorv  are  ctins.t ructoti 
almost   exc 1 us i \-e ! v   for   the  deKcription  of  normal   channel';  with   error  tiroiipini' 
\ v,arkov model   is   .ho  simplest   model   of a  channel   with  p'omnn'   '< :•  thai   it 
represents   sequences  of errors   in  t lie   form of a  sinple  '''arlov  chain   f^l. 
In   this  case   the  tvohahi I l tv   thai    i   ci\'on   svmhol   will   '■'e   n-CfMx'ed   i nc<'rrect 1 •-■ 
is  eoua 1   to  a   certain  macnitude P.,   if   tlio precedinc   s\-nhol   was   received 

correctlr,   and  ociunl   to a  certain other maunitude p,   if t^e t^recedini;  sitmai 
was  receh'ed   incorrectlv. 

'■'.'lien t",   ■  p    a Mnrlox' model   i ■■-  a  normal   channel   with  erfu'  rroupinr 

and when  pn       p     it   nMM'osents  a   chanm 1   with  dispersed   err'ors.      ^,,',  nn- 

ciMid, i r i onn 1   iru'erapel   iiroiia'ii 1 i tv  of error p   in   such   a   channel   rni^l   ^at i ■: 
fhe   eauat i on 

who i' 

/)    /V; ' (1    I'll''- 

ri 

. oo 

With sue!1, a model it is exceeding!" simtile to calculate the nr^ha'-' 1 i t v of' 
ar>\- combination of errors and eariU' m'aluate the erfoct i venoms of anv code, 
1'n fortunate 1-/, this model on 1 \- verv ronchly reproduces t'n1 pr-^pertie^ i\i" 
actual channels with error rroupiin',.  Therefore, it is not used at the 
present t i me. 

Attempts to describe a channel bv usini: a Marhov chain " a higher 
order (i.e., to consider that the probaMlitv of incon-ect reception of a 
symbol is determined unamhicuoiislv hv  how the precedim; 1 ^rmbols ^rrc   re- 
ceived* have not met with success either.  Kith a snail 1 such i model 
at;rees with experiments \-erv poorlv and with a larre 1 it is inconvenient 
for purposes of calculatinn. 

I'he njlhert model fur pore exactlv, tiie Hr.h i I ' h.ert'i I'O 
used somewhat mcire successful 1 v.  In iccordance with this del a c' ! ci mne 
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!ii.i\' le   in   tuo sfiti's,   ^     ..IUI  S,.     In  ^tate v;     titrn'  arc  no rrrnrs  and   in 

state S, error1-' occur   independently with  a nrot>aM I i tv of n,.    The ITH- 

HaHilit)' of an   .-sliift   (in  fransmi.sp ion  of the next   SNTII-XIM   '"rni"       ite  t; 

to  state  S,  and  the prohabiditv of a   --sliift   from l'-,  to  ^    are I noun. 

Thus,   here,   not  n  secaience of erroi-s  hut  a  sequence of states   forms  a 
s imp!e Markov cha i n. 

The  tircliabi 1 i t ies   of existence  of a   channel   in  stales   '■     .md  S^, 

can   eas i 1 v  be  computed   and   .\rc  •■aial   to 

P. 

i ? 

and the unconditional prohnbility of error is 

P     P,--■.■ a ^ ? 

Most frequently in usini' a (divert model '"or- a 1 inarv channel 
p., - 1/2 is assumed.  In other uords, state Sn is considered as ,i comnletc 

break in communication while in state S there is no noise in the channel. 

This agrees rather well with ide.is about a channel in which onl\' commutati 
interference is found. 

The Bennet-';roel i ch model is more ceneral but less convenient in 
making calculations [-"4].  In accordance with this model errors occur in 
the form of more < ■• less bMU'-1 a^t iiu' surres "r tmckets.  Bv nac!'.-t is 
inuierstood a seauence or signals in which the first and last are rcci'i'/ed 
correctly ami between, them there mav ' c s^'m'H^ls Khich are recei\,e'' either 
correctly or  incorrectly.  !t is .jssumed that iiackets occur independmt 1 v 
d" one another with a probabi 1 i ♦■N .T" p .  Resides this probabili'v this 

'-, inne I i s character i zed b \  f •>, ef errors w i •'' ■i VT 

di stribut i oti  f ^[i'i M rroha'M 1 i t i i-s o'" irnrt1. Mrir'-cr of svinbols •IK! 

M' racket I 

^t" tlie t'unct i ";■ 

A- se .:',■; in: ^ ht va ; u iiu r , ir.d a .if rim t 

r nan\ c i';(.'s vo :b!e t>i ■  '■♦ .i i n 

ic ' i i" 

lescr 
.■'' i ilianne! au'eeinr '..it'i '"■r-er; •■■e" t .i! results.  '"I'mtnitat wm 'f the pro- 
babilities of carious •'irr'11 •; ^t i .M'^ - f err M'S and ',,'> result ^''  'br'r cor- 
ect i on bv ,- u'rect i n>; cod 
11her : "mn 1 ex inu i ^ 

n accor lance ■.•. i t h a Bennel oo! ic1' m.-del 
ai'v rerliced 'n- mc»delinp in digital Ciimrm*«'r.1- 

Ise uill note that the concept of a packer o*' errors i'oes not coinc: 
r!i tlv coi :t r  --      i n a id I'-e-t mode ! .  M ati 'e case 

''.'   i packet, is character'] red bv a non-zero nro'-abilitv of error p,, but 

:n distinction from a packet the condition th.at state ^, beyin and mi'1 wi*b 

incorrect Iv recei\'etl s\'mbols is not stipulated. 
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■\ Benm't-Irnel i c!i model is mnro flexii'lc Mian a ("i Ihort moilc 1 siiu't1 if 
permits a very  wide selection oi' ("unction p(i."l on which only the usual con- 

dition of standard i r.at i on is imnosed since in a eilhert model the distri- 

hution of probabilities of the duration of state S^ is always expressed bv 

the formula p(I.-,l = ■ ( 1 - '"i '■  , i.e., the magnitude or   is uniiiuelv vjefer- 

mined.  Nevertheless, for manv experimental research channels it is not 
possible to select the parameters of a Bennet-I'roe!ich model satisfactori1v, 

fhis s especial 1\- true of a Gilbert model.  In view of this, n. ' . Popov 
supv'.ested [23] a more complex node I of i discrete channel differitu! rroin a 

Bennet-'YoeIich mode! in that packets of errors are eonsidered to be not 
independent.  In accordance with this model a channel can have two states 
in the first of which errors do not occur- and in the second of whic^, with 
i certain probabi1 tv, packets of errors do occur.  The probabilities if 

shift from one state to the other, the nrobnbi 1 itv of occurrence oi' a racier 
in the second state, the probability of" an error within a pad er ('uhich is 

usually equal to O.S"), and. the distribution of probabilities of packet 
length are 'the parameters.  In most cases it is possible to describe actual 

chmnels sufficient1^- well with these parameters. 

An attempt to describe a binary channel with error grourinj1 usim: onlv 
two paramerers, i.e., the probabilitv of error e and the yroupiai' indicator 

h: s been made in ["l.  ';or this nurposs the  con<iitional mathematical vx- 
pectation .. fnl of the number of errors in a block of lenct'-, n on comlit ior 

that no less than r er 
(ni ' n wi t h p • 

r 

rs have occurred is considered.  The narnitude ol' 
!, according to experiments which have been con- v [V. I 

ducted, is approximated sufficientlv well for several channels by th< 

pi r i ca ! expi'ess i ons 

^co ■(;:)
!'with -rn 

v, '!) with 1. 

is a parameter which depends on the characteristi of anne l 
;nr constant channels i = 0.     The more the errors are grouped, the greater 

is r. Mien  - I the errors follow in a continuous stream. I'e will note 

that vfn"! = p according to definition.  Knowing p and ■ it is possible to 
calculate tlvc probabilities if a different number of errors in bloc's of 

my length without giving any thought to the mechanism causing the i'roupim 

111 described models of a discrete channel with ne.norv are also in 

iirgc measure formal.  fn the construction of them no aticntion is ,iaid to 

the causes of error grouping and a pro' abili'v system is simply selected 

which must describe observed facts.  It is true that for several models. 

'r exar UMT ft-1 rno! i c p'lvs ] ca äse" is rnent i one 1 t o show 

tint only commutation interference or surre., of impulse interference, 

■ccurring independently I in tin i'opov mod-.-l dependentIH'1 of one another 
and more or "less destroying a long segment of a signal, is the source of 
error.  But these models are used, and rather successfullv, also for 

channels in which it is known that other tvpes of interference exist 144 
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Lately artont ion has been devotoii v--  the construction o'" iihvsioal 
modols in distinction from Formal mnthcmntlcal rodels of" discrete cliannivls. 
In these models a discrete channel is viewed as ; reflection of a continuous 
channel and the distribution of errors is deduced' from the nrohahilitv 
properties oi" tne sic.nal and the interference in a continuous channel,  tor 
example, V. 1. Ko^irhik [26] \'iewed the distribution of errors in a channel 
with fluctuation interference when the signal is subiec ed tn relav fadini' 
(see Chapter \'l .  IVe will learn about some o'" these P(id('s in >ubse<nier, t 
chapters. 

i'a 1 ciil at ■ on of the carrying capacity of various models oi' a diset-ete 
channel with memory is a complex process,  It is solved in f'"-! for a 
i'iibert model.  Incidentally, in that case whin the states n1' a channel 
change very rareU', it is possible to determine the carrvinr capacity' verv 
approximateh' by Inowiru' tho carrvim» canacitv of constant channels eorre^ 
aondini' te these states,  ''or exmnr>le, we will consider a peneral i nat ion oi 
a filbert mr'.el, assuming that the channel ma'.- ^e i . -täte <

| with a tiro- 

babi!it\' oi error of p and in <tato <, with a probabilitv ot" erro>- o*' ti ^ 

in which tiie probabilities of ■- and ■'-shifts from one state to the other 
ar-e very s-iall as a conseipience of which the states chruiue rarelv.  I\e will 
st i nul at e that p _,  p 

■ i 

lite  carryinc  canacit\'   W  such   i  channel   mav l'e  ninToximat i 1\'  deter- 
mined  'n- averaginc  '■lie  "t\i,-tial"  ca^rvinc  cai^acities  i ; t''   )-e;pc^ct   to  -;t:i>.'< 

c   p.r, > v-r.z. '.t-i 

where  !',    iiu!  1'     aro  the   respect i -e  i>rnbnl ilities  of  «rat'-<;  '-      md  '",:    md 
i 

md i , are ^ho  carryir.t; capacities ■'' svmmef r i ca 1 channc 1 ^ v 11 h erro' 

pr "i^ah i 1 it ies p. ••■ ! r ,. 

If the state of the channel were 1-nown a» everv momerr to hot'.t  cor- 
responitents formula 12.(^11 woul i then be exact and each state could vei 
use its own corroctimj code adapted t  tlie i'i"en '/alue of the error proba- 
bility,  I'nt that would re'iuire that information, from which the channel 
state could be mdred, .vould hava^ : ' co^c to the r i-an^t-1 ' • ■■•■ i'-or the !'•■- 
c i'^inv vbn'ice.  i''i •;  ace will ''e examined in '''■a'iter Nl. 

It is eb\-ious that it wamld serve no purpose te u-o ,, code le< i rtied 
t'or a constant symmetrical channel with error iiroba''i 1 i r\ p CPM'. to \^r 
average error nrobahi I i tv in a channel with ^emor\, 

see Romarl ." to chapter II. 
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Indcevl,   let   an  n-iligit   cnrrcctiriK  code  for I   errors   in  a  codv  C'li '; na'i ^i' 
he  used.     If I    ■   UP       in  a  constant   channel,   then  the prnl a'-i 1 i t •   that   there 

av 
will  he mow  than  1   orrDncously   received  s^'nihols   in  a  cncle  enntii nat i on vw 
he  very  snia 1 1 .      This   tyre  of  code  gives  a   VCM'V  hij;h   reccixed  message 
fidelity   in a  constant  channel.     Hut   in  the  channel   tinder   investigation   t'n^ 
code,   if !    is   larger  than  no       hut   smaller   than   no   ,   dec;   not   provide 

av 
fidelitv  since   the  comhinat ions  which  are  transiri tteil  under  the  ^onrei   coi 
litions   (in  state  ^,1   will   v»itti   great  pi-ohah i 1 i t}' W-   receix'ed  wit'i  a  mu",,i'r 

»f  crrers  which   is  more   '■■■in   1,   and  i-:i 1 I   ;!,frefoi-e  n^t   '•;•  con-ectfd.     ^'   •'■ 
~.ine  time  the  comhinat ions  win eh  are  Tansnitted   in  ';t iti-   -'     will   i'enei-.ll 

have  heen   Mihst ant i a 1 lv   fewer   than  1    inc'rri'ct 1 \-   received   svri    '. -   '•-■<.] c 
k   ■■   nto "i   and   t'or   them  the  corrective  capaci"'.      •'    lie   la^dc   ' ^   cvt •• :. '■■I ■ n ! ;■ i :- 

-■•'.; ,' .'[(■at,    ':.c.     the   cede   lias   extronelv   high   reil'indancx^,      In   et'MM-  v 
thom'li  the average  intmher n;' -M-rors   in  a c^v'e  cor1, inat i on   i ~   i ■■     ,   i'u--- 

a' 
errors  are nonuniformlv  distri'nued  and  afipear mo<i   , fwr   in  nacli-i';  WIUMI 

* h'.1   channe 1   is   in   state  c ,. 

It ueuld, of" ceui'se, in this case ho pi";-.;'!, to \\-f a v' ••'!■ ■'■•-■ ,■ 
designed frr tlie wor^t conditions 'starr "■',' ir ' at t''i cost ot' rodur,'lr■,■ 

' i .e. , del a*, in t ransri ss j oil of i n format i op ' ■-ecu IT t 'a reim i n1' ' . '• ' ■ ' ■ 
"ir   t\ir state  '*■     sue''   rednndarcy  would lv rxci'ss i \-f ;•.■  grfif ,      in   il!  ' : ofi 

the  usahlc  ciiannel   cirrvini'   caoacitv   is   nvliua^d   "Sv.'nti ills'   t ■  i,,   •''. 

u'vira'  canacitv  muter  the  wors*   ,\indifions m. thod i nr   ! 
t'ieretore exrrerelv i i s-ulvant areous. in some c .'-os c.i:., in 'M 

ni.'ation '^ reflect ion fr'T "■etcM' trail' sue1, cod.inr ,s r.or»MM 
s i '■ 1 e s i nc^ in s r it e ^ . *'' '■ ■ u'l \' ii'. r c irac : !■ \' is i-odtico ' t ■ ■ •- >• i ■ 
"er   . 

conru■ 

1 ' 

;, c t'o ' 11 w: nr is i M, .^ • i- ].. <, ; u» 

",• cnir.h i rat i on1, that : ' will ''■" r\   "r a. d'' c   t''.it    t "T   ,■'   ,-rr ]   u 
c'ian^e   s* ire   sc\.>ra!   'i-a-s   durini'   oach   sue1,1    ■ ^'"inati -n 
t ;  TI s   the   oxpt'c t ed   PUP'M' r   ot    or ta ■ rs    ■ r    •   ,■   "' . ■ /' ;  a1 

r.-.Tai;('-Pf-K i'-: I i • ■    ;■      .      !'    'ho   rnr"'-'"-   of   .•;-"■'■   l    ' 

•or,1 in it i en "s'ihsr i'O i 11 i \   . \ ,■.•.■■ Is   — i; '   r '■,■   ,   n1' . 'T* 

> ri    * ■' 

a, ,',]■ 
!raw'> id p.-,'- ic ^ s 

1 .      i., : ^ t,. i .   i,,,.    ,, ■,...     f\-<   -.(,t 

vsr ,     ■ •'    ;■•■ ■ '    .■- I'M nls       '-.g. , 

icr! ■ a" : i. i ,,   .-,. t: ! 

sr   i r.surrount a" .' i, 

i 1 .    '-. ;en- :   'or   i  ur;". r 
!'iit   ! ''o   ,; irv • ''',.'   o ipao i * ■>     ■'      ■:."'     i   ■ '■ 

■ f   !; gits'   that    ■ 
■oro s   ufi    11' i ; i^s •     , 1 ~. 

t   cod i a r   is  os ';.■"* ; 

error  IM'O'M
1
 i I i t •••  p 

is   rav  '•("  demons* rat i 
with   remorv  witli   the   s.ir.e    r.^rave    ■rror  i n^'M' 
in   principle   'if   ^r ro   ><coii T i i. .i 1    codes      t'.-r1'!-,'   t'-e   ■-■ o 
UP;'   v  channel   reception   wif1'   '^s-.   redemd ii". \ . 

'   -,;    nid    'o ■    :-r      -   ' '••" 

l\ 

a (: w, i v s 1 es«   t '■ m   t hi'   c i r rv i r.c   .   i"1 i c : t 
a ■ . • 

,. i . ..<■■ i ' 
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chaniU'i   into   i  unifi'rn   •'i.innfl   Kith  ;III   error iTiil-alM 1 ; t . ^) p 

rrciM't ion   fidelity  in;n   ho   ol>t ai no-!   in   t'li1-   rii:tniK'i   i'"  ;i   ^ i ni'ic-oi'^iT 
oorrect inir   ootlo   is  II'HH!   ii'   the   im'i:!!   enooiliiu'  o1'   i'ü1

  mossrice   into   ihr 
symho Is  ,i 

It   shouKI he oi'sei'XTil   th.-.r   if,   ;nsti-h;.  o1' t^o channfl   ilesori tn-ii,  UT 

oxanino  a  more  complex  channel   (an.!  IMIO  i-h.'sei'  to  a   rciiresentat i on  of a 
real   cliannel   vs-iTh  nha^e  modulation"'   whit-h   has   aloni'  uith   prol-a!1 i I i 1 v   P, 

ol   sliit't   t'rom one  state   into   thr  o'lu'i'  anoihi'f  pro'  iMlitv   ■>; 
1 

reception  ot'  a   symhol   ivitlioul   chaiv/inr   clianii'"!   stat",   'hen   t'u' 
method  pf   recodini'  will   'PO/P   i«   its   result   that   Mcc    piccessive 
l>e   i ncorrect 1 x'   restoi'cd  hith iM-ohahilitv  P'        \A'I 

I'      +    1     (mod    .M    is    fOCi'iVod instead   of   svHiol    h 
i ' r 

arc  receivcvd  correct! v,   rfien when   resroritn1  s\'":ho! 

1   r'■ ro! r  ps 

(p-H-ri'-'ed 
vrh^is  uill 

1   '•' 11 !•. ,   if  ^vmf' 

pp1   f he   fo 11 PU i in',   SX-I'I'HI 1 « 

;   a,    we   wi 11   ohtai n 

I c: 

h        '■   !■     ,p 

In  ordei'  to provide  h i i'.1'   I'lveiuinn   fidelitv   in  this   p p;e  we  ■.'■\<'   emplov 
a   coile  which   corrects   error-  pac! e; s   t wp.  dibits   in   leni't1:  w'-en   compilinii 
the  scmlipl   sequence  a     [.>c'. 

Tu   illustrate  a  channel   which   is  not   symmefrical   li,i:   s\'r>'!iet r i oa 1   on 
the  average   let   us  cite  a  discrete  representation  of an  ac"ual   channel   \»,ith 
frequency  modulation   o.'hTl   and  nairow-hand   interference  w^ich  rw  enter 
t'nc  compres.suin  channel,   the   rploase  cliannel,   ■■!'  not   enter  the  passt'and  of 

ic   rece i v i nr,  uo\' i ce   at   a nine 1   (pis   t h ree   --tat es .      In   <t at e 

the  channel   is   svmmet i"i ca 1    uul  the  error  '■'■'>'',d i 1 i; v 1 .     I p   state 

t lie nrnh ih i M t v  n ; ii   ] i   that 

syr.ho 1   " I "   i ';   neu 1 i u i '■ 1 '.■  sma 
when  "l'"  w is   f ransmi t' ed   i s 

r-  wi 11   •if   received   for-   transmitted 
lie  tu'ohal'i 1 i t-v  pi!   :)")   o!   receix'inf   "1" 

In   state   :..,   on   tlu    contrarv,   pro'pa- 

hilirx   p'l   0]   'rav  he   d i sres'.ar-ded   and   lo-o'^.d i ! i * ■.•  p(   n   p    :   p i ■;   pppa - 

rent   that   the   recoiled  code  sequences   ir   such  a  channel   will   contain  hunches 
of onc-sided  errors,   either   replacements   of  r.cros  hv ones  or  o*' ones   hv   ;ero<. 
I'he  prohahi 1 i ty  that   in  a   ^-itu'le   -»lip  com'M nat ion  a  «NTI'^OI   "'1"  will   he   re- 
ceived   as   "I"   and   a   symhol   "I"  as   "n"   (the   t\-pp  of  error   that   t e I ei;raphers 
call   "shift   error1;"''   is  verv   small.      in   fac1 ,   in  state  ^     the  iu-i>hahi I i tv  nf 

two  (»rrors   in  a   code  comlonntip-n  which   is   not   verv   lonr   i •-   i;pnerallv   <ma I I 
since   p    ■•    I,   while   in   srates   -,   and   ■■'_   shift   error1;   are   practical U'   iinpo^s i hlo 
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r i!:i; , :is : clr -y 
■^i^'.c fro v-omrn ["f , 
for  '.-.hieb.   ■ [ -'v   ,:• 

i '' one   i grrnro^  nurf ! v 
p 1 v   t'i<io l i t\'  ;it'(f  the 
■c' (H"l : ni'  n  code  still 

■" !.!■•.     We wi ' 1   fi rst   not c 
■  ■■ rai'rnphs,   it   is   imnos- 

u't i r'i st i cs  of" the  ch;.inno 1 
■'M:-'!' that  the ehnravteri sti cs 
*■ i ■•' nf ;i code drtrrminos, 

■ i, mne 1   i s  used ,   nv.il,   OTI 

i  decoded  piess.'ii"1. 

;   t 

• i,   ►i1(i5p  nspe," s   ol   ,i   .n)-- 
' ]-r  rate of"  i nforrat- i on 

.   " \u'h.  as   it   is   as ^.H
-
 i a; I d 

'''«'  proliab i 1 i t i es   of'  Cvirrect 
':- i ■■   d i rect i on  deie«   ,",i    ! cad 

: ■'   that   the  anp1icar i on  of 
■ '' r ition transmission  ovor 

:,.ine  that  a  nrinarv  codo 
n '"orinat i on  t ransm i < s i on 

: i stri hut i on  of  t5,r 
't ri ca 1   channe 1   ui th   an 
■ctricn!   channel   with   rU'- 

i ]   rat e hv  def'i • i t i <r   ; s 

••• i ■•t i on  wi t'1  as  '" i r"    i 
!oe>:   not   exceed   ?,•■■ 

■•■i 1   code  wh i c1,   ^"S';!-' ■- 
ite emial   to  the  carrv;ni' 
in   in  t ransiri «^ i on   rat e 

■i   n*'   loss   i n   ra t r   is 
'■■  of a  cod i n.e  '' 1 ocl 

n   1 •odi np  as   d i sens 
erned,   for  them  alwa>s 
aIwa\-<   less  than  the 

rare  at t a i naH1e  with   IM
-i■ 

-.M-■-.     'hus ,   i ncreas j nc 
i - format i on  t ransr i <s j n-i 

in comnarison w\ th  the 
■ ■•   a   rule,   this   los<   is 

asefti I   ana 1 oi'S'   wi 1 '■ 
■hue loi' i ca I   process   K j ! 1 
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I h i s soemi ni', emu i- 

rhf socoiul code uncorrcc 
t'i rst . rhorcforc , alt hr 
v'ornvU'vl error i s ^vr it 
iM' avo i il i nv, rlie format i >% 
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o.mt iin  .,-.^   incorrect 1 \ 
I !.r  nuniiH'f  of"  i ncorroc' 
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.ilnrst   all   app 1 i cat i uns   this   commnntv'.at i>'i:   ^vstfin  ^a;:   ''(•       !:■ 
less,     l\c  1% i I 1   note   that   there   art   no  o1"--* ae! e^   in   •'!■;!'.,■::!<■ 
achie'/inii   the   iiulicatei!  üegree of  t'iileli»'.'   ' ; *'  the  r •■ vw • ■ "  c 
chaniu>l   is  sulTi cientl   and   •''■'  t ei-hnoloj'i ca i    !;•'•"' ■,;  :;•••,   i-.- 
than   the  di ft'l eul t }■   of  ol'tail'in^   a-v M'ü ;.-   re!;  .'"i!;''v   '. '  (> '' 
op.M'atism  time  per  one   failure  on   th»'    o-vle:-  of   ; l"   -■■■•:■. 

i :   o • 

l-'crnuila (.'.o.'') holds also for nn^ar". ,:'-w •.■.'.■;■, ■■ 
;vnhols n in a code coiih i nnt i on ooii--j.!, . v.'t1 rhe nur'-e;' 
;\Tiihols   1.     lor  a  hinarv   .••"»nstant   s\'V'riet ri'/a I    ''.v:-      ■.-. ; •' 
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nt    i ;   .-.: t f   ^ir ' : v.i i-nt 
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■■•rr the md.i .es "1" in 1 ".' • 
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uiu'i'i'       ■=   1   -  Q(n)   is   rhc jirnhniM 1 iry  nf   incnri'oct   drcddinji  nt' ;i   cciilc  comH 
n;ir i on . 

1 ' ' 
l'ic  nai'ii i t ihlo  a 1   -   i1     =   (I   -   -1 i ■;   cilloil   llic  I^III i v;i 1 nil   iM-nli,-|. 
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'M ! i t \-  df  convct   rocet1! i on . 

'■Ivr rrc 

/'- i ;  (.(, i 

\n    IIM 1 (M'ous  irru.'!1 i ttuie  vvhi--h   is   cnllcil   riio   ro l;if i vo  nro'-«;iIi 1 1 i I \-  . l' dr- 
tOil i IIL'  v is   :i 1 ^p   i tit fodiu i wor\  r^:i 

! ti   tliO   L";ISO of conMnunus  .."odes   in  w/h i cb   it   i ■;   i TM'^S-; i ^ 1 ^  to  suhi!ivid( 
the  •Jouuenco  of pviihnl.^   into  ■scnarntc  cotih inat i on1;   ((■.!'.,   in  Hie  i"i^(> of a 
chain   OiHlol   the  e«jiii \TI lot t   t1i"oh.iSi i i t \'  of  oi'for  ^'MHIII'  

uc  doterminrd   n^iiM' 
rlie   l i mi t i n,e   t rans i r: o:; 

/"        I       ■/        I        I :■! il       ' lii]!', ,      - 

whtTo  ■ ('i I   i •-■   'dio  nroKaHi I i' v  ,•'■   i ncorfv.-'   rocot'ticni   ^ 
:   !> i r ■   oi"   i n forna r i 'n. 

a  po'-'<a<.'o   oonra i'' 

IV,.   i-, j ■ l   find   th"   .M:; i '.M : o"r   ^fo^ah : ! i t-.     'f  err   •:   ' 
,■ 't'.^t a.nt   ,*!iannol   '.vlum   .■■'dins'   i'i'dvMi1   ro''i;'J nu"    n^ii;,'  a 
,•■       ;   [■■;, ~.ri.      |f  'h,.  ,,,.,,1, ,i. ■ ! :-,   ,,.-   jtu. ,rr0i.t   rvcrvt\. 
channel   'e i ni'   .-o-'-;; '.Ti'd   i ■   ■■■•]■.'.   to-,   t 'r vi-o'va'^ i I i t v 

t i on   of   :   «eutieivo   cons i-; t i ;v     '   !    •■:■■■'•■■  , ■-    i «   oiitnl   to 
■^eiiiuMTce    -"Ma!"''   i        I l-v,:"  '-it-   o;'   in*'   ITI';  in.      ;1":^ 

'•   d'ilifv   "r   corf'Cl    recnt,''i "■   :'■■;:. '    * ■■ 
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(1 r)     (1 r): 1 7/.(l /•)*. 

Here tho first term indicates tiie prohahiliry that all symbols are 
received correctlv and the second term tho rrohahilitv that one terin out 
of seven is distorted.  The equivalent probabilitv of correct reception is 
equal to 

q,     (I -f)'''- 1(1 ■ /M'-l 7/Ml  /'I'l'". 

Mien p ^ 1 this expression can be written approximately, ignoring high 
powers of n as follows: 

^.--■li if \'^r    • •! 7/' •1-/'' : ■1" ' 
H -    'Jl/rl'"       !       ^,•-'/'■■ 

whence  the eq'iivalent probabilitv of error  is  equal   to 

.'.'•'•;• . hOl 

This expression can he  obtained more simnlv if it i< considered that 
when pr «^ 1 the probability that threp or more «sv-m'^ol-; in a combination wi 1 
be distortcii in a symmetrical channel is much less than the irobnbi1itv of 
incorrect reception of two symbols, "therefore, the probabilitv o*" incorrer 
decodinc of a code combination in code ( n ir the rir<t anproximation 

• n |i* a' v two <;\-r',^l<; out o*" is equal to the probabilitv of incorrect recer 
seven: 

whence, in light of |2.(M'~I (2.(if>1 immcdiatelv foll^v% 

(■enerallv speaking, if a binnrv i.orrectinp code i >; den^elv »vic'ed, 
reasoning similarly, we mnv show that when pr ■«: 1 

for other than bjnarv code"! which correct error«; in 'sv^^-ol«; ' i ■ i ■; i M r 
bv r and not correcting error«; divi^iMe bv a creator number, fbr r»t>r<rr<vir>ntr 
relationship shoun in <r."'M also holds in t ^vnpptrici1 cb>nnel.  It 
«;hould onlv he  remembered that Hv j i >; under«;tooi' the amourl o*- in^ormnt ion 
in a code combination evrrecsed in bits.  Irrression f."'.('«t!> i <; i "articulir 
case or (2."^") when r - '1. «ince with anv n 

If a svitrraalic code '••eine used provide« *"^r tbr po«:«; i^i ! i • \ of cor- 
recting an error divi«;!'-!« hy r in all c.i<:e<; and al«^ in «rveral c i««»« ^f 

an error divisible bv a hi.vhrr nur^er, THo prob.i',i 1 itv ^^   incorrect decoding 
of a code cor.biration • wheii n «C 1 i s .irproxiratelv enua 1 fr> f^r "ro»>i^ilit» 
that there will he   incorrect reception of tT r • 1-fb «v-r'^ol in onr ^f  t'-r 
uncorrected copbi nat i-»n«; 
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whcri'  "i 
r+ 1 

r ♦   1,  whence 

',,,»/'"'. 

is  tho  ruim'HT of  .'orrcctcil  comlMti.if JCTT;  O»' errors  ili' isi'1 li"  '". 

/•    ; c:    «-..>/'•" 

'i'^rn rho  (.•xrrrss i on^  nbtaincil   it   , •-  .irtvinnit   rh.it   thv  '•• •'•■«.T i \ fiu^-s   - 
corroi:t i in' coiled   is  Rre.itcr  the   lo«"1*   is   the t'rn'-.it'i l i t \   ot"  iTror  t1   in  .1 
stationary «ymmet ric.il   clianm»!.     I IT rxirr'1!«',  \\hcn v  ■-   ''.1,   the rouiv .1 Icn* 
probat'!! i ty "f error  for code   [',   1',  acciirilini'  to   1 '.i'1',   1«  nui.tl   .IIMTOX 

rate I v  to  l1.'1',   i.e.,   onlv  IMP'  that   !• \v  casc ot pr i n.i r\ >.'inl 1 nr , 

v^ith p = I11  the eouivalcnt prohabilitv o1' crrer ' c '"ii thr oril'M- ,,' 
i.e., in this case the .ncreaso in ''j,lei it.- is \rr\   rrc;!. 

1 ■ i 

III  summinp  nt1   results,   uc  r.w   note  tli.t?   »"or  an  ol'u-othr   ..-cntvir) ■-tT" 
of codes   ^r commun i cat ion  svstomsl  \»(- r.i\   us«- firhei   tht- Mri,Ka',i 1 i'■t   ','    ir 
uncorrecte!   M-ror  ^v  the e(iui\alenT   proKi'M ! i t\   ','   error,      '''i    *'irst   ■>• 
these tneasuf's   is   suita'-le   for  commini cat tor   sviren«   r r insri t r 1 nt,' r\v<*.i\'r* , 
the  value  of which   i<   not   losr   when  there   i <!    1   <r.ill   niMnln-r  o»   error«    m.1 

ilecreases  only nonotoni ca 11 v.     the  s(>con.l p^'a^ure   is  convenient   11  ''•.•;.■ 
cases  ivlu-n  everv   finished  nessai'e  must   ''i-   ret-c 1 - t-i!  without   erro-,   i.e.,   w'-cr 
e\en  .1  single error  nuns   it   o.'trplct c 1\ . 

Notes 

1.   (^ce  Section   2. P.     the  tern "ch mrH   with  nenor\"   in%,iv"iTr<   t'-.i*   T
U

<- 

;rn>>a,'i 1 i t \-  of error   .11   «uc1'.    1   channel   .lepemls   nn  'i-u   rh<-  rrece.tini-   «.v-1-.'! 
were   receice 
nenorv. 

1.,.   t-ii.inn.- «tor "rpv '■'" 1 P .•   e\ !■•' 

In   «pe.ilinc   o*'   rho   i'ei>eniience   '1   error«   in    1   ,.■'• jmr 1   1.1 ''i   rr^ott    ■' 
nust   t'e  ^orni1   in   nn.!   that   wl'.it    i •;   nrani   '-('re   i--   not    1   1 in««!   ,'e'rfitlenc*" 
'Mit   a   «tat;.'   ilerenilence.      'w ■   evert«   '.    »n.'   "    ir<-   con« 1 itereil   1 Pile»'en,!rn?     r 

1   proh.)H{]p\   sr'^•;|•   uhon   .m I    »n 1 \   when  t1' ^   '''    -   p'^1.       't^erwisc,   "'ov    in' 
ilepenilent   it    it    ) •;   r'\ en   I n 'wr   t'nt   thr\    ire   c.iuse<!    li'^ererfp . 

'or  example,   let   error«   i'cciir   ir   1  ,Mnar\   ili^cr^t^ 
to   the   tnflurnce   oi    1   cert.iin   source  of   infrr'crenc 

«ro'vi»' 1 

1 -1 n   « 
occurring  at   rinilor   instant«   of  tirr wit1,   » 
existing   a   certain   p-I'-.I'M 1 i T v 
the  presence  of   1 nter termce,    it   T1-«-   in«t.inf   of   :ra 

1   •   P-th   «XT.^O!   the   interference viP   cei«r     ■il'- 
conditional  proh.i'-• 111 v nf  r-rror  iliiring  thr  action 
to  r,,   vs  can  easilv  hr  cal culatcil,   tHr   averapr  unc 

p t\    o 
VT-*'Ol 

nsn ss 

rrt '« 
of   int 

on<! 11 1 

, Tanne 
he inte 
f an.l 
1 ■'■ t ran 
1 on o' 
notlrP . 
er'eren 
or 11   "r 

.••.iv 

r'err 
thn 

«ritt 
the 

P 
» e   1« 
,». ,1,, 

<n 11. 

n c 'i" 

e 

cit   in 

OOU.I 1 

Ptv 

if  error   1«  equal   to 
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rt-vf't ;  T   .•;   flu-   :♦    !"-t''   s\n,T»I   ^v   ^of.-ii f i en   tli.if   t'if   i-f'i   sv-r'"»!    i < 
tiv •■ 11.1'!   itKorrtvtlv.      Irvi'ip'uc^   ,i^   thv   i-th   «--^Tnt'ol   u;i<   rtvi'Mnt   ;it    in 

.r.mt   h'ifti   rhcrc  w i«;   intrrrprencf i    .   i i . r •>   v-v-'pl   >> i ! 1   'M-   n.rnci! 

uit'i    ,   !':•>''  i1-! I i t \   oi        if   thr   il-vcn«.'!''  nl    i nt or *Vrrnct',   i.e.,   wit'iout error, 
nut   tin    i r-! ert'rrenv'e   Hill   w

,('ntim:f  v»irli    i  ITOIMI'i 1 i T v  .>('   1--   ».itH   T'-c re- 
^epti'T   .M   the   (i   •   P -1 !i   sxT-f'oI ,      1"   ''"e   l.iTter   c.r-e   *'n •;   «vnl^nl   m.iv '-e 
■T , e i •. ••>!   ;' i-iTre».! I'   v i f''    i  t^r«1!' v1 i 1 i r \   of  p ,.      ''nK 

Pi. t I ,  i     ,(1     ;,    , r 

!''viv,   i-i ;^r-   . -   «'.u-1,    i   /'i in   «■!    ire   .lei'emlent   .11 ri^<>Ul','   an   error   in   ,,-<' 
:•■,!•; Ti vf   .M   .i   i-re^'e 11 r-,•   «\-^i'ol      <   ri.^r   t'-e   iMu^e   ,->r   incorrect   reiTt't j i-n   i*f 
• i-, .    ■ ' . • i.   vxr.i. - ] _ 

,• ■*"•; • .mt   «x-rrt'T r i ■■ 11 • i. mile ;   i- 
! "   Vi. •-    ! rf""!   ''•■•.   11. , •    11,,.   ^^ 

'    v      .NT-'-.-;«:     ■ ■;     'r'l  TT^'M-.'    ' \ 

i re   i n>li'rcnil(*nt .     \<   ; v 
•  o«   r  error«   i r   i  '•!'u " 
•IO"- | .i i    ' i sr r i 'nit i on 

r.ci   ■:-ii    ,■'• 

'\     ^ \ "Tet r ) v" i '    •. 'HI'li' 

i    'I! ^u    i   '-: •■or i 11    ! • «.f r i ''ii -11.11 • •   » 

u1-1.'•   t'-e  TMi-'-er  (if error«   in 
i   i,-,i mne 1   •..   ? h  nefforv. 

loci 

f    -MV' i   '"   .'.''.      ''''       '", ! i t i on   t .>r   ue irl- i cu MI«   .lee -I! I'M I •, t \   o»'   .i 
•in-■ '    r"    "^ili    <<—'   i]   «f-.i'nT, <•   - n   "<•   I .irri; 1 .IT ei'.      'or   the   exiifcncr   of'   i 
!e   . 'TlT 11 -i i n,' • -i.i •■ 

i. ,,.1,   . the   nii^'M-r   of   ^\T
,
*
,
'
,,
1<   IT'   f'' 

. .T.IM'I it ior     i-.i   u»-.'- 
  t    • i. , .    f • i 1 

r- i t viii"    le ■ o.! i'i c ,    it    i ■-   Tiecc»-«t rv     in 

he   .    .!•■   '■ .•-.• 

woJ|"k'    t' '    .«   .'-.innel   r.i\   h«    Je.hiccil   fror   coni! 
-n   :.-;   f-' 

*. v,.,.   'JM-^'.;O'-    J."N.       'he   ''-r'-r    T e ! e i'r .1"''   i'.''.!e    ;«   IKUDII^    ci'. en   ,i«   .in 
rn.iPT<le   ■'.    <  rr.icT i »'.i 1   jodinc  npthiv!  whii-1    H>rrox in.iTe«;    in econoinic.il   one, 
!*'i«   ; •-   f ■ •    i     ITV   .:   .   '  evirrV  'evi'.««'   'he  Mor«e   co^Se   contains   i   «u'-^T.in- 
T- ii    jno'rrt    >!'   i •■■' ir i in,"'» .   .i 1T'•. m-'-   f-«'  nrmcii'le    »•'   the   «horte«?   ^or»'.;. p.(t i or« 
• -r   the  -.o^t   ffrnuerTl>   encnunferv«!   ie^'er«   v.,i«   ii«e.!   in   .le\'e t or i ^ r   i'. 

' r ! e,-r i!v,u i tT.ictiie .iffor'l mother in«tnicti%e ex.irnle c*f the n* i I i- 
r.iTi.^n • the «t IT i tt i k.i I properties ■>! i «ourre for curt.iilinc t^e .neripe 
nuclei   of   <;\«!iV>(il<   ;n    i   .ode   »puuence   vtiK-1!  uce«   not   «o  laue*"   the  um.in.ite 
rro''!»> j ; i • .    !i «T ri'Mjt t on   .'   The   lette: «    i«   * '1 e pro'- «^ ! ' i * t i c   corsici t i on« 
'<'"ve<T;   the   T r .in«r 111 ei!   «icn«.      'vi«   i*   T^e  et.!^»'!?"  ot   x.iriKMK  uni'orr   roilif« 
v*-ich   irr   u^ eil   ;r   Tr I «rn nt i ng  *-v   tht- «re.in«   of  tpleur.iph   .irrir.it u«  e()in rr«««! 

rep 

lo. 



Hu* nunhor of'   JcTTPr'«   in  rhr  nlphn^pt   nf nn>;T   lanpiiapp«!  .'oc-  n"T   rxi-mi 
thirty-two.     Thcrcforp,   inv  trlccrira written with   Icttrr";  ein 'r  tmnir'i rt eil 

with  .1   five-iiiRit  hinarv code   (since  2    »   ."J"! .     In  addition  To   Ii^tTor^, 
^'wevor,   tolpgJ'.^^•:   «orart irp«;  contain  numeral'»  .in«!  punctuation nirV<,   <n  T'VIT 

the  totil   numher of «siens   in  rhe  alphahet  of" the  tplepratih  .mraratu«   i •;  cr>r- 
siderahlv nore  than  thirty-two.     Therefore,,  prinarv cncoiiinp   in   s untforr 
hinarv  code would   reouire  «ix  svmhol«;   in  the  rode  copi^in.if i on. 

The  average numher of <:\inhols  per  ^ign   \ <   <;uh«tant i.il 1\'  reiluced  'x 
u^inp  a  <ystera of regi^ter^.     In  The  «implif^T   »■.««se  a  telepr.vh   tr'-iriru'-   '»i« 
two  repi^ter«!,   i.e.,   two po^^ihle  «Jtife«;.     In  the   fir<t   «state   'letter   reri<- 
tcrl   five-digit   k-ode  comhinat ion«  correspondinj;  to  the iKual   lettori  of  ihr 
alphahet   and  the  space  between word«;    ire   ;ent   and   received.     If  ''''•   «econd 
"tnte   fnumeral   repi^ter'1   the  ^aTie  code conHnat ion«  corre^poni!  to nsmeriK 
tnd punctuation narl«:.     Two code  conhinntions  are  used  to  transfer  *s,r  v<-- 
ceivinß  apparatus   frotn one  register  to  the other. 

t i«: easy To ascertain that if .ill the sijtn«: 'in 
t i on narl S'I appeared in Telepram with the saifie 
r systen would noT h^. economical, 'MIT, or rhr co 

loss in corrvtrisnn v«ith use of i rrir<,ar\ six- li 
prohahilitN that the next transmitted <ifr '-elon 
r is IT, then the prohiMlitv that e^actlv I '-; 
lone  to  The   letter  revisTer,   .ifter  U'M,-

1
'   •'■'ere  »• 

Vloncinc to  the  numeral   rep•«Tor,   is   '1   ^   ']   '   - 

i ■;    11 ^ ^   T rue   of   the   •■ ro^ i1, •. ! i T \-   T'' \ •   I    <; i pr •;    i "    i   r M,   w • ! 1   ''r ! — •   •      • ^ •■ 
numeral   register. 

I 
•■unctu 
reßiste 
cert ai n 
i f the 
r e c i ste 
Mil   he 

: liii 
i> ,1. 

C  miner 
I   ]  <f-,      'I' 

.     hOMld 

•,!<■.      In 

The   letf 

s • i C C e ^ "5 

•rear    t   •■ 

r; • '■ 

f 1CT . 

The mathematical expectat! r of V 
,-hance of repi ^T or i « 

I 
i r >- i n t- ■ c • .■> r f 

TKereT'or^   The   •; i pn   fT   chance   of   rogisfr-r  w 
transmitted  after  everv  two   inf-^rrati ^n   letters. 
requires   an  average  of   r>\ ■orr l-:   for   regi 
'■»esidrs   the   >N   s\Tihols   for   the   cede   ror^ i nat i ons 
number  of  sxinhols  per   s j pn  will   Ke   "■ M   •   1'?1   - 
primarv  encoding   in   a   «ix-digit   code. 

ill   l-e. on   • hr   i\-fr i .•••, 

'r insr c t i i^n   o**  '    ^ i pe <■ 
<:?er   ru i" pe   i-o*nhi T' iT ; .-«n«: 

• •'.— «e 1' r t; .      ■ '• <■    n o •• i re 

- ' .    i . e .   -ere   T»- t-   w ■ T »' 

In   realitv,   numerals   ,ird  punctuation  ^arls   occ\jr   cons iiler a*-!'    )e«< 
often   in  telegram  text«   than  do   I^TTers.     • iirf^or^orr,   nif-enl« er   '"oM 

one  after   the other.      ^s   a   result   t^o   averape   'enrth   nf  The  «eutierce  of 

signs  ^elo;iging  to  one   register   i«   snhst ant ial lv  rvore   thafl   ?w«->   in,"  ordi *" ir: 1 v 

The widely '.sed   Soviet   telecrapu   apparatus   ^T-V*.   )i<;r>c   T'-ree   rrcis' 
rus<;inin   letter',   latin   leTter«   ar '  numeral«   riPchid:np "unctua1'»or 

or« ■ 
-ar» 

-I Ob- 



  

riMchcs smcrjl tens. By virtuo of thi^ the .ivcraju« number of s\irHoIs 

por "ii^n proves to In1 'nit little more than five, i.e., usin.' rej'isters 

\iel.!< OOIK KUMM''le savings. 

let us tiiite that tHe employment of registers, lile other nethmls 

nf rei<ucinß retlundancv, ilecreases resistance to interference.  I'his ^'iinss 

up in the fact that incorrect reception of a register-shift comhinatinn r 

.1 >; i j;n. or vice versa, causes errors in .1 series of following signs and 

even cHan^es the numher of siRns received.  Therefore, register coding is 
generallv not used in modern systems of discrete in' »rmatiop transmission 
of uliivh high reliahilitv is demanded, 

•l.  i^ee ^ectit'ns '. - md .'.^l.  "'e sirrlest method correct i\e codiri" 
is repetition of Information sx-ril-ols.  It' everv l-di>;it comhination ot .1 

priman code is repeated d tires .1 correcting code with n - dl and with 1 

li.inning distance of d will he obtained.  It is interesting to note that 
tins /ode uill he systematic and cvclical.  \ccording to the general rule 
it uill permit detecting errors if their numher does not exceed d - ! or 

correcting error* if thev are di\isi^le (with an odd d' ^v .1 numher not 

greater than I '.Md - P.  Correction of errors is here performed '-v the 

rule or' the maiority hhich in .1 sxtutnerrical constant channel correspond»« 
to the criterion of raxiral livelihood.  rhe n dund.mcv ,f «uch 1 code 
r  - 1 - I d i •; much greater than in rore complex codes u 1 r'• the • are 

hamming .listance.  Th j s shiTftcomi ni1 is made u; for K\ s 1 rp 1 ' c 11 \ of lecodi 
on ]\   in rare case«- . 

articular case if a combination o*" a pnruir^ cod« t ran«. 

- 111 e! :\s i ce , 1 code with 1 
mi n 

.' is nht ained u,'l^,• pemi! U 

tection  of   -.mgle  errors   'and   il^o  other  error«;   «ith   o,|(!   di \ •. •; t'M 1 1 ? v1   wit1' 
t   redund.ancv T r   1 s   ,1   <i; np 1 e  mat t e con« truet 1,, nan , . dr 

u 1 ?h   sue 1   re^uivancv ■ut   w ; 
•1 n 

l  which  permits   correcting n >• I. 

errors  and,   furthermore,   correcting   iou^le  errors.     1 or  t'• i s  purp ■"«o   it   :< 
sufficient   m   repetition   of   .1   cole  conMnat i on,   1 •'   tke   mit! il   cor' inafion 
Sas    in   o>lil  weight,   to   ir\ert    t^e   OTI^«'!«    'i.e.,   t •,   replace    1   "     '   'n     1   "1" 

, rtil vice  \ers,r .      '♦•>•   length  of    »   resulting  combination  rust   '-e  rot   N-ss 
than   four,     t^ecoding   is   lore   in  a 1 most   »he   s.ime  w.i\   .is   ^ 1 ♦ ^   ordinarv   ret^e- 
n 11 ^n. 

If  combinations   of   1   redunilant   code  with  a minimal   Manning distance   J 

arc   repeated   several   ti^es,   .1   code  with   d Id,, where d, is t v-e nur er 

of repetitions, is oht.unotl.  Thus, ^v r« "eating com*« • nat ions wit'« ' 

twice, we oht.uri 1 code with 1!    -   i   and we .1.-" in 7h, 
nm 

• mglr c; t.Ts iml to detect double errors. 

i*«le ; o correct 

The essence of such r<»:iods of coding does not chance ir the lenrt1- 
of the repeated Moc* is ir.creased to the duration of ar entire '"inishoi! 

:■ 



mpsp.'ipc.     In  r1,   -■   TOCOSS  the  fffoct ivcncss  nf" rlu-  code  mny ho   increriscd 
rhiink1; to erro!   .   ."orrelnt ion,    Tliorcfore,   it   i^   inpossible,   a:"  ?nmo nuthor 
Jo,   to contTvist   <'v<tpnis wirli   repetition wit'i  ^\,t;roms with .'i  corrcctin.G codo 
The  repetit     "  01   n noss.-ii'.c   is .ilso ;\  correcting code u-'iic'1   is   little efTnc 
ti'.'e  Kut,   on   fho  other  hand,   enstlv   real i r.'iMe. 

(^ee  Sections   2." and   2.^"1.     In  spoaKinR of the   limited  PO^MM 1 i t i e« 
nt" pun rant eeinp a high decree of fidelitv   in noisv channels hv usini1 cor- 
recting  codes with  a   lonp hlncl   lenpth  n,   we had   in  mind,   firstU',   the 
difficulties   inherent   in  encoding and decoding,     In  some  cases,   hov\-e\'er, 
obstacles  of another  nature  arise which   limit   the  "laenitude  of n  and  fh.-rni' 
the  ach i e\aMe   fidelitv. 

Mien  n  •■   1   a  significant   amount   of  time  elapses  between  the  start   and 
end  of  reception  of a  Mocf.     Bur   prior  to  the  termination  of  reception  of 
a  Mock   it   is   impennissiMo  to proceed  to  the decoding o*'  it.     ''MIS,   hetu"t>) 
the  start  of reception  of a  message  and   issuance of   it   to  tho  recipient 
there   is  an   inevitahie  time delay which   i< proportional   to n.     !f ro^-M'. < 
ire  created uv a  siMtrce  with  a   fixed  rate,   almost   the  sane dp]a\'  iiccnr^ 
duriny:  c-vlinj:   inasmuch  ac    i   .-ode  con'Mnation  mav ''"   formed  onh'  after  r^e 
source ha=;  emitted  a   sufficient   \-ohtre of me^^ai'i».     In  some  svsters   i   1 ■•'• 
delay   is   i mpfM'mi ss 
i t <   '• i! uc . 

iMr   ina^mucli   K   the  t rattspi t ted   information  rapi 'U'   ]■ 

i,       i <IT>   
cecT i on   .'. ^ ^ .     ' ; r1";! 1 a      '. '■!      is   acctir a t e   if   t,r'  ■.•'■'ir 

eeiv ra 1   eis"   for  a   tii'nun i for"  ,'u >' l nout!  t^ hoth  i."orree',ondent s .     1 •■  • 
thi'  rite   vf   ir4'orrati -M  rr irs~i << i up   |'   .',,     -.r.   'r   »'.'ip-i   •" 
tiona!   information"   formula   'eri'.cd  Kv   \.   "..   'oj-i-oro'.    \~'-] 
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Since [ 1 ' ('^, v ' v ' i ] _'  n (hecnuso thr .■ivor:u,.e rate of i nt"ori,,:it i on 

tf.i smission cannot he  no.qnt i vol , KO will obtain 

/' (" .  1,1  ['/■ ('. .   I-.M;, 

(in  the  other ham!,   in   t'ormatiivi  theory   it   is proved   "hat 

[I   (S.  f. ■   li .       /  (V M      //   I'-. 

where H'^l   is  the  entropy of  tie  channel   srnte,  whence   it   fallows  that 

I'ombininR  these   iticrinal i t ies  we   find 

i/(••'.   i' M,s       //   IS)      /   l.C.  1,1      i/  I . ,  .   ^.,, f .7. "Si 

let  n(\''   he  the d i str iHut inn  of svrii>t->i   tirol'-ahi f i t i i^s  maximiriny 
I"i\'',\-1.     Then  The carrvint'  cnvicitx- of n  channel  with mt^mor^   is 

r 

iiul   since   ineuunlity   i.'."''>   hoKl';  with in.    ! i st ri hut i on    if  •■   \',   then 

Ml   l \    '  /     ) 

'■'ut   the r.ixinum  of  the   iverare  walue  of  several   nai'ni tinl^s    'oe«;  not   exceed 
the   ru'erace  value   if  the  n.ixirm^s,   whence 

where ('     i^   the  carrvini"    "i'McifN    r.crace '    •',T  <' itc    ^    ■.irr"tito.l   m   t1''- 

i«filmet ior   th;i"   'he  «t (''"    ire   IniHvn, 

hf P  l1" f <>   ..   I • ■ \ ' .■.      i",1   fr <• 
"   rri'i!    i,-l   •■■"•! .ice-rnt      V-CM'^   r.ire!' 

! '' I cu ■;   • '• r    IITTCX i "MT e   ciu i 1 i T i 

i      i 
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CDNSTANT-PAPAMFTFP THANNFL WITH ADniT|\/F 
FLUCTUATION INTFRFFRFNCF 

3. Statement of the Problem 

This chapter examines the transmission of discrete messages with 
element-by-eloment reception in a constant-parameter channel,  lach symbol 
of tin code sequence is represented ;;s some segment feiementl of a signal 
sent from the transmitting to the receivini' device.  The receivim1 de- 
vice determines from the received signal plus noise and the chosen statis- 
tical criterion what symbol was transmitted and then determines the trans- 
mitted message from the restored sequence of the code symbols. 

hi an analysis of the transmission and reception of signals bearinp 
discrete information discloses the following main questions arise: 

al what should be the design of the first decision svstem which de- 
termines from the received signal element what svmbol was transmitted; 

b) what is the maximum probability of correct element reception with 
given parameters of the signal and, interference and with the use of an 
optimum decision system; 

c) how does this probability change if the actual system of the receiving 
device deviates from the optimum decision svstem; 

til what signal shape should be chosen in order to produce the greatest 
fidelity when different restrictions are imposed (e.g., i'iven signal 
st rength, etc.); and 

el what is the carrying capacity of the channel under examination with 
different restrictions imposed on the siimal. 

These questions have, to a significant degree, been answered for a 
channel with additive fluctuation interference bv V. \, Kotel'nifov [11, 
('. f. Sha.moji [2], and other authors. 

3.2.  Pepresentation of Siqnal and Interference Hsinq Fxpansion Into a 
Four i er Ser ies 

let each of m symbols of a code he transmitted as some element o'" 
signal :.(t) (i = 1,.., ,ml given over time interval T . Thus, the signal 

1M- 
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ropresonts a sequence of elements of equal length.  We will stiuiv the 
conditions of reception (discrimination") of a single element of the 
signal. \  signal plus additive arrives at the input of the receivinj- 
device, the signal being expressed by: 

?'{t}     |iM'  V i "I'1  "•■  '' '■■■! ^ '• (■3.11 

where ,. is the channel transmission factor; t , the passace time of the 
P 

signal in the channel; nft), the additive interference; and t , the instant 
of start of transmission. 

In this chapter we will regari and t as constants.  In addition, it 
p 

is assumed that the value of ;; is known when the signal is received,' 
Just as is the shape itself of each element of signal z.(t).    Moreover, 

the instant t -t of the start of reception of a given element is known, 
Op 

i.e., the transmission system is considered to be synchronous. Taking 
this moment as the beginning of the time count, we mav write the expres- 
sion for the received signal as 

'{')    |i.-,(M •/!(/) (d- /■:■/■.). H. la) 

The first decision system must determine the index of the transmitted 
element of :.(tl, i.e., analysis of the received signal r.'ltl must be used 

to decide what code svmbol v. was transmitted. 
■ 1 

Let  us  represent  the  functions  ".ftl,   nftO   and   r'l'tl   in  the   interval 
1 . j 

11 ■■  t  ■   T    as  a  four 1 er  series;' 
— e 

". Ui     V («,(..C'.s A-'•./•! /',,, vn k-j\. 

■f 

-''10     VM*CMS/.•-•„/-I /^vla'«>,/), 
» 0 

1 

'It will be shown below that in a number of cases this restriction max' be 
removed. 
In some cases, as will bo shown below, it is convenient to study the signa 

in the interval 0 T, where T ■ T .  Mere information is l.ist which is 

contained in the discarded portion of the signal element in interval 
T ■ t • T .  But if T  - T< T, this lost information has little effect on 
—    e e 

reception fidelity.  At the same time1, proper selection of 'I' subst ant i a 1 1 v 
simplifies the decision system. 

See Remark 2 to Chapter 111 for the meaning of the expansion of a 
random process into a series. 

L,:.r,^.v 1.* I ■MM mkutHtk ^.;-^..^.^,.... ^„.^i    .. 



where 

t   i?  obvious  that 

'.7      / 

/'■>.     I'''-.-I % i •■, 

The  Fourier coefficients   \. ,   B,   contain  all   the   i n f o nna t ; on   ('»our 

the  transmitt-ld  signal   that   there   is   in   f'u-   reiei'.'ei!   sirr'a!   -''•'.   >;rc" 
:'(tl  may  he unic|uely  restored   from  t'-eso  coefficients. 

In  the  wist  maioritv of cases   sicnals   r.(t)   are   so   chosen  tii.it   onl\- 
i 

a   finite  number of coefficients  a.,   and   b.,    diP'or   from  :ero.      I •'  t1 :■;   , oi>- 
1 K \\ 

dition is not observed a value T ■ 'i  mav usuallv 'e selected such r1'!' 

uven the signal is represented as a Fourier series in the interval " ■ 
■ i •_'\'   (as stated in t!ie footnote^ a finite and, in most cases, a sriall 
numbi. r of coefficients a., and b., mav be derived which are different 
.. i k     i f  • 
from :ero. 

let k. . and k,,. represent, respect i velv, tie least and the yroatest 
li     Ji   ' 

subscripts of the Fourier coefficients a., and b., Khich arc different ♦>or 
' i k     11 

:ero.  Then k-./T and k-./T are the least :ind greatest freuaencies in the 
1 i       2i 

Fourier series expression of signal :.. ( t ) .  Let's apree to call the "-ativ- 

tude F = fk.. - k,. + II/T the fretiuencv band occupied bv ■-■•r,"..:'. :.!t i. 
2i    1 i ' ; 

If b\ k  and k^ are understood, respectivelv, the least and the createst 

values of k with respect to the whole signal set used in the üiven comr.u- 
nications system, the magnitude 

F       -- -, -      ■ f.".•<! 

represents the frequency band occuiiied by the system, 

Clhviouslv F.   F.  H'e will call dense these s\'stems for which I . - 1 
i - i 

for all i, i.e., when all realizations i.f tin siana! occupy the same Fre- 
quency band . 

It should be noted that the magnitude '■' is not the signal spectrum 
width in the ordinary sense.  As a rule, rhe signal has a continuous, 
not a discrete, power spectrum, and furthermore it is unlimited.'  'he 

'Sec Remark 1 to Chapter 
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11 ; • 
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Tivt rur. 

Nevertlu'le^s,    K  u; 11   '•     •■■.,.•,.•,.   .,,-.    „.   •   ■ 
ocpt   of   frcnucncy  'MI

1
.!   '    (*.!'    ' •■   ■'•'■-    'r-.rft-.;!    i" 

■.cry  ro;i I.     I'hp  total   fuin'vr  .i'   ' fui 11 r  i   •••' .     ■ • ■ 
ri,i\- liif'tcr  fror  zero with   .i   »•i'-f-  ' ;'■.HI.'TV •   '  i" '  ' 

Wo will   v-.il 1   the  v.i luc  (■   =   ? 
it   some  clcrcntirv   • xirni^ 1 c« . 

\:imv 1 o   1 .      let   t 'if   c.! t;" i 1 ^ 

:,1M 

I i     " 

lie uscil Ki th  code  hast I .iT" I ' ! Ui < .11 .   i ' 

II . V "'       \^ fie i -     i   .% 

for  :, (tl   conta in^  a  < i v.a. 1 e  • 

a     =  a. 
n 

Hut   if.    i •;  not i si1 

into  a   I our i er  series   it;   irter'..! 
from zero,   namely 

/ 

I 

i 

I.,I /        i 

In this case, however a  ilue i    , r 

is expanded into a Fourier ^i rie^ in intei"\' 
the scries will differ fron' nero.  Kor thH 
Iv'e will derive the greatest possiMe value 
determined from the condition 

u' 

/ . 
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let   .i  sicn.'il   nlus   intrr'errncr   r'lf1   i-nti-r  f'IO   r<H'fi\<T IMIMI?.     I'r \. M 1 
stuiK   t ho  eise where   the   interference   i ^   nc>rT,.il   \«IIITC  noi<;e. nn   ri'iei1'i on 
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ire   cxactlv  1 nown ,   ,i«!   well    !••   the    i   nrion   "fo'vi'v 1 i t i o^   of   t ran«;'-! << i or   o»' 
each   "SNtnhol. •     Accorilinp  to  the   i<leal   o'^cr'er  crtTerion   the fir<t   ileci^ior 

•!he prohahiliTv  connect ion«;  between   the  «;\nhols   in   i  co.'e  ?e<iueree   're not 
ta^n   into  considernf ion  here  since we  .sre ilealini'  with  el erent-'^-r lerent 
reception   in which   the   firM   ilecisinn  «vsten deterrires   the   <:\T'-O]   tran«- 
mitteii  with  respect   to  the  received  ^icnal   elerent  without   con« Merat i on of 
the  values  of other  s\i?l'ol>-. 
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   iiionl   n'^sorvor criterion.     ^  nci1 tlir lUTi^minator 

in   ' v Z'1'1 i   (inc5  nnt   ilct>cnil  on   r   it   Mi'Ti cc«  to  compare  the nmiorator^  o<' 
tlii<;  exprcs«; i o'n  for .ill   ponsiMc  ^i^r-il^   :   m.     ("onsenucnt 1 v,   a  decision 
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svstem  conytructpii   in     acc<ird.'ince  with   the   ideal   o'^erver  criterion  and 
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It   is  easy to ascertain  this  fty  sxihst i tut inp the vahfes  of  :.' (t'i   ami   :   (t^ 

expressed  as  series   (3.2).     Takint»   info  account  the orthoconal i tv o'" the 
trieonometric   functions 
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i.   T ' r 

lvu'  i!i-visi(in nrinciT1!«'   in   irtrcri!   f.'ir   (°..,-l)   \1.i^   ''ii-t   <!cr i ■.■(■>'  ' 
\.   \.   ^otol'nil 'V   ',1.     In  T'IC tMrtJoul.tr  ^.i^c whrro  the  ;;  nri'Ti   PIM'' 

^.S'M 1 i T u*«  v^'  fit-  SXT^OI«    irr   i iif nt i ca 1 ,   :•        "   ,   th\<   irinoiv!^   nln'i'f r 

(l,Z-ii 

^ieritvir.k'  that   the Jocision  ^vstem mi^r   select   the  extn'Ottni  sipnal   .."   'X 

which has  the   least nwan-square ileviation  from receiver!  signal   "'(tl,     in 
this  case   inoiiiialitv   (."..^/al   aiionts  the  form 

f.vJ^iO 

Let us ol serve that in expressions (.".r.vjl and f?,25'v1 it is in fact 
sufficient to take into account onlv the terns for which a „ or ^ , are nor 

H    rl- 
identicallv equal, to zero (at all values of r'l , because the renainini' tern« 
are identical on '-«oth sides of the inequalities.  In other words, the num- 
ber of coefficient^ \ .'\ n*" the received signal which are significant 

when making a decision ahout the transmitted svmhol is cuual to the base of 
the system [3.SI. 

It is i*pparent that the princinle expressed hy rs.Z.ib^ or In- f3.24;)1, 
which is equivalent to it. can he ohtaineii with arbitrary values of the 
a priori probabilities of the symbols if the criterion of maximal liveli- 
hood is used instead of the criterion of the ideal observer.  We will draw 
attention to the fact that this principle, in distinction from (3.241, does 
not require knowledge of the intensity of the interference which determines 
the dispersion c ,     In this lies one more merit or the criterion of maximal 
1i keli hood. 

Figure 7,.2  shows the functional diagram of a device which operates in 
accordance with decision princinle (3.241.  Received signal z'ftl goes to 
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L*tn T •!  uit'i  (iiMiirifi^   .-'M iMo''•! i   T i, <   mJ   iri'   tntrvT it IN! ,   'v  .■>..:-• '■ ,   '-. 
cbarpin^  over treat   I-'-MM incf*5  • I'  *:■.•■ \c'n ^v<  uit1'!-:!!   ic.it inp,       V   r1', 
it"5t.int   t   ~   !   'he \'i'>! i ni'o«  ri^';   *'ron  I'T  iMr.'K-i ■ or*   ti'   i     ."■•-iri* -r  ."iron;' 
<     .wrini'Oii  .1"^  -v"1  "ro^'vi   ,it   it*:  I'urr'it   f,,!,  "■in-'v r of  the   • i^ i,-; fo- •,■.'♦'- 
t'u"   lowest   tmrrnt i.il .      1'   1?   .ipo.üTnt   '''it   the   ii-^ult   ••:'  T'fi      •wy ^ \ .T- 

\*   to  Jerrrrino  the   1-th   svnfml   uhio'i   satisfies   i IKMII.; 1 i r \-     *. '),i   .      \rtrr 
t li i s  the  capacitors  liisoli.ir.üo  ''y   j n^tantai"'^ii^   ^hor!   circuit     ■, '  thf  cii'cui 
is  ready  to  receiro  the next   < i t;"'1!   olerent.     in  tl'.at   ca^r  i-'-i-n   t'ic  ^,—'TK 

;irc   not   oqui vi'oi^n''le ,   the   c.ioac i tor«; ,    ir^tea-!   , •'   ! i >Jc'iari'' ni',   rw--'    c'^ari'i 

'.' a  o.nontial   numerically  ecma 1   to   '^In   i'p..     Here,   as  nav  easily  he  as- r 
certaincd,   the circuit   will   operate   in  conform: t \- with   '! 
•rosseJ  hv   ^..Ml . 

r    ?M- 1 P.C i ■' i o 

'he  circuit  exaninei!   is.   of courso of 'ai i ; ('i! t (i ; ract ! ca 1 usr . 
particular, it is verv difficult to souare accurate!» with ■! p.Miiinoar 
circuit.  This difficulty may, hou'ever, 'M- ci rcumaMit eil 'n- t rar^ f->r':>i nr t'i 
reception principle in expression r.^.^al or i" y~h' 
theses, reducing, ami introducing the ilesi.gnat ion 

iipoii 11, j.   j i.r, ,,:i [•,%)]. 

1^"" \   Via.    ■  I'   I     /',. 

1   J   ' 
o.   ,fl 

we derive  the eqpivnlent   inequnlitv 

AV  /',..-.V.    /', 

when  all   r  ^   .'. 

'It is uiesuned that the resistors through which the raoacitors discharge 
are so large that the discharge cm-rent is strictly proportional to the 
voltage at the output of the nonlin.ar circuit independentlv of the «ire 
of charge on the .-anaci tor. 
■ In the following material decision tuMnciples and Hinctional diarrar« will 
he given for systems with equiprohnMe s\-r','nls,  They also pieet the criterion 
of maximal likelihood in the case oi ar'M" ■yy   i priori pro!->a'Yi 1 i t N' sxaihol-;. 
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F i v] u r e   7.2.      De C i S i n n   S y s t n m  R e a I t Z i n q 
the   Ideal   nbserver  fritprion   fKntpl' 
n i kov ' ^   friterinnK 

Mere  P     is   thr .uor.'ii'o   power of" sicnal   . r.   (t)   at   tlic   inmit   o("  the   ro- 
r ' r 

ceiver.   while  X     is  the  scalar prn<!tict   of  rcccivpi!  sirnal   :'(r')   and  ox- 
r 

noctcd  s i min 1   '.,.-.   (t). 
r 

The   f'unctii ial diapram (l-'iguro .",31, dr-sipned from incdualit^' 13.2"^, 
contains i" mul t irl i ors'■ to which come the received signal :' 111 and the 
voltages : (tl (r - l,...,nil fron signal simulators.  The voltnues from 

the outimt of  each multiplier are integrated and t^e result of integration 
is fod to a suhtractim' device in whicli magnitude I  is subtracted from it. 

i* 

\t instant t - T the voltages from all the subtractinc devices are comrnred 
to each other in the comparator, which emits the number of the svmNol for 
which voltage X-.-P, exceeds the other potentials \  - P    '''hereafter the 

(. r   r. 
potentials in the integrators are cut off and the circuit is rendv to  re- 
ceive  the next signal element. 

The decision principle and its functional diagram mav he greatIv sim- 
plified if the signals :. , 11 ; are so chosen that their power (or averaee 

power)'is identical (P , = P. - constl.  ''hen inequality (3.2"! takes OP this 
simple form 

,V, -A f3.2S1 

^ee first footnote on p. 14.S.  In the given circuit the multiplier is often 

called the svnehronous detector. 
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when all r / .', and the subtract in JJ devices indicatatoti by the broken lines 
in l-'igure 3.5 may he omitted.  But the simplification which can be obtained 
is not limited to this.  Inequality ("3.281 differs from ('3.2"'l in that it 
docs not depend on transmission coefficient u and, consequent 1v, when the 
signals are of equal power, i !" does not require a priori Vnowledge of the 
"scale" of the expected signals, but only of their shape, to hrin« about 
optimum reception in accordance with the ideal observer criterion.  The 
signals generated by the simulators must coincide with the expected signals 
:_ltl in shape and, of course, must be strictlv synchronised.  \s for the 

"scale" of the simulating signals, it may be arMtrarv and the most convenient 
for practical realization, as long as it is the same in all simulators.  In 
fact, when we increase the voltage of all the simulators bv a factor of n 
we increase the voltage of all the simulator's by a factor of n we increase1 

X and X, bv the same number of times and hence do not affect the observance 
r 

of inequality (3.28] 

U5-J 

Compa- 
Irator 

LCMKf} 
Zftl ^1J 

Fiqure 3.3.  Variation of Decision 
System Realie nq the Meal Observer 
Cr i terion. 

As will be apparent from the following, this important pronertv of 
systems in which the power of the signal element does not depend on the 
transmitted symbol (feasibility of optimum reception without a priori 
knowledge of the propagation coefficient or even of the power of the 
emitted signal) is also maintained for channels with variable parameters. 
We will agree to call such systems "active-interval systems." 

The circuits examined contain elements with variable parameters 
(short-circuited capacitors). They may, however, be converted so that 

■12b- 

—-""- - - Mill 
'"■ ■  



^^mwim?rm*m~mmmm*immmm*mm iJHJIlilHim..."1!^ '■'•'?^"'"i""l'.l'!,l,.","Mll!,l'-l|.m'.1. ..'im'v,'wuf-v':->>vr^^i"i.'.'wr.r'm'""j-'i'!" 

they contain only eJeincnts with constant iiarameti'i's and at the same time 
function in conformity with the reception principle of incqualitv fS.ZT'l 
or (3.28) (for active-pause systems!, This variant differs from those 
examined in that at the output of every multiplier is connected a linear 
pulsed filter instead of an inteprat inji capacitance.  This filler's pulse 
response i s 

f I when 0 < t < T. 

I 0 when 0 < ü and t > ( v ."") i 

This   filter  is physically realizal^o.     The voltaije at   rhe  filtrr's 
output   at   instant   t   =   t     will,   according   to  Muhamel's   thc^orein   f'-i     l>c 

U   „.,, f    IU-, (,\) .''(.V)/'(/, Al./.V 

-   / 

--   l1    [  ', |.v)-''(.v),/.v. 
( 3.30') 

wliere :'(t] Ls the received signal and : ftl is the voltage of the r-th 

local oscillator (signal simulator). 

At the moment an element is finished the voltage at filter output 
represents the result of integration during t'^e reception time of that 
clement.  At this instant the voltage at the outputs of the filters for of 
the subtracting device are compared to each other and act on the recording 
devi ce. 

It must he remarked that with respect to the requirements for svneh- 
ronization this variant has no advantages over the system in figure 3.3. 
Mule the capacitance-integrating system needs to cut in the integrating 
circuits at certain instants the system with optimum filter« behind the 
multipliers needs to feed voltage at certain instants to the recording 
device, and the requirements for accuracv of synchronization are identical 
in both cases.  The optimum filter of (.3.291 may in principle be realined 
with a delay line figured for time I', e.g., as ^hown in l-'igure ~.-1 . 

iptll 

7^ 
■ T   delay ~| 

/ 

Oiupi 

Figure 3.^.  Diagram of Integratina 
FiIter. 
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ii   i;^   ,ui.l;K^   'til!   .mi'tiu'i" i!(^-i: inn   <;yst<nii  ile^irii   varinnl    (Cigurc   3.SI 
:;''-'i\!S(   ."riiit •! i ns  no  ^nrrrMunit»;  witli  \,ari .tli le  ttaramcfcrs  ami,   further- 
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I'IM-,   !'i;t 
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nt   ho   i nterest ei1 
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moans  of  it   a   system  for put i im;   the cip t" i rntt'i ilocisinn  priiu'ip'.t'   into  nr.u' 
tice  anil   l luis   for  in'0\'itlini'   the  I'roatosr   possiMc  prnhahi j i t v  df ruriTrl 
s i t'lia I    i Jent i fi cat i on . 

],(')' 

fiquro   '\,f*.      Sinn.il    ^a'   and   nuK,. 
"esonnsp    l'b'i   nT   nitpr   M a t c ^ e'''   !■■ 

Tho  vnltarc  a!   i'io  r-nrpuT   of  »ho  p'afcl'Pi!   fi!*o;- 
accordini'   to  IMüiamrt's   t-hcoror 

i.      in ] •• ' V •(vi.: '•'     -^ ■'' 

ifm •    ; p ^ * 'Ul I     ! 

I •-. vi 

I tK"o   r   i * -x I 

an,!   v.'-.M'   > 1 ,   funot i ,'n   i1   I 
r 

\ 1 ,   t hon ,   t aM nr   in ■ MM   r n.o 

u.,    f/)     '•' I' -''i y 

i   r 

••  iv) .-, I v 

where   the  de^ i >;nar inn        is   i nt roifueeJ   for ''   -   t ,      M    i'istani 

i 

'  •'■ . ~-l 

; r a n t 

'«'editU'   the   \'o|tai'c   n •''•^r1   f'u'   aitimt--   ot   all    the   t'iItei->    al    ir 
nut 

t   *   T   to   the   0'>r'vi ra ""or   circuit   ivh i •"!■:   •■•.eiect':   tin'   S\T
I1,,

M   V     •'•■',  '• 

the  greatest   •.•f>ltai;e  has   been  nradiica!,   've  nl-«t;iin   the   sv^rem which   rcalire^ 
reception   i ii   con tV'Tani ty  •,■. i t h   the pi'incipli1  ("»f expression   :'S..,^'i. 

■Thi-;   sy^tein mav  IT   uencrn 1 i :od   t'oi-  the   ca';c  o'"  the   ■•x'^tcr with  'iru'inial   I-O'.M r 
in   signals   ;•   (t)   h\-  addini'   the  ,'it1propri a'e   subtract i ni1  devices. 

r ■ 

-U1.)- 
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Lot  us  observe  rhan  uiuMi  t   ■  .'c rlu1 volt.'i.m.'  .-it   the tnitpur  n'" the 
matched   filter ami  caused  hv  signal   z   (tl   actini'   in   interva]   (",'i'i   (.Minals 

i" 

:ero.     Irom   this   if   f'ol hnv.s   that   the   reailout   instant   when   the1  next   element 
in  I'ein^   received   there   is  tie  veltai'e  at   the  output   of  tlw matched   niter 
caused  In-  the  precedim'   signal   elements. 

\  matched   filter uith  a   transfer   t'liiictien   ( v .vM   amounts   to a   linear 
circuit  with  constant  parameters.     Sometimes   i'   i ■;  c(>n\,eiii ent   to  retrain 
from  rile demands  of constancy   in a   filter  and   this   viphl  additional   possi- 
bilities   for designing different   variants   of an  optimal   decision  ^vMcr. 
liie   idea  behind   their des i en   is  hased  on   the   fact   that   etnialitx1   (.v .vl'l 
holds   if  the  tmlse   rt'sponse  of  the   •"iltcr-  satisfies   condition   (3.."11   on 1N' 
over  thi'   interval   d  ■   t   ■   T,   and wluai   t       T   it   mav  have  anv  value.      I •' a 
received   signal   :'!t1   is   delivered  to   such   a   filter  at   instant   r   =   o,   .ir 
instant   r  +  T a   readint.'  eiiual   to   ■ '■..  \    can  he  taken   t'rom   it   inasmuch  as   rhe 

r 
values  of ii   (tl   u'hen  t   •   'i   do  nor   tale part   in  the   limits  of  intei'rat ion 

r 

However,   with   such  a   filter  the   remarl   made  a'^ove   to  the effect   that 
its   reaction   to  in'ecedini'   elements  of a   s i ma I   will   lade  comrlctelv  In-  the 
instant  of  reading of the  next  element  does  not  hold,     'thus,   ( v ~-n   hobN 
only  for  the   first   recei\'ed  element.     This   ^hortcoi'M in'   is  eliminated  com- 
plete I v   if' after each   readini'   the   filter   is  brmuiht   to  zero   initial   condi- 
tions  by dampini'   the  oscillations.     'I h i s   can   he  done  hy  short ini'  all   capa- 
citances  of  the   filter  for a   instant   ami  opening   its   inductances.     n-,,roi,v 

such  a   filter becomes  a  circuit   with  variable parameters,  periodicalIv  re- 
jecting   the  enorgv  accumulated   in   its  elements. 

It   is  convenient   to  select  a   function  n   it)   of  such  a   filter  such   that 
r 

over the interva] d ■ t • t  - T it satisfies condition (".^P and when 
i; 

t  T it continues periodically.  In other words, this '"liter can be matched 

in the sense of conditions (A.^II and ( v Vi with a periodicallv extended 
s i gna1 ; it'. 

r 

In  the particular case of a  simple  circuit   when   :   It"!   represents   i  see- 
r 

ment  of a   sinusoid,   an   ideal   oscillatinr  circuit   without  dampins' wir'i  a 
resonance   frenuencv  or   .     coincidinc  with   the   ''requencv  o'"  ^irnal   z   (r"1 

V - r 
shorted for an instant after each readini' constitutes such a nir'T.  'n nrac 
tice a circuit which is damped much less than  T is used.  'Mich circuits 

r 
with variable parameters (with a iieriodic reset"! have been called commutated 
f i 1 ters. 

All the decision systems considered above permit, at instant of readiru' 
t - T, obtaining at the intnit of the circuit comnarisons of potential equal 
to the magnitudes of X_ Twith an accuracy' to a common factor"),  However, 

when t <  T the potentials at the output ot the matched or commutated filter 
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in  I'i.mire  ^.B  differ  trcntlv  from the iiotrnt i .-i Is   it   \hv  iMittMit   o*'  \uc   ■   - 
tegrator   in  l'ipuro  S..".     i.ot  us   illustrnto  this  hv  the  rxmi'lc wtu-ro  the 
signal   is  n  quasi-hnrmoni c with   ivlativclv  slowb'  chani'irii1  :impl i tmlc  .in.! 
phase with  respect  to   . 

.-,(/;       l(/i .■ :-l.-/ ! 'l'(')I. 

and    T   '   1.     Let  us  assume  that   signal   :. ( t i   i<  aetualh   '-i-inr   ^ r.insri 11 cd 

and  that   i nt-^rference   is   so  snail   that   it   ean  IM-  nerleeted,   s,\  tha'   -' ' r ^ 
=   r.lt")  with  a  common  factor of accuracv.      '''UMI   it   inst mf   t t'c  iio- 

i — 

tential   ir  tlie   intecrator   in  the  svsten  in  ' i pure   ^.~   i or   in  rK.' .'n»imUp 
filter  in  ' i pure   7i ,-\)   is 

i    '■ 

5 
t 

■ j   ',   f A11 v)C.>- V"   : '
1M
 "-I ;A 

Since the ititeeral of i rafidix- oscillati'M' '"unct 
nual to nero, the second ten 

//       U) 

in  '-(■   i pn 

i 

i r . 

i.e., the voltave ar tlie i n'orr r T'- Mit-ur :-- 
i;ui i.'r:idii:i 11'. ci^r-': ''lorn r.rMo ' i ' ■■ ■iliir •■'■.■" 
\   -   const ,   th i «   -'oi r ace   ri s.>^   1 j iie.irl >    11 ■ •■iv.> 

'-e  voltai"'    it   tK'    .'Utpul   of   i   parched   ''ilt-o.- 
'icuf   .^ .."   is   detine!  ''^   formula      <,>"''.     i.a,,,•••..• 
r' ; r '   -   :. ft")   -   V i t'ico« f   t    •   '   •   I   i ulien  i1       r 

i 

v\e  obtain   (to  a   common   factor   if   iccuracv' 

u     .(i)      f .\i vu ■  ;■>   •  ■Ln I -I'l       "'•     I'   ' 

,   1 rt * : •• 

i    'I'tt    ;    --,1,/» '.    ( 

I    <:u 'I' i v l ..II 'I' i 1 

-     C  i   ''''I ' I'   I   '1' I 

■It   is  ea^v  TO  ascertain  tlvat   the  ^eend   integral   Kis   ir 
whereas  rhr  ("irst   intecral,    •»••der t.     ''rantinc  f,ii* 
intepra!   mav ho  di sregarded   for   ill   values  o<"  •   u-''i •''   !'■ 
larcer  than   1 '   . 

• •■-MT' : i llv 
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inJ   if   nav  I'c  k",?lloil   tlic  fiitii v.i 1 i'nf   rmvcr  of"  t'ir   < i i'n.'i 1   pn i r   ",'t1   ■iml 

t ■' .      I' iii   f ict ,   f'u* fowcr iM"  the  i! i''♦"cT-cnoc  Hrtwoon  t h •^c  < i rn.'i I ^ . 

I'tio   ri ^'"t   «;; ill«   i>f'   i no.iti.i 1 i t \ iTiM-i'^ciir <   xho   linr.ir  cnmM nnt i np 
»he   ; nilcri'r.dotT   nomlI\   ili ^t ri I'Utoii   ivitiilon  \ ii-i i^li- 

l 
,uiiI   hnnc 
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!r is e.is)' to nscortain that in the cnso whore sipnal r-.ftl is in 

fact transmitted the error prohahi 1 i ty also is determi neci from f3.411. 
Therefore, the discrete representation of such a channel is a uniform 
svmru't ri cal binary channel, whatever signals : (tl and r._,(fi may be. 

\ \,er\' important conclusion follows from C'.-III.  The minimal nroba- 
1M 1 its' of error is uniquely detcrmiTieii bv the ratio between the eouivalent 
power ot" a sipnal element P T and the spectral densitv of interference v 

e 
(which also has power dimensions! and does not depend on ot'^er parameters, 
including the frequency band occupied bv the signal. 

Die results derived mav be simply interpreted in a geometrical wav. 
iVe will regard the I'ourier coefficients ..a and .,b of the incoming signals 

as rectangular coordinates in a B-dimensional space ^'  -  ~'r''' ' ^ r'ie base of 
the system"!.  Then eacli of the two signals ~ (Tl and r.-Jtl mav be repre- 

sented by a point for vector") in this I'-d imens i ona 1 space.  The received 
signal :'(tl may also be represented bv a point wirb coordinates V i A 

or by i vector which i< the geometrical sum of the vector of the arrived 
signal  ;(t1 v.ith components ,,a, ..b, 11 =!• ,...,( ,' and of the interference 

. ,1 n''.  I'h i s iiresentat ion is implied 

''v formula (^.^',,  It i^ apparent that the '-'otirier coefficients of the 
interference with freiiuencics h'ing outside of the ' band cannot be taVen 
into .iccount since in t!ie abm'e-derived formulas for the reception principle 
and for the "rob i'-i 1 i r \ of error these coefficient« are either absent or 
curtai !e<!. 

Pecisjor 'Tinciple "."'",| or ('.r-n meanwhile acuuire a \erv definite 
geometrical me.'inirg. r,■'^• optimun fin the sense of t^.c maximal lilelihood 
criterion' ilccision «astern must ch(iose the iiossi'ile signal w^ose point is 
nearer than the ■■'thers to the point of received sipnal r'ft"1. In the bj- 
n.ir\ casr thi« principle reduces to dividing the I'-dirensional «nace into 

u-e« K\- ^ean1: of i h\'rer"lane perpendicular to and Msecting 

■; v 
vector with component« u . t (^ 

' \*n    <;,r'i-sp- 

the «t r ii c1't 

ini! v 

inc connectinc the point it"»   anc ■   - (t "> .     I f point   :' (t i 

the   «ane   semi-space   ;i<;   7   (?x   the  decision   sv«ter  chooses   ssTbol   v, 

'.ers ).     ' i gtire   ",*   ■i'-.x^«   the  plane  drawn   through   point«   :       :,, 

:ind   :'.     The   stnipht   1 . ne  vf\   represent«   tlie   intersection  of  this  plane 
1 x >•   • >•. 

>f P 

hNTen'11 me  dividing   the   «pace   into   two   reception   area« 

«   o.i«v  t >  «ee   ir   thi«   ^ecrt-* r;.'11   representation   th: t   the  xalue 
\'1   1«   '-.ilf   fKo   sfnnre   nf   the   distance  '■•etween   the  "oinrs   repre- 

sent 1 nr   « 1 e^iIs 1 ne   « 1 e' 'tl    ml 'erot inc   f'' 1 «   d i st ance i,x n <r  derive 

'»^rjrTiro«; P i« called thr  »oTel'-nilov- distance. 

1 v'-- 
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Fiqure 3. P.  r,eomet rica ' Represent nt ion 
or Maximal Likelihood frit er ion for n 
r-i i n f i r v System. 

The viriable " represents, ;is is apparent ("roin the ri,L'!it sid 
equalitv (..'-..':>","), the scalar prnduct of the interfcrem'e vector nf 
the difference between the vectors of signals i.e. ft") and : z ,' t 1 . 

this scalar product may he represented l\v projecting m of intcrfe 
vector n(cl on the straipjit line joining points : and z^  and nuil 

by distance P between these points. Thus, inequality (^.371 mv 
as 

e oi   ii!- 
t")   and 

Hut 

rence 
t i pl\-i nv 

I'c vvritt ■n 

I L): y ml) 

or 
m 

{ .~ .-I.Vl 

mitted 
equa1i 
i nterf 
repres 

d i t i on 
space 
mi r ted 
to der 
i neuua 

his inequality is the condition for correct reception of a 
smbol. Therefore th.e error nrobabilitv is the proHaMli 

t)' (3.'1,^1 will not be fulfilled, i.e., that the projection 
erence vector will be more than half the distance between 
entinp. signals " (t "I and z^ftl.  It is apparent that under 

the iH)int representing receiveil signal r-'Ct) will not be 
in which is situated the point corresponding to the a-f.ial 
signal (figure .".^M, and an error will occur. It ;,- not 

ive expression (3.4!) starting from nonfulfillment of com! 
litv (3.-131 . 

t r 
tv 
i" 

the 
tii 

i n 
!v 
di 

i t i 

aus- 
trat in- 
of the 
poi nts 

is con- 

the semi 
trans- 
•Ticul t 
on of 

IVc woi:ld observe that error probability is affected onlv by the inter 
ference vector component which coincides in direction wit1» the straight 
line connecting the points representing signals : ft") and -..ft").  The in- 

terference components perpendicular to this direction do not aff"ect the 
error probability.  This property is characteristic of optimum reception 
methods in the cases where the initial siiuial phases are known a priori. 
These reception methods are usually called coherent. 

In order to secure the greatest potential resistance to interference 
in a binary system the signals : (tl and z^ftl must be so chosen as to 
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produce  the  breitest  possible  \\.     Msiuilly  the ;ivrrai;(.'  sirnal   power   is 

prescribeii,   wltich with  equi prohaM e a  pi'iori   svTttmls  v    ami  y^   is 

T     -   l/^Cl1    +  !'-,).     Tlie  expression   for  1'     f.".?iSl   mav  hv   i'ei^resented  as: 
s ' •- '' 

; r r 
r,    ']' [J->).//-■ fr--"in.'/    'jf.■,(,■) •.(/)./.'] 

"„    ' " ^ C3.44) 

IVirh  given wilues  of"  !',   +  !',,   . ,   and  T,   n  maximun of  ''     is  ohr.ained 
1 - c 

r 

if   I ■', (n-■.KI ,//     is negative and maxinuim   in  absolute  value.     Accordiiu:  to 

tiie  Bunvakovsk iv-Shvarts   inrtnialitv 

'('--.(M-M'l./f 

/  7 ' i  

} o " 

and equality is attained if r_(t") = Ca (t' where f is an ar^itrarv eonsranf 

On the other hand, average geometrical 'l','\ attains a maximal value enual 

to the arithmetic average T,. r I'-fP. + \\]   on condition that P. = t\, 

i.e., when (' - 1.  Thus, to obtain a maxinum of" I1 i, it is necessary to 

take (" = 1 -1 , i.e., z (t" ft "I.  Wli.cti thir is so all terms in the 

fourier series for :^fr") have the same amplitude as do terms of : (t^, 

but there phases are shifted lSnc, 

Thus, the binary system which is optimal with respect to resistance to 
interference is the one with an active pause -ind opposite s'gnais. Substi- 
tuting z-,(tl - -:.(tl in (3.-141 we obtain for it 1^ = -IP,, f'onsequent 1 y, 

the probab41 i ty of error according to (.".-111 is 

where we introduce the designation   » 

/r ■   nr 

fÄ.4Sl 

f.-.-lhl 

The magnitude h^ represents the ratio of average signal element power 
at receiver input to the spectral density of the interference.  We will 
use this symbol throughout the whole book. 
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Kc are often interested not in the ratio of signal element power to 
spectral interference density. Imt in the ratio (T /P ),.  of the powers oi 1                                        s n I- 
signal to noise at receiver input in frenuencv band !■' or in the ratio of 
tlie spectral densities of the siennl and i nteri'erence.  ^ince P 
t olloKing ratios occur: 

where •* = P /P is average spectral signal densitv. 

, the 

(".-I-1 

Pror this it follows that a prescribed value of h ma1, I'e ptoduced with 
;inv arbitrnrilv small ratio (P ''P "1  or '  ' , if the signals have a tari'o 

s  n !• 
enough base P - 2PT. 

Per example, when li = 5 the probability of error in the opposite- 
signal system is l/2fl - : C.^vTl] ^ :-in-:.  If here P'P = 1, the ratio 
(P /P 1„ neetied to produce this reception rclinbilitv is Iv = (1.  Put 

s n P ' 
if the signals have a large base, e.g., if FT - 11""1, the same error prob;i- 
bilitv will he obtained when fP /P 1, = Iv'/FT = 0 00 

s n P 

It must not be thought, however, that the enplovner' of wideband s i ,'- 
n." I s (signals with large bnsel permits transmitter power reduction at a 
given reception fidelity.  In fact, the interference power in freuuencv 
band P is proport i :Mia 1 to this ba.nd and the transmitter power needed to 

secure a given value of h is P irp /: -p-T - ir : 
n o 

•i i ere tore   i 

the givens are signal element duration T, transmission factor . , and st^ec- 
tral interference density ■ , the transmission power needed is uniciuelv 
determined by the required value h and does not depend on freuuencv '\ind ': 

occupied by the signal.  Reduction of required transmission power (or re- 
duction of error probabilitv at given transmitter powerl can ,'"."' accomr 1 i shol 
only by increasing . (e.g., Kv using directional antennas'1. In1 decreasing 
(e.g., if interference is caused by internal receiver noises, by lowering 
the noise factorl, or, finally, by increasing T fdecelerating transmission!. 

If signals z(tl .:re relatively narrow-band in the sense that fre- 
quency band P is considerably lower than the average frequencv of the signal 
spectrum (which practicallv always occurs in radio channels^, then, as is 
well known, any signal may be represented as the miasi-harmonic 

•m  /■ (MO'-l"'.,./ ■in (^.4 81 

where Hftl and ;(t) are relatively slowly changing time functions, ami 
during one period of "high-frequency filling" •"'"■'■,  the values of P am 

mav with sufficient accuracy be considered constant. 

Under this condition the average signal strength is 
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"s  .; i-/1'^- I 3. -1 'i I 

and  peak   (maximum)   power 

i.~.' n i 

ivhcre  1' is  the maximum value  of envelot>e  I (11 . max 

I'rora the above   riiuiinps   it   is  cleai-  that  noaf   power  value  does  nni 
directly affect  error nrobahi1ity.     if,   as   is  often  the  case,   tratv-ritter 
peak  power   is   limited,   then   in  order  to   increase  resistance  to   im   r'erence 
a   signal   shane must   he  diesen  such   that   the  yiven  peak  pewer  I' fford.s 

max 
the greatest iiossihle average iiower, I1 , i.e., signals with the le.i'-t en- 

velope iieak factor must he used.   It is apparent that this condition will 
he fulfilled if fftl = const, since in this ease P  = !'   and the real' 

s   max 
factor is unitv. 

ftne simple binary system with opposite signals and with a Peal factor 
of unity is the system with ISO0 phase levinr (FT*), in which these signals 
a re used : 

.', IM   1/ I'M. | .;.'    ri. 

.', |.'l     tl o I-. in.,' j i|  (/ c* ["•! ■ j r-i r.)   I 1 1 

It is \ery simple to produce an optimum coherent decision system 
(figure ."5,31 for such signals, since a single generator of cos(..t * ;' 
harmonics is used as the signal simulator whose voltage is connected to 
a single multiplier as shown in 'igure 3.Pa.  This svstem records symbel 
y  if at the readout moment t = T the voltage at integrator output (or at 

optimum filter output"! is positive, and symbol v , is this voltare is nega- 

tive.  It is easily ascertained that this system conforms to the principle 
of expression (3.2S).  Indeed, when :nft"i - -r (t'l, it follows from ex- 

pression (3.2(0 that X., -; -X and the principle of expression f3._1^l may 

be converted to the form 

.V,,.0. f3.>.n 

It can easily be seen that this system is suitable for mv binarv svstem 
with opposite signals if a voltage proportional to -ft) is delivered as 
signal simulator. 

A simpler decision system can be designed without a multiplier 
(figure 3.9b) which is equivalent to the preceding one and which is 
called a phase detector.  Here the sum and difference of the arriving 

The value vT* JP     is here called the peak factor, 
max s 
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signal :'[t) and the svipport vnltaec of n local oscillator cosf.r + :') 
arc fortncd nmi then ilotectpil scparntolv In- mean-square detectonl KP and 
the difference of the detected voltages is integrated over an interval 
from 0 to T.  As in the preceding system, a decision as to a transmitted 
symbol is reached based on the sipn of voltage " at the output of" the 
integrator at instant of reading t = T. 

iiiir* 1  

lir.:"■!•>, I 

l!1 

KD rut-i 
KD 

'>!, 

L;:"-^  b) 

Figure 3.^.  Functional Pi an rams of 
Coherent Reception for an FT System: 
ri, With a mul t i nl i er : h, With a phase 
detector. 

In saying that these systems are equivalent, we assert that with de- 
livery to them of the same signal ;• ' (11 the signs of the voltages at their 
outputs will be the same. Consequent 1v, incorrect decisions will arise 
simultaneously in both systems. 

To prove this assertion we will write the values of the output voltages 
of both svstems at the instant if readinp: 

x>     '•'[ VI--'I.'I,//, 

r  JlK.-.vn : .-•(Ml'  |r,-,(M  .•■inn-.';. 

where C   is an arbitrary constant. 

Removing the parentheses we obtain 

r v. { :,U):,il\<lt. ''■■] 
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i.e., the ranpni tiuie of II is proportion;!] to X nrnl, consequently, has the 
same sign. 

In addition to the opposite-signal systems there are a number of 
other binary systems which are of interest,  h'e will here mention two 
classes of systems--those with orthogonal signals and those with a passive 
i nterva1. 

In systems with orthogonal signals the functinns z ftl and z^(t) satisfv 

ic condition of orthogonal i tv in the interval fO,?-): 

T 

l/l ■■ [Iflt .'.'    < I H.S.it 

In this case it follows from expression ("".-Ml that P = P. + P-, - 2P 1 el.' 
Substituting this value in expression fS.-tl") we will find the error proba- 
bility in a system with orthogonal signals: 

./'■M 
' i'; i ( i^.S-ll 

Comparing expressions (.".S-n and {'~,4rO we mav nhserve that in order 
to obtain identical signal reception tn'obabi 1 i ti es in an orthogonal sx-ster1 

we must have a power i? times greater than in a system with opposite sig- 
nals.  It is advantageous to have P - P , to reduce renuired peal- i^ower, 

as well as to simplify the decision system. 

l-'xamples of simple orthogonal systems are the svstem with ^'^  phase 
keving with signa 1 s 

/ 

)l ( ^ . > > 1 

and the svstem with freduencv l.e\,inc (Ch') with siunals 

i ".r>hi 

Svstems with signals of the following types may also serve as example^ 
orthogonal svstems with an active internal: 

<'. it)       (I -'V l/M"i,f i .,1 : i/ i ■- l' .■•' ' : r.' 

-1 -i; 
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when 

.^hen 

MO 

.•.in 

iiC"-H-\ T) when " ^ <'/'.'-'. 
0 when 7 •_' /< /, 
0 when (i< r'•; / '_', 

(ii-its(u,/ I f| 'when Tl'K.1 <_'!', 

iao^it^.j | -ri when ()<i</"J, 

i,,/c,..(u..oi/ : r) 
when y j < / < /. 

f ,/c.r.i/,'.^ / ■ r) when n ■•/ < / .'. 

1 (; I-'IH''',",.' : fl when /_'■/■ /, 

fv.SSl 

(^.r-'.'i 

•\? many such exmnnlcs as tletired could be piven. 

As is apparent from (3.'-;4), the error nrnhahi 1 i t ies for all the 
systems given here are the same, provided that the average power of" the 
incoming signals and \\\o  duration T of the signal elements are also iden- 
tical and if reception occurs with an identical lex-el of white noise.  ^omc 
of the systems listed have an advantage over others with resnect to the 
peak signal power required. These are systems (3.SSI, (S.SfO, and f.N.S'1!, 
whose peak factor is unity.  Various additional considerations, some of" 
which will he discussed helow, prompt us to prefer one or another of these 
systems in various specific cases. 

Systems with a passive interval are a particular case of orthogonal 
systems,  "ne of the signals, e g., z (tl, mav he any time function, and 

vn ii. It   is apparent  that  here the condition   for orthogonalitv   (5.031 

is  fulfilled  and  the proK'^ility  of  error   \-:  defined  by expression   (3,S41, 
It  must,   however,   he borne   in mind  that   in  this  case  P    =   >\\   +  \\) '?.   - s    1   ; 
= P,/-1, i.e., the power of signal z.ftl must he cwice as great as the signal 

power in the equivalent orthogonal system with an active interval. 

■\n example of a system with a passive interval is the simple svstem 
with nultiple keying (All and signals 

«MM  0 
('.hfM 

Let us ohscrve that the error probabilitv in coherent reception for 
any binary system mav, in conformity with expression n.-lH, be written as 

/' -., [I -h.'/ol (3.c.n 

where  coefficient   •■   depends  on  the  scalar product   of  the  signals   and   i ^ 
equüI   to 
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'        Vrr    ('    ^^fv.')-:'^)'. 
f^.f.lal 

foefficicnt  ^  mav t'lkc values  from roro   (WIUMI  :.   -  n_"l   tn  >.'  (when 
i 2 

a,  =  -:,).     WIUMI  -i   =  (i  the prohahilitv  <1t   rrror,   as   sluuiM  be exnect o.!, 

is  'Hiual   to   I/2 ami  the carrying cat^acitN- of the Liianm-l   in .iccunlanco 
witl    (2.28")   is  equal   to   zero.     In  actual   fact,   sijjnaH   in   tMs   case   ire 
indistinguishable  oven when  tliere   is  no   i ntorferrru-c.     I;nr orthoyotn I 
svstoms   .   =   I . 

The probability of"  correct   recertinn  of a   svmbol   i",i\   be e.xiires^eij   a«-: 

I      /' IM .»nj 1 " . '   I l> i 

igure   >.in  shows   t'u-  ilepeiuience  o\   p    ai  h    i^    'i lenflineil   ''i .MTlil I .1 

(3.Ml. 

Fiqure 1.10.  frror Probability 
with Toherent Peceptinr in 

Ri ncirv Sys t ems . 

3.5.  Frror Probabilities and Potential "esist-mee to 
Code Base m  ? 

Int,.. i, 

It" a code with base rn  2 is used t1'',' 'ft i nur dec 

expression (5.2S") or (3,2"1 (depending on v«hether the 

signals variants is equal"! remain in force.  \n error 
y occurs in cases where inequalitv ".2^1 or   ^.2"') i 

at least one of the values of subscrit't r. 

•lu.it as in the binarv case, i» is convenient here 
rical interpretation, regarding the possible incomim1 

in a B-dimensional suacc with coordinates  i , ,  , .  ! 
n  rl 

every time that a point representing received sipnal - 

point z.Ct) representing the signal which actually arr 

any other point : ' t "I . 
r 

i s i -n 
^owe i" 

i ri re 
s not 

of ill 

;e i • : m' 
fu!'iI ed 'T 

to  II 
s i »;n.i 

rrors 

' f ' i 

ive.! r 

•M \  I 

will 

1, .n  ■ 

i,e(>pet 

'ccur '-ere 

her •'i\'>'r 
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active   interval   arc-   a  particular   ; i-;c  of ein;i'li «t ant   r\^»,.-^_ 

Let  us  cpttipute  the  prohaMljtv  of correct   recrpti.->n   tor  an  orthi>i.'ona 1 
system with  an  active   interval   with  an i^ptinun liecisior   ^^^ter.     ^rv"   ill 
irthognnal   ^s-^tens  with  an  ai.ti\e   inter\M]   at    i  piven  «icnal   powi-r are 
isomornh'c,   let   us  select    i   -irrle   ;\^,;,r' wit*'   '>einiencv  levi-u1  w' ich  con- 
tains  signals 
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an   example  of a biorthogonal    ■■'.tern with   an   aet'.ve   interval 
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The  b icrrtliogonal   system's  probabilit)    ;f jorrec*   recepiio 
)v  analoiiv with   formula   (3.05     is , 

Vr-, 11 ;■(...] 

- _. i"   i -'.■; i./.' 

Hi: j probabilit\' of correct reception is less than for an equidistant 
system with the same values of a and it.  The biorthogonal "-ystems, however, 
wake it possible? to obtain a given value of m with a smaller signal base than 
do the equidistant systems.  This is sometimes an advantage. 

Another example of a nonequidi stant  ystem is a phase kevini; iR 
svstem; 
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I n  this  system,   rcgnriilcss  of" m,   t!io base   is  pqu;il   to  f  and  the signals 
mav  hv  roprosontpil  h\   vectors  nn. a  iilano.     Mien m  =   2 ami m =   ^  this  svsten 
is  equiilistant   (for ir  =  .^  its  Ronmctric  roproscntat i on   is  piven   in  i ipure 
.^.llal   atul when m  -   1   it   is M orthogonal .    Thoroforo,   for those values of 
in  the prohnhility of correct   reception  can be  fourul   from  formulas   f^.^lbl, 
(.■^.fiSI   anil   [^."Hl   respect i \el>'.     ^peci f icnl Iv,   for m = -l   from   (^."01  wo 
maN-  easilv obtain  In-  a  substitution  of variables 

1ft    -    I \ '■' 1 lXP 
in 

n.-dai 

1"V +'L j i'vl-'v-J'-7'.     1 ['(-':■('');' 

In the general case it follows from decision principle n.2-n that in a 
system with a matched filter a decision that signal: ft") was transmitted must he 

reached if the initial phase of the voltapc at the output of the filter is 
w'thlr. the limits from f?r - Ä1"/m to (2r - IV- m.  \n error occurs if the 
phase lies outside these limits. \Xy  using as a probability distribution 
phases of a sinusoidal signal with gaussian noise [201, we can compute the 
probabi 1 i ty: 

where \( v, ,/) 

P   I ' -l' fl'2/1 sin r ^- ' - 
FT -  V      '" J      '" 

■- 2V(\ l.'/isin ■'- ,  ^'.'/lors r Y 
I        m in j 

u 
- - I     I ■ „■ 

]   f I',■    is a Nicholson tabulated function. 

(."."lal 

Kith   large values  of m and  h  the  following  evaluation   is  quite accurate: 

FT 
,|, '   !/• 'JMtl (Vlbl 

(ienerallv speaking, with an increase in the base of code m, if the 
power of the signa ami the spectral density of the noise remain un- 

changed, the probabilitv of correct reception of an element decreases,  If 
the power of the signal and the rate of information transmission remain the 
same fin this case T and consequently lv , increase proportionalIv to lop ml, 
the equivalent probabilitv of correct reception mav increase.  An example 
of this is provided by the comparison of orthogonal systems with m = 2 and 
m = 32 provided in [ 1]. 
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3.6, Decision   Svstem   -"id   Resistance   to   Interference 

In  the prcccdinp  sections   it  was  assumed  that  the  additive   inter- 
ference was  normal  white  noise.     Let  us  see how the  finding;  change   if the 
interference   is  normal,   as  before,  but  not  white. 

The problem of choosing the  optimum decision  svstem and   figuring  the 
probabilitv  of correct   for   incorrect!   svmbol   reception   in  normal   noise 
with  a nonuniform spectrum mav be  reduced to an analogous problem with 
white noise by using the  followinc method which was  first  proposed  M- 

V.   A.   Kotel 'n'ikov   Ml . 

The problem of designing  the  optimum decision  svstem'   [optimum  re- 
ceiver!   with any given  signal  pfrrameters  has been  solved   in  the  case  of 
white  noise   (see Section   ."..^"1,     N'ow  let   a   sipnal  plus  normal   noise  with  a 
spectral   power density of C(.]   be present  at  receiver   innut.     If this mix- 
ture  of signal   and noise   is passed  through  line  filter   '     with   frequencv 

characteristic   ; (i.. 1   satisfying with  ncouracv  to a  constant   factor  the 
condi t i on 

i"1""'^,-,, r: 

the noise at the filter output will remain normal fsince filter '  is 

linear!, but will prove to be white (since its power spectrum will i»e 
(■L! ' ' (i,..! '• = 1!. he signals at the output of filter '  will, of course, 

be different from the signals at its innut.  ^ince we know the expected 
signals " (t! , - (,t! , . . . ,;: (t! at filter input, however, and we determine 

1    ..        m 
filter characteristics : ('; .! , we can find signals * ''t! , n J t! , . . . , r ft! 

In 
at the output of fflter '..  let us observe that condition (."."1! defines 

only the modulus of the frenuencv characteristic of filter '■   ,   while its 

phase characteristic may be chosen at will. The physical feasibility of 
such a "whitening" filter is assured if the spectral power densitv (", C.! 
satisfies certain conditions- , in particular, if it does not take on the 
values of -cro or irfin'tv in a finite segment of frc mencies ,. . 

Let us now connect the output of filter :  to the optimum decision 

1 Althouph the present chapter deals with optimum decision svstems prin- 
cipally from the angle of the maximal likelihood criterion the following 
discussion holds true for any criterion of ontimnlitv. 
■The conditions for the rea1irabi1ity of filter '  coincide with those 

under which the noise with power spectrum, ('f.! is indeterminate and these 
conditions are always fulfilled in practice [3], 
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system PC designed for the new set of signals iftl received ai'ainst a hack- 

ground of white noise (figure 3.12a). U'e will demonstrate that the combina- 
tion of filter 1  and decision system IT  is the optimum decision svstem 

for signals :(tl received against a given background of colored noise. 

Let us assume that our statement is untrue. Then there must exist 
some other decision svstem IT- which better satisfies the criterion of op- 

.et us connect two niters timality than the system shown in figure ?.12n. 
in series to decision system IV,, i nput - - f i 1 ter I whicti was mentioned above 

with frequency characteristic ;(i.l and filter :., with frequency character- 

istic 1 ! (j-)/; (j"') . (figure 3.13b)1.  Since the series connected filters 
:  and ; _, do not change the signal and interference entering them, the svs- 

tem of figure 3.12h is entirely equivalent to decision svstem IT.,, l\hite 

noise and signals of :(tl are present at the output oF filter I.,  Therefore 

that part of the figure 3.12b system contained in the broken line mav lie re- 
garded as the decision system which signals z(t"i arrive against a background 
of wh i te noi sc. 

'/Cffc/j  r 1 

Kill    ~~]H'>1 

a) 

CM 
'/CM r 

I 1 I 1 
I J 

—V 

zmj        lift) 

i ) 
L. 

J i 
_ J 

b) 

Figure 3.'2.  Decision System with Gaussian 
Noise and Nonuniform Spectrum. 

According to the assumption made the decision svstem IT,, satisfies the 

criterion of optimality for signals z(tl against a background of white noise 
better than does the system of figure 3.]2a.  Hence, correct decisions will 
be found more often at the output of the figure 3.12b svstem that at the 
output of the figure 3.12a system.  If this is so, the part of the svstem 

^Physical reali:ahi1ity of filter :0 is not required here, since this 

filter is needed only for the line of reasoning being pursued.  It is alone 
sufficient that series connection of filter :., and decision svstem ?t\ 

be physically realizable [19].  It may he proved that this condition is 
always fulfilled if signals z(t)   are of finite duration and power. 

-is: 
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in l-'igurc 3.12b within the broken line better satisfies the criterion o'" 
optimality for signals z(t)   against a background of white noise than does 
decision svstem IT Uit this contradicts the condition according to 

which PC  is the optimum decision system for signals z(t)   with white noise, 

This contradiction proves that the Figure 3.12a system is the optimum deci- 
sion system for the initial z(t)   signals received, against a background of 
normal noise with power spectrum (".(.l. 

A question is often raised as to the case in which maximum probabi- 
lity of reception of given signals will be higher—with white noise or 
with noise of the same strength but with a nonuniforin spectrum.  In the 
form stated this question is not definite enough, since how to compare 
noise intensity is not indicated.  It is impossible to compare white and 
colored noise at full power because the power of ideal white noise is in- 
finite.  Ulien they are compared with respect to spectral density the fre- 
quency at which it is measured must be indicated. 

The author of work \9]   examines the maximum interference resistance 
of simple signals with noise of a symmetrical frequency characteristic 
having a single maximum at the average signal frequency where the spectral 
density is also measured.  Here it is not the maximum probability of cor- 
rect signal reception characterizing potential interference resistance and 
realizable in an optimum decision svstem (e.g., that of figure 3.12a\ 
which is computed, but the error probability which may be obtained by usi 
a system which is optimal for white noise (i.e., without use of a "whiten 
filter).  It is apparent that the thus computed probability of correct re 
ception will, generally speaking, be less than maximum.  Nevertheless, it 
is larger than with white noise and monotonica11y increases as the effect 
width of the interference spectrum is narrowed. 

ng 
i nc' 

i ve 

It appears that even with any normal noise frequency characteristic 
the probability of correct reception of given signals will be no less than 
with white noise, if thf comparison is made with respect to the same 
values of maximum spectral density. 

It musX be emphasized that these findings are true in the case where 
the noise has a nonuniform spectrum at the very input of the receiving de- 
vice where the signals have given shape zft'l.  The relationships will be 
absolutely different if the noise spectrum becomes nonuniform because of 
having passed through a circuit with a nonuniform frequencv characteristic 
connected between the receiver input and the decision svstem.  Here it is 
obvious that even a signal passing through the selective circuit will change 
its shape, so that noise of irregular frequency characteristic and modi- 
fied z(t)   signals will be present at the output of the circuit. 

Of course, such a selective circuit is unnecessary with regard to pro- 
tection against fluctuation interference.  The optimum decision system with 
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white noise mny, -is shown above, contains no line filters at all ffor 
example, Figures 5.2, .>..", 3.S, etc.! Nevertheless, in practical receiver 
circuits frequency selectivity is always provided for two reason1-.  First, 
as will be shown in Chapter VIM, frequency selectivity is often needed 
for protection against lumpet, noise.  Second, even if there were onlv fluc- 
tuation interference its power in the absence of frequency selectivity 
could become so jr-eat that nonlinear phenomena would begin to oxen a dis- 
turbing effect on the operation of the decision svstem. 

6M 
2(t) 

FSC ^f) 
'AM 

z(t) 
PC, h 

tn-f    in^f   t=^A 

a) 

G(u.'} 

2it) FSC z(t)   Non-opt 

—LILT 

b) 

Figure 3.13.  Pecisinn Svstem with Freauency- 
Selectinq Circuit [FSC] at Input. 

In conformity with the above finding the optimum method of reception 
in this case amounts to feeding the signal and noise which have passed 
through the frequency-selecting circuit to filter :  to convert the noise 

into white noise and then in feeding it to decision system FC  (''inure 

S.l.ial.  Rut it is easy to ^ee that :  is a filter with frequency charac- 

teristics opposite to that of the selective circuit.  Therefore at the out- 
nut of filter .'. will be signals of the original shape rft'i against a back- 

ground of white noise, anil the decision system will operate iust as if there 
were no selective circuits in the receiver,  ransequently, the maxinnim pro- 
liability of correct reception (potential interference resistancel does not 
change if the signal together with the interference is passed through a 
reversible frequency-selecting circuit.1 

■This result is, of course, also true for any reversible circuit, including 
a nonlinear one.  Hence it also follows that the carrying capacity of the 
channel does not change when any reversible circuit is connected into it 
after the interference sources. 
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fhc system in I'iiiurc .^.l.^a cannot, lunvevor, or.linarilv he 
practice,  IT.o situation is that the empl ovnont of a frtHiuencv 
circuit in the receiving unit pursvics the definite aims which 
ahove.  I'lie inclusion of filter ■  hchiml tive selective cii'cui 

i« ecjuivalent to canceling frequencv select ivi t)'.  I'herel'ore i 
to the system in I iRure .'.l^a is to  he used that in ! igure .^.1 
after the selective circuit the signal plus interference enter 
svsten contain.in' no filter ami not disturhini1 the freuuem 

introduced. hut since such a decision system differs from th.i 
'. ! 3,1 it is no longer optimum. Therefore, the use of linear s 
cults be'.ore ttie decision system should increase the prohnhil 
caused hy fluctuation interference (in particular, white noise 
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The immediate factors causinp the rise in proha>ility of error in *h 
case are, first, depressed signal power (from suppression of a portion 
of the signal spectrum in the selective circuit^ and, second, expansion ■ * 
the signal in tinie during transit through the selective circuit.  The 
second reason plavs the greater role and is the reason that reception of 
a given signal is disturbed not only by fluctuation interference, but 11 •- 
hy the noise resulting fr^m transient processes in the selective circuit 
which were in turn provoked by the preceding elements of the signal. 

In order that a linear selective cin.uit in the receiver not result 
in perceptible increase in error probability, the requirement must ob- 
viously be made that its effective passband be of adeauate si:e in com- 
parison with the effective width of the signal spectrum and that the 
transient processes in the prescribed passband be damped as quicklv as 
possible.  This last requirement is known to be met if the resonance 
response diagram of the selective circuit is close to waussian fbcll- 
shapedj [9],     If the effective pas^hand of a gaussian filter exceeds 
1- + fi/T to T + 10/T, where i: is the conditional frequency hand occupied 
by the signal (3.41 and T is the duration "»f a signal element, then, as 
many examples show, it is possible to ignore the decrease in signal power 
and the effects of transient processes.  By using such a filter a« a 
selecting circuit, it is possible to not consider it in calculating the 
prohabi1 rTv of errors caused bv fluctuation interference. 

'It shou 
t ive fi 1 
passband 
to noi se 
optimum 
that the 
the tran 
t imality 
consider 
damp. 

be observed that so-called "quasi-optimum" filters or selec- 
tors with a given characteristic performance curve and optimum 
determined with regard to obtaining the maximum signal voltage 
voltage ratio (e.g., see [IP]! :annot serve as examples of 
selective circuits in the case under consideration. The fact is 
passband of a quasi-optimum filter is chosen without regard to 
sient processes caused by the preceding elements and that its op- 
occurs only during reception of single pulses separated in- 

able intervals during which the transient processes have time to 
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the  "uh i t on IHR"   t"i 1 T r r   '■ .   ^hown   in  ' : .MU-C   '. 1 .\I ,    in '   t'i ! ror i'' ,   r.it i-'ii  ! 

uith  siRn.il   ■"■.U"'   whii'h   i *;  rocoivcd  .i^.-iinst   a  IMCJ crotinil  nt' w'nto  tiiM^c, 

be ronncotci!   in  «HM-ir^.     I'hoy c:\r\  be  ron1? idrm1  to  ho  one   filter riK'M-1 

uith  ^i^n.il   n   ft 1   muter cnnilt t ion«,  nt"  raus^ian  noi^e uith  a  n'Miun i I'orp 

»jpeot run   [V i Riire  .'.131. 

If   '.(}   1   i •;   the   ''retviervn-  cliaract er i ^t i c   itran^fer  funcMnrTi   '■',   'i' 
ter   ',   and  ^ . ^ i   1   i ^   the  onnplex  «st'eotr.il   den^itv  of signal   ^.'',,   fhiM' 

«;pi'iM rn I   den   i tv  "f >;ii;nal    ' .'f"1   at   tho  nntput   of  t'i I ter   '     ha' 
1   •    ' ( i . 1   ^   i i   1 .     \  filter matchei!  uith   r   IX^   nn.'er contii'i 'ti-.    ■• r . ,. -. ,. 

.-i;«;-  T^.-JCO  nil?!   ha\r,   rrrconUnp  to   i".'."'"!,   a  transfer  ftmotioi    >'' 

''•   ■  <erie«;    'onnecti   r  of   filter   '     :in<i   the   filter matche'1  wit''   •   it'      ■ 
1 r 

•'■c   filter maivfun!  •.■ ' t''   ^i^nal   ;   (ti   when  there   i ^   interferenie  i • t'•  a 
r 

.  ,.ir.-  er,-''-!!   ilei'-i'v   'f i'(   V',   ha1'-   'he   f •> 1 1 ou i M:   transfer   futu't ; >n 

;,,    ] ;  .i,t      ,■      - _ - M 

h     I;.■!      ii 
(■ \i.. i 

I. ,.     •   ,■  |,ls j ,, >-     ('; ip ,-♦  j np atched   f i It er v'-er   fheri 
. i. •>.--:   fr,ir   ( ,.""   pn!\'   in   th.e nultitM 

I   Cf 11   i ?  determined   imar1, i c'lo'i'-'; v   ilthourh   function   '''    '   u1-'.-''   i-, i-; 
.<,.,i   ,n   the    !eri'',if':  -n   wa«    !rr ■■ rr j ne 1   onlv   hv   nodulut.      Ina^nu"''   a«   t1'«' 

■^iH'ctral    '.'"Mr     ■ •' n.'i^e  behind  ''"■  whitening  filter 

d   t '■"    fower   o*   '■ : rna i    :, i.t 1    i ^   ■•m: i 1   to 

K  ennaI   ■ '  or 

5 ■;:',: 

:''.('".   for   i  ''; r ~-.-<;te'" with   »ppi'^ite  «irnals  the  nro'^n1'! 1 i t \'  n*' 
he iletoriT^ined   ' •■  *   fo^^wla   ; ■'. l"'',   ^iil^t i tnt i nr   in   it 

.■'■■• M'   .■ in 

/ /if >\i «)"  . 

The  prii'  ihilitx'  ■.■o' ^rror  for other  ^vptein?   •an  ''<'  cornutod  siri lar! 
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Ihorc  \\.\*  hccr\  one  f>oint   on wliioh   .u'rrcr'rnt   is   I u'kinj'   i i^  .1! I   f^r 
;ilv", r  ili «;cus«5 ion.      \11   the  ilcr i ■ .it i^ns   imli «rutat'1 v  hoU  whon  ui-  ar«1 

tillini'  .it'out   Tin-   rocoprior  of  ,1   ••inclc   isnlaroi!   signal   olri»>ont,     lot 

tlvro I'O  rccci' .1    <C(MKMU"<-   Of"   rllTCtlf«: 
r 

( T 1     11 ■ • ll-»!    of 

■ IS I       ! Inration of"   I   anil wh irli,   t'loro^orc,   tlo  n^t   n\-orl ir   in  fire uhi.-h !i 
In  caso of vi'iirr  noise,    ill   the  wiriarions  of' droisinn  •;\-sT(>ni i'nns tilrj'cil 
Pfrmit   srfiratc  'iroco^^inc  ff each  si^nil   clcrvnr  wif'mut   mutual   linfor- 
I'lonontl   i ntorlVrrncp.     ^poci flea! Iv,    i<  was  notril,   tin-   i-cai-tion  o4' .1 
matclicil   filter  on  pnvcilinr   (^1 cmi'nt ■"■   fa.ics   corplot ol v  ,%\'   t'ir   instant   !>' 
roaiiinc  for  a  current   cloront. 

'he  situation   is  othorKisr' wlirn  f'irro   i 
i' 

ntrrtx1 rrn».-«'  . it1,   1  nonum 

'"vTP spectnim.     If sicnal   rlemonts 
r 

't1   ;!ii  mit   riifual]\   iiviTlap,   a*"t' 

•ii i enrnts ■c« nvortr«!  'M i\assai;o  tlinme'i   filter   '     '' ii:iiro   '.] :    tno  «ipna: 
(n 

it   :       (t1,    is   a   ruh',   are   stretchoil  mit    i". !   aro mutual !»■  overlanpi nr   f ■ 
r 

ore ilecree of ariot'i^r. In ot^er worJs .it t !ux instant of 1 voltarr rcai'i 
t ho voltace .i* the output of .1 filter -.% 1 • h a transfer function i".-^ iv i ' 
he  lieterrined   not   onU'  In-   the   last   s j ^11 11   elenent   received  l",it   '-v   1   sortr' 

t' rreccl i nf  elenents,   i.e.,   there will   occur   intereleront   int erferenco, 
if'creasinc   'sometitres  very  sj nni fi cant ! ■■     the  prohai-'i 1 i t \   'if error. 

; f i 
t'''refice  '' 

'.es 1 en t nj;    i   coririin i .'at i -m   s^■ 
: s   1 nown  ahrvu!  of   t ine,   it 

■   • '<(■'   ■■t,oi-t f.i!   .'ens 1 • \   ,-.•    1 nt i-'- 
nossj'^le   to   ''orr  sj Zivils   -   tr 

such  t1',.)*   '"i    tr.'inmformeii   sitjna!' 0  not   mit iH'er 1 i- .      l'h i s   ,.■ 

t of  t'> •mi'! o , .1, ^IIC ■n^f' (r.■ he   t'o! Ii 
lurafi on , C    1 P.- T ransr:-! r ter  torres  solecteil  sicrai':   r   '♦     uif 

r 
'-rjuiini'!  then  ' c1  the  channel   thi»>    ire  sciu   thr.'iu'h    1  special   '    it er Kith   1 
rrnn^fer   function  P (t. ^ „   sn   selecteil  that     'Mi   "1 I'I   1.      ''he  signals 
:   ttl   recci\Til  at   r!io  nutput   ai'e  sent   to  the  channe1,      'in'ioi^lv,  l-\   tMssitn' 

throuijh   the whitening   filier 

irto nonoverl ai^pinp  s;j;n.-il"-   : 
o!" '.• h i f e  "o i pe , 

if the  receiver,   ''M'V  acain  an 

(r 1 CIl      I I'O     t'-'MT- 1 '■( a c.'i; I? st 

Nrv,,. »,. 

ad rroir-.! 

inne,' Onr   irnortant distinction in the transmission o<' POS; nites in 1 
with 1 nonun i f orr. interference sivot r-ir, in coptvarison with rl,o caso o*' 
white noise, should '-o stresseii.  Hith white noise the proKiM ? i t^ o* 
error -depend? on fhc rat in h hetween sijii,,-)! power and t!ie spectra] 'ensit 
of noise and on r!ie mutu.'l ratio of «ipnals which is cypj-ossod in 'he 'i'i 
CMs,e hv ooorficient ■• in formula '"..'li hut 'iocs not denen' on the "fine 
structure" of the signal.  Thus, with opposing ■-imaN fho nrohaM ! i fv ^ ■' 
error is expressed hy forwila '.". '.0 and with 1 nciwti •■ic''|l pov^er does n'M 
depend op i^s shape, spectrun, etc. 
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1 

I'll i s  proiuTtv   \ ■*  not   rctaincil iNifh  ,1  nonunif'nrn   i nf rrf ciciur  ^pivf iiir. 
In  tlii";  case  various  values  of li mav  «."orrpsponil  to  signals  uith  rlic  s.-imi' 

oh er ;>. / | I-**» 'i" ' rom (v"1 it is ain'arent that the larm'st li i 

vi ded bv 
from rcr 
t'-Ul is 
trivial, 
t ima1 si 
no such 
.•reasr i 
t'rcquenc 
! e s ^ \» i 1 
1imi tat i 
;ncreasi 
i method 

those signals for which the moihiliis of spectral ilensi 
0 on IN-

 in that hand of ^retjuencies where the spectral 
sufficiently small.  This conclusion, incidentalIv, i^ 

\ more detailed theory permits dctermini m; the shape 
unal dependinj; on i"!.1 if it exists f^l.  In some case 
optimal signal.  thus, if i'( ^ ilecreases monotoni cal h' 
n frequencv (a rather freuuent event"), ot'vi ouslv, t'u* 
>■ r.in>;e in which most of the «ijjnal enerj'v i <; ccmcentr 
1 He the nroKih i I i t v of error. I'suallv, however, adtM 
ons are imtH>sed on the ranße of freipiencies used U'IIC'' 

n^; tlie lesistance to interference a^ much as desired t 

! v di f 
noi se 
rathe 
(>f an 

s ther 
with 

u i i'her 
tted , 

t 1 "11.1 1 
d. no 

h t'out'h 

fers 
den«iT v 
r 
np- 

v i s 
an i n - 
the 

the 

t i'ermi t 
sue11 

7.7.  Carrvinq Capacitv of Constant Parameter Channel with Additive Noise 

let us compute the carrying capacity of the channel in c|uestion.  I'o 
define the carrying capacity we must first of all come to agreement ahout 
the restrictions imposed on the signal.  It i >; post natural t i limit 
the average tunwer of the incoming signal and its 'MSO.  let u; then fore 
first calculate the carrving capacity of a channel in which s.ijnals "*" 
power I' and element duration T mav he transmitted with given haso I* : JI'T, s 
if white noise of spectral density   is assumed to accompanv the signal. 
We impose no restrictions on m, the code 'vise, 

I very signal over time I' mav V represented hv a finite 'ourier series 
(.3.21 in which JIT coefficients are not identically euual to zero.  I'hc in- 
formation carried hy a signal is confined in the values of these coeffi- 
cients, each of which hears its share of the information.  If the value« 
of the individual coefficients are statisticalIv independent, then the w'.ole 
quantity of information in the signal is the sum of the partial nuantities 
of information carried hy each coefficient.  Statistical dependence be- 
tween these coefficients can hy its presence only decrease the total amoun' 
of i nformati on. 

To find the carrying capacity we must determine the signal structure 
which provides the maximum transmittahle information.  Therefore, we must 
assume that all the I'ourier coefficients are statisticallv independent 
random variables.  Signal power must he somehow distributed among the 
I'ourier coefficients.  Let us suppose that this distribution lias been per- 

i  -> 

formed in such a way tha the powers1 

respect i\elv: 
-, ,.\  fal 1 to the lot of a  h , 

'since a, , b, are random quantities (determined by signal selection in the 
K  k .,    ., 

transmitting unit! the powers '- ,  •" represent the mathematical expec- 
a K a K ^-       ^■ 

tations  of the  squares  of  these  coefficients--a"     h~. 
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The  number of terms   ,M  thH   suw   is   - i'•  ,   -   \     •   M 

thl., maximum ciuantitv of  informat »i'n t i.m^mi: T-H'  CUIT  tsn1 

I .  T     M       f T.' 

efficient   a.   with  povvor   ■   , ,   anJ   then   let   n^   i'rr'-rri"!   l,nu   '■<><?   t      IP 

Tritnitc the highest   total   rate iM'  itif^rmat inn  tran^sri s<i'>Ti.  w1' ■' ,    ■' 
viouslv,  will   ei|iial   r?\e  channr!   oarryinj;  capacitv uivler   rHi-   iMvcn  CIMII 

t i ons. 

rh"?  (irantitv  of   informat»   n  i-ontaineJ   in   ranJnrn \ 

l-ourier coefficient  of the  received  signal)  with   rc-rc. '   • 
a.    (the  (ourier  coefficient   of  the  t ran^mi t f ^i'   signal     r«v 

• 'v the different  entropy  fron   formula   (l..""!- 

But   \,   =  a.   *   t       from which   it   is  e;isv  to  sho^»   that 

h{A  |a )    /"„ ) 

rar-l   r   ■   .r. i'>!. 

Actually,   the  conditional   prcha'u ! i t ies  of  eettini1   i   ri ,'i nit ; ' 
\    when  the  transmitted quantity  a     is  shnwri  are  not'-int:  eNe ''tit   'He  pn - 

hahility of  additive   interference snd   since  entrotn    i •;   in i ;'ie!.   ,!■-•■■' 

mined hy the jirohahility di s-tri'mt ion,   '"ror  thi'-   follow1;   (","'■   . 

The  first   point  of our planned nropram   is   fhtM-i'foi-e   fulfillei  u\ 
finding  the  maximum possible  vahie  of  the  variaMe 

lr[ 1». </«!     In 1,1     lniK\ •■-."" 

I'l.i magnitude hfi.l is determined by interference in! ilo<v« Mi't ,!.-• ■•■i : 

on the signal.  Therefore, the problem reduces to findini: tbr -.ix ■-u;-! di i - 
fcrential entropy of received signal hf-V. 1.  The power ot \  ''", i Mi^ ;■. 

the sum of _the power of a  and •.,   since these ratrnitudes ire ^tati-'i -a' ' v 
i ndependent. 

In information tfuory it is proved fe.g., finll that wi'h i üi\en 
dispersion of a random variable the greatest differential entroev is se- 
cured when its probabilities are normally distributed.  Conseuuentlv 
' .(\. ,a,) has the greatest value if \    -  a. i, i s a random auant i • \- wit h 

normal probahilitv distribution.  Since r, has normal distrihution, i' is 

necessary and sufficient that a, also have normal distribution, 

lip until now we haw examined only discrete collections o*' sienals, 
and a  is, generally speaking, a discrete random variable, the number o<" 

15!)- 
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wm~*r~^v^ 

• j  lu-   r-.'.jchod when   .ill   thi -<■   .Mr i .i!-!•■ ■   .nr  fqu.il   lo  •■!>.;■     •hrr.      In-pi-t 
\'.\v  co"..lition   for  ol^t .IIP. uii;   i  ma x i mum   i^.^l     i<       . ,        .••    ;,  v^hr-u 

2Pk 

Sub-i t 11 ',it i IU;   t h ; •   rf-ul t    in   i i. sO )   :uul   t .ik i tiii   11,' >■   ,1. 

!    iru!   H       :i i ,   .>•.■ 

j   "S 

Icri-   1      -     II    i->   noi^i'   PJUI-I    in   t rtOuoiKV   IM; 
i) 0 

Tlu'    '.i rr\'i iii;  capacits'  ot'  Mu-   cliair'A'1   i 

r   / 

( .' 

Ihr   formula   k-rivi-vi  coi'u'iJi ■      ::~y' ■■: v'r-' \-   ''-.   '■'  i,■■,  ■.' 
^prc-si 'ii   for   tlu-   can-'iiii;  iapac;t>   .i;    i   c'-. if.i".'i   .%, t;    K

1
.   •■ 

anmg   .-   >omo^hat   Ji ffm-T! .      ii-.anrr:".     'i.lu'i   i   ,•,.•.■■ ,   ■■■■ 
f only  a   limitml  «pi'j'rum   ; •)   i  !-.rul  üi' ^ulth   ■ .     !li v ,   ': iV' 

•i<r.\  To  mean   ' !ir   J^LVIMT ; fjnal   ''  iv.A  oi   i'rv-v.u-vc \r-    !■ i ■ :■■ 
' ourier  coof f: '; c-.t -   .»h i J',   if    "Ot    ulfii! i    ill       ■,iil   ' 

rivi'd   rluis   r'.'f'rr<   to   .i   -i^n.i!   .%!i .-c     i1'    " r'ir.   ;-     '• .' 
t-nso.      I:i.!ot.'J,   '■   'h   -ut'f i ^ i cat 1 y   l.ir.,',i.'   '-'.i'. >>-.   n: i., 

;-   L,!.''-!!!   riii1  J i iforotK't'  K't-.Mvn   tin-   -i.'.nal        \r'.,-;-  ;     • .■■ 
11 >   mav  Df  "iadf  a-   <na ll   a- VA . 

Let   'is   not.   Jis   ard   ''.f   -1 ipul at lor.   th 
•ominut'  wiiat   i."a.rrviai>   VM:\K;:.-  a   .-iiaiiat 1    - 

• i. 

i : 

!■")- i ty      "   i.a - ,    if   ■ , .Mia !   p 

from  .'xpro < i on     v, -, i )   and 
: ^ c '. - ,   as   !    L'iian .;■•   ,    - i ri^i- 

wr i t r   i.'xpn.'--- .in      ] .^ \ '   A ■ 

liit 

ct!!r   ' 

r:\.is , ■-■)■"    i i.      i 

:; )1    d-;ivTu!    '■: 

C-- /-'In 'l   •■/■ 
'   » t i 

:■    1: j ! 

• t   : •   '1     ^ 

•  I-     ! 

- 1 

It    is  easy   to   -at i   t >■   aur-'C I'."t-s   that   a--   1    . :i. rci ■•,-,   /irf. .••,•.   . 
IUHM.'--,    i:'d  tliat   as   I    •     ,   .Mrr/ins;   .■.irac.t"   tt-iids   Ji-^ari   ti.'    val 

t. 
P,       i.-.: ■. ■>    r.l 

<: >' HI 

l\ it!;  use   of  tiu-   symbo \   \\~   ■   V 

write   the   result   a! -u   in   t!;is  V.AV- 

wr. i ch   ..a-    : nt mdu '■  J   In t ,i r:-, 

(:..- K'r. 

- i'.i 



•M^^^V-^^MI 

rinure   ^.1''.     neppnHence  of 
'"ttrvlrif)    r,i;'<1citV    on    ",1 I ue    n f 

font! I t ior>,i!   rrpouencv   R.r^1    v( 

^ i q'l.i I . 

i^'iro   3.1!   ^IIO'A«   ''.I'U   i.Mrr>'i Hü  tMivu" i t v  i'   i"i»-i<    i'-   c M-^'i r i n , :   ' r 

i tu' ro.i^'.";   i !■   .u-.-.>i'.! inco  u i 

r\'i in;  ^n,K-it\-   re u-'u-.i  ""''    'f   :t^  r.ixir'i 

• i      •   w-r.u!   I        T'. c-!  |1 .        I '.ell    U'lc" 

.iiiii   r i ^o«   vi rv 

i'l'i-c   it    is iiscftil   to  nv.i I 1   fie  ccniine  r'ifiirrr   '^c-rinn   1.^'   u1-..-1, 

cxrl r'-s   t !u'    u'tunl   niiMii: m'   ^,   t'lr  Lonoopt   l,•' '\";irr\'i TIL'   ^,iiM^it\"    in.!   t > 
k; t ■. i'   r'^f''.c ;■  t'o rr.nl .'it i 'ii   to   tlu' t'rovi'J   rrlat ii^sh ii>«;   i".<.i>   uij1   i^.^"1. 
V^s'ini'  th.it   in  the  .■'i.rnncl   iimlor ili^ctissinn   it   i<  t,''^<:, lo  to  transit   .itn1 

■> i kita ! s   'i.r.ir.i;   in  .\-: :<r.^\r-\   freqnoi i."\-  !\inil  of" '   ami   in   a\i»rai;c   f'^pi-   ' r 
',"'   n-ccMN'or   intuit"!   not   excccvline  !l   .     hi-  uill    is^ign   various  \.ilni-<   ti 

''ir.it i •■:! i1! < i gna 1 ! n>. 
uit1- sone rulfs '-v nthrr 
signal«:   sat i sf'vi ns;  rhc  con lit ion-;   inro^iM 

m\\)     J" r 

wl'.frc  I1'   is    i   c.'rt a i n   t; i VIMI   : .\ luc . 

i>i-  oac!      ''  riicr  i\0  uill   con^Tnk't    in  ai.vor.!atvo 
as   vrt  not   ilef"inoi!"i   a   finitr  ^ot   oonta i ni n.y ml1 

•.hoi-   rh: ono 

I;'   i   ^ortai?1   source  uir'.  a   t'ix'vl   iMtc  h.a<   i  product iv it v ol' |:'   n.itural 
,.., j.^  .,tM.  ^(V-T. !,   thr  tmr'M'f   >*" .'it^oront   rv^.u'''^  "f i'uration   '   \%'iK"h  thr 
s.'iircc   car   o^.i t   u: rl'.    i   t -tal   r^ro'-.i'M ! i ty   i--   .-lo^o   to  aiiit\    i^   .lo^irotl  with 

i   su t!" i c u'iir! \   !.i r t".'   '   \ ~   iMiia i   to 

ii"'r IT   vi-i 

I hon,   in   ligh ■\     : ;    S(> iMe   to   conviro   nno   ot'  rho r,   ■•. iyraH   uit' 
o ic1'.  ni'  th''  nos^u:o>;    >1   *ho   ^ourco   f'or  tran^ri << ion    '\or   t'T  channel. 
Shannon's   thd^rer a«st>rts   that   w i ' h  a  froper  «cU'Cf i on  n?'  sirnaH   the  vr- 

■cept ion s u c I ha'^i 1 i t v "♦'  corro  * 
n   if  the  value  of   I   is   sufficiently  Rroat   and  !''       i 

formula   f'.^-la"1   the   latter   condition  can  ^e w?-i'ton   as: 

ir.nal   can   he   les     than   anv   ijix'en 
! 'i   li ri't   of 

//-'/ li/i   :     ft   \ i   \ natural   uni ts/'sec ( -   ^^^ 

or 

a >vv ,,■■'■"__,, ;' s   ^ 'i) 

J(.J- 



mmmm^^^mmmm ■w^w '"- "'"    "     '^^^^^''■■^^    ■IWII|lJ|IIIUIWJI.Jf  yf 11111       |   W^fl'U-'l^l..!  llllll-HII  ,1MPLI...BI  llip^^J.-'.^    ■■■TIT-.AI.V"'Pf» 

lor  that   cisr UIUMI   the  t'rccjucncy  K-imi  I'   is  unl imi ttnl,   this  cnmlition 
hecomes 

ir<i\\ i ~  nni 

r. >%»//' 

he will   discuss   selection of sipnals  with  a   iji.'on   ' .     I i-om  tho  ntnot" 
iMvcn  ahove   it   is  arpni'enr   that   they  can  ho iletemined  in- pprformini'   .'m1 I 
i lulciHMiiicnr   random selections of l:ourier coefficients   in iircordance with 
the normal   law of di stri'nit ion with  :ero mathetnat i cal   exnectation  and  a 
dispersion  equal   to   -V   '1'   -   r<T'T.     Mien   this   is   so,   it    is  tiossibte  onl\-   to 

s . 
assert   that   the mathematical   expectation  of  signal   jiowcr will   he enna 1   *o 
P   .     \s   far  as   the power  of  each   realization   is   concerned  and  even   t ,,•• 

iverai;e  power   for  a   finite  numher of tn  s(-lected   signals,   it   will   diffoi' 
from P     i n ei ther   1 i rect iiin. s 

The   followin;'   auostions   are  ot    ;p,-er'"^t.      Is   it   p.v;siMe   to  del'   .'■ 
strate   a   rectilar   ('not   connected  wit1,    i   random  select : on '   ru'thod  o1'  cn- 
struc^ine  mfTl   signals   posscssim1   th.e  proiner^v   '■'-a*   •■'■eri   conditii1!1     ' .^,'1 

or   i^.'^oi   is  net,   the  proKaM 1 i ty  of   incorrect   rocf^'t i ot1 will   appi'^ac1, 

zero with   incroasinr   1°    i"an  these  signals  he  sn  constructed   t'vit   •,,■■  "ove;' 
of each  of  them  does   not   exceed   P." 

1"   the  general   case   these tuie^tlons   >-eiTia i n  i^pe-n  hut   I 
hand    'f  frequencies  !    the   answer  t'o  ther  ■•\r-  ''e  a ;'f i rmat i \' 
it    is  pnssiHo   to  der.fir.strare  <e\-era!   methc'ds   .a   reru'.ar  c 
■aich   signals,   spoci f i cal ly ,   t^.vv  r:iv  form  a   -; i rr I ■ \   '■■■.,>•■•'' 
gonal   svstem.     Pv wax'  "f  evip-.^le  we  will   show   that   for   :    ; 

ll'T 
ot   '••  -   •,' ortl'.ogonal   signals  with   tlv   sire   -ivwer  ^t   !'     ! 

ii   ■ rr •■!•  with   i   snf f i c i ont I\-   larv«'   '   :-   les<   » h ir   anv   \\.   e 
rrr-.^er       if  the  conditi MI   I I

1
   •^.'i^'   is  "-et. 

in «! ! t ic r i c n 
• I'ona!   or  ort 

!''■ , 

'■ !("M I,   ,1. «rn i      ta MI   ' .>r   in  ort iiocot.a ! 

fined  '^y   f^mul-i   (ö.^_l.     IVrforming   the  chani'e  or vari .' !• 
we oK- ..ir 

i 
j 

f ■.' '.  !  M 

With a itivcn  we determine the number a so that 

\s ,, in easily He seen, ! . 1' i 'I'l/^/f-j m]^"'  '-.l ■ ■ i •-' 

tuncfir^n ot" v.  Piling into consideration also 'hat the intecrand in i^/'P 
is not nega r i' '

N
 , we nh r a i n 

Ib.v 
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1
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i 

1 

',  11   . -I'll   '".•      "'I l/" 

[1    ;   'I'U' ■''''       '"I 

', 11   ; 'IM/:/.-     "ilj 

i 

1     ' ' 
I i 

i i i 

I i ■■ 

(/'/ ;»* 

lltl 

[ , 11 i 'IM/:;/i    "' 

( " .'13 I 

1 rom  ..•onili t ion   l.".l,nl   it   f'^llov.'s   rh.it   r'icrc  exists  .i   svit't'i ci ent 1 v 
•.in.i 1 1   pi'sitivo  iviin.'nM'   ■   with  wliicli 

>vM/r ! ;-' 

;vo v. 11 lesisn.iTc   l /;       //' 

( S.'i-'. 

i,.  ulu-ro,   accnril i m;  to   (".''-li,   ■ 

('.nisiJorim:  tliat  Kv  J.cfinitinn  h   -   > 1' uo  have 

^ I 
V 

/ -' ■ 

(;j    .I'l/-'/>// 

lot   I.       a'    .v    .     I'l'iMi   ',ii   licht   of  flu'   fact   fiat   tin' Cramnc   t"uiictior 

•, uiil i -' ■ ; s!i ; r;-,   wi th  '! ' . 

'l'(/j ''i       oi ,>■,■ [ r ,>■,■ | i   -■' i// i -   <)-. 

• !■■ r"   tin-   M'   v. r    .--•.•■ii1! ; t u'   oxrinsimi   of  an   :nt"r,ra!   of   i^ro'iat-i 1 i t v   wit1 

nf'' i .■ i ■ iM ! \    '. at.''-   >: 

C rj,,; 

'I't v) > I 

■i" ■ .   f ". '.»TO ,   anil   ' " . [^i' .   K\v  oht M i ri 

■j,'./ i/;   ■ -i  I 

( " .''(> i 

^- 1      ("i      1) 

,> I       m 
,, '" • ■' 

i -■/ [II   ■ ■'I 

-l(,.l- 
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IVe will   i us (MT  m =  v 

<l > I 

It' 
riu-ii 

(,   'I 

he   last   iiuniualitv   fnllnu-    fror   ilp'   f.-K-t   t 

^otr:nv   I , n   . ur    t'i Ik!   t ':,! !    IV'HMI    I'        :•;.!>. f I' , , 

or i1 = :i!u;   11; i s   i H   what   wr  wan 

\  niori.'   t .'iiiri'tit'.';  analysis   ot'  i-xiwe^'-i-'i'   ■ ^.■' 
K.-ihiMtv   v!"  I.TI'IT  with   an   i r;.-iva < i nr.  'I   ain'roai''-"' »a' 
c ho  en1! f i c i out   i p  ! ho  i x^ono I,- or iala sc t     l   ! .II'. 

I'M    Oü'v.:--      ',■,'    t 

r.rr.'  t-xi !■ i  'i r . ■ i I . 

C  ami  whe-n  I!'   -  i"  In'coir.cs   r.om, 

rho   result   obtaimV!   shous   rhat   when ...... i ; ► 

ahvavs  yinssihlo   to  construct   a   comrani icat i (ii^    -v^'r iVi t >'    a" ''   r -ra I 
gnals,   selecting  values   for  n   am! is   t  ■   'or 'uci    I ransi, i i i 

as h i yh fidelitv as clesired, Mnt"'irtunaf^ 1\ , i; i . irnp-'ss ih h tti • rl\ 
this result Jirectly in practice iiiasmuc! ■ wit!; in increase' ;' • , j i. 
the first place, tlie decision ■•vstem heciane^ naich inoi-c compli ■> an.', in 'he 
second place, the accented froauency '" in ! ..ii'''i,-. \p. inTruho Ir1: n.,; "M i • : 
of ^xistin.i; communication systems ;re hinary, .I'thcur.1, ;hr i-.n-.s üM • ; ■,■ 
increasing reliability (Vith .i eiven 1!'; ''> incta-asiii; :' lias ].<],■ ic-cn 
known. 

lanploving  a  lMinr\   s\sten  i->e in;111 ^  us;nr   rj-.f  ■- 
Zysten'  and  ,i 1 1 ocrir i pi'   r he  las!   • ''   i ncrea   : nc.   f, ^ 
.'i s i on  svstem   fiioccider'i   hv  aivplving  a   .' iiua-ctini 
the   fact   r'-.at   even  a  cpmulox   lecolci',   ; [■.iS!|,nch 
euni orient ,   is   ^ir'pler  and  more   i''-1 i .i'-i ■'   ■ ^ ,•■    .     \-sifr 

1 f   "m ! ' ; p ' : > a--   with   i nt ■■,■ pa toy   whop   r   . •■   i a ;■ •(■. 

t 

Inasmuch   a--'   tiie   cavrvini;   cap.-i. i: 
coed   the  ca rrv i mi   zap P ; t ■.      !' .■.•■•■: 
i,( expect'  l   rhar   v r U a- i 

h'TO     i 
■pde rho carrvitii; "ap.ic T'.' yro.'ii 
ca;iac i t >■ M' n cfianne ' i v. wh : . ■ : 
iensitv  of  a^sumiiu'   that   th.c  pinvj'   'r  !h 

must   consist    if  a   sequonce  o*"  -l    -ea'';    ■ 
ip   the   ; •■■■•   pos ? i I'lo  wav   fv    i   ' i pa p1.   o   : 

■ 1n   actua1   fact ,   the maxima 1 
an  accoi t ed   freuuenci   htuul  • ■ '" 

-   ?' '! .      If   in   t !'■ i s   ma icess   m       e 

i ,..     , r 

ir 

that   w i til   an   i ncr'.\aso   i 
out   1 imit. 

n     I        fl  ,. 

i.   ■    KP' dur il  Ion 

w'ion ■ • ■ 

■>    p . ..■    i i • 
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any I in»! tat ions on the frequency hmul ami, consequently, on the duration 
of" t he s ignal . 

Since a hinary channel with additive white noise is symmetrical, it 
is possible to use expression (2.2R1 fron which it follows that the rate 
of information transmission increases with a decrease in the prohahilitv 
of error.  Minimum error prohahilitv at the ivivcn P  is provided hv seiet 

s 
ting opposed signals, for which 

P     -',11  'I'(/'J.'0|. 

^ulist i tut i ng tli is value   in expression   (T.JSl  we pet 

/'(•■-'-i    -/-[i !   '-11 ■■'i'[/-Iin\': 

.■•1"*   '   M -   '''(.   ~rA-i!   : J   [1   | '!■{/:!/„IX r.-.o-) 

XI'If , II -i 'I'il^'h}]. 

it is easy to satisfy ourselves hv nnnlvsis of this expression [121 
th.it as duration of signal element T decreases, the information trans- 
mission rate mnnntonically rises, despite the decreased value of h. 
"herefore, the carrying capacity of a channel with the indicated restric- 
tions must he consiuered the 'imit of expression (.".9"! when T, and hence 
also h, tends toward zero.  I h i > limit may he easily Pound by usini' the 
property that with a small va ; ;e of >; 

■IM vi; y' ■'. x. 

h'il ' v) •   .v 

Convert i in1 expression (3.1'""'1 to natural units we find 

'.',     ;)      hit;   '   'in: 
r..  '   I 

l 

', In  '  |l -i 'i'i/'.;/n l- 

'i'-y-^l I •! '!■ i/:'_/,•) ii  . ,;.(/2/.)-- 

■; 'I'ly7'-' M     •' 'I'"! /'-'/nil  ; 'lu/llln-'. 

■1M/2 ln\ I -   h ,y 'I'M t   :'/M      hm  j I       ?':'' 

Fakino expressions C^.Sol and (.7..•l(^l into account .-.c  o'nain 

C (.■^.'ISI 

Tints, SIK'
1
! a strong limitation imposed on the sine of the code 'vise 

.lecreases the carr'/ing capacity hy onl\- '/2 times in comparison with tiie 
case   in  which   there  a^e  no   limitations  placed  on   the  method  of  coding, 

I Od- 
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The enrfying  capacity of n  hinnry cf'.nr.npl  with ;i  cix'on power of 
signal   P    ;mcl  n  sppctml   den?itv  of additive white  noise  v   wlien  the  sig- 

nals  an1  not  opposed  hut  orthoeona I   is  also of  interest.     in  this  case 
(see   ('5.54ll 

/' MM 

Reasoning in the same way .-is above, u-e obtain 

i /•.   i 
C... :o: r (7'.''" i 

It   follows  that   the  transition   fror1 onposini.'  sicnals   to  nrthoi;on; 
signals  cuts  the  carrying  capacity   in  half. 

Notes 

1.  (See Section .".21  M,'in\- worl s on communication theorv (inclndini' 
a number by C. i:. Shannon! are based on the concen» ion o1" si.pnni and noise 
as processes with their amplitude or power spectn lumped entirelv in a 
limited frequcnev band ''.  'T i^ mates it possible to use Kotel'nilov's 
well-known readout theory (e.g., see ni,11 whir1! illow? a continuous-time 
problem to be reduced to a discrete-time problem. 

\'erv serious objections have been ndvanced in oiiposition to this con- 
cept,  first, 1imited-spectrun sirnals are not in principle reali'abje 
since they must be infinite in duration,  ^econd, e\-er\- process with n 
limited spectrum is singular or determinate.  This means that the vnhie nf 
this process ma\- be restored at any moment in time over any finite seement 
of it [-1].  Hence it follows that all the information included in a limited- 
spectrum signal is contained in any arbitrnri1v small segment of it. 

The condition of nonsingularitv of a process with a power srectral den- 
sity of ("('.I amounts to ennvcrgency or the integral 

J i ... ■"■ 

This condition is broken if in anv finite frequencv sepment !'(^^   ~  n, 
and, in particular, if (:fwl differs '"rom :ero onlv in a finite bnnd, 

Let us note that this condition is similar to the I'alev-Kiener l^l stipu- 
lation ",'r ph\-sical rea 1 i rab i 1 i t v of linear ^N-^tem^ which savs that i *" 
Sfi.") is the frequencv characteristic o<" the realised circuit, integral 

f I-1'.,,.,n 
J i ■ ü, 

converges,  from this it is easv to conclude that if an indeterminate pro- 
cess is fed to the input nf this circuit, then the process at its output 
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will :i 1 so lie i ndetenni tiate. ' 

For this rcascm it mav In1 stated that communi cat i on tlu-orv mav draw 
incaningful conclusions onlv from the examination of indeterminate pro- 
cesses which have an unlimited spectral extent, to which. Kotel'ni Vov's 
theorem does not annly.  The observation must lie made that in one or his 
word's fl], which is devoted to the theorv of notential inter*'(,renre re- 
sistance, Kotel'nil-ov does not i'ia'i' use of his own theorem. 

What has heen stated in no wax' contradicts the nossi'iilitv that an 
indeterminate signal may exist which is renresentaMe in interwil (d,'!") 
by  a I'cmrier series with a finite number of coefficients di'Terent from 
"oro, i.e., bv a finite trigonometric nol vnomi a I ,  Such a signal sei'mtMit, 
being limited in time, lias an infinite spectral extent.  ''bus, '"or exar"'U 
the segment of signal :.ftl = a cos. t ("  t • T") , with onlv one l-'ourier 

coefficient different from rero, has some amplitude spoctral densitv' tin- 
limit ed hv  anv barul 

I - r.,-. (ei m.,) T 

(.1 - u. 

The extent of a signal power spectrum composed of a seouence o»' ele- 
ments, each of which is represented bv a finite trigonometric polvnomia!, 
is also infinite.  Nevertheless, a signal element may be regarded as a 
segment of a periodic process of period T when this periodic process, 
being determinate, may have a spectrum concentrated in a finite Kami. 

Based '"ii physical considerations it i ^ clear that anv sicnal« and 
interference in actual communication systems are nonsimnilar,  Neverthe- 
less, in the solution of various problems resort i^; often had to mathema- 
tical idealisation, replacini' a nons imnilar process with a sinruiar one 
close to it, specificallv by a process with a limited spectrum.  In so 
doing, despite a vcrv good approximation of a spectrum (in the sense of 
absolute or mean-sauare error) it is possible to obtain paradoxical results 
[13,14].  Thus, a signal as weak as desired r.iw  be detecte I with a prn- 
babilitv of unity against a backuroum! of singular noise,  'nrthermore, 
even with wiiite noise it is possible with as small a probabilitv of error 
as desired to detect the presence or absence of a weal signal against a 
background of noise, observing it for a given t,    if the received 
signal together with the noise is passed thron'M a' ideal pi-sh.iped filter. 

!'he process at the filter output wi have a snect wr iri ted ! n a in i 

'it may tnerefore in particular be stated that if f'f.l is tiie power spec- 
trum of i nterdctermi nate noise a filter of characteristic SM.l satis- 
fying condition (."."11 is physical !v realir.nble. 

108- 
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m;iv  be  ext rnpo l;i t O'.l  a?   t'nr a^  dcsiriMi.     '''herrt'dri",   an  nhsc, \-at inn n  IM   t\rHy 

!   may  he equivalent   to  an  observation  over a   lom>er  time.     It   is  nnssiMe 
to  select   such  an  extrapolation   interval   so as   to ohtain  a  su'"''! ei ent U' 
yreat   dtimmy  energy  of ext raeol ateil  sicnal   which  provides   Cor  a   i'iven  nrnba- 
bilitv  of correct  detection  at   a  i'iven  spectral   muse densitv. 

In   fact,   a   filter with a  ni-shaped   'i-eimencN-  characteristic   is  not 
physically   realisable.     This   ideal   filter   charac»eristic   mav,   of  course, 
be  approached,   'nit   it   is  well   Known   that   the  closer   the  characteristic  of 
the   real   filter   is   to   the   ideal,   the   greater   the   signal   delav   that   such   a 
''ilter  has.      In  order  to  obser\'e   t!ie  signal   at   ''ilter  OIIMMII    ''or   tipn- 1 
rtte   ■■ijM'a!   must   leer  enteriti!'   the   filter   for  a   ci>nsidei-.d i \-   lotn'er   time. 
Ihus,   \\;Mt   is  obsei'ved  at   filter  output   is   the   result   o<" protracted   siimal 
action  and   therefore  contains   information  about   a   s.)1"1" i ci ent I v   lart'e  sisnial 
seiztient .     i'.reat   fidelitv  of  sis'ntil   detection   is   tluM'efoi'i1  attainet'  he;" 
[because  of  the  utilisation  of a   larpe   real,   and  not   dummx'   sis'nal    ,   and   thH 
resolves   the  paradox. 

'.i  a\'oid  erroneous   conclu--ions  we  will   nowhere  posir   a   limited   spectrum. 

i ^ee Sections  .\ / and  S.^'i    hxpansion of a   random process   into tin' 
series   represented  bv   formulas   '^.fl   and  others  must   be  understond   in   the 
sense  ot   convergence   :n  nie mean  square 
t he  second  o f  formulas   I ^..''' 

Th i if  exapelr,   fhat   '"or 

lim(n(')       N"   (.k.u- A-.../   !   .V-P'-Vli'       ' 

i'.ere ■, and   are some randoir, number''.  In the same sense we mav speal also 

i f ext^and i n ,< a random 
series n~l. 

■; »i- ited spectrum into a Kote!'nilov 

n11 >   i^   i norma 
;'.   t he  mean   suua re   th ■ori'.'eri'eni'e 

•roces .   ; t   fo I I   w ^   ''vom  i' 
] s   a Imost   ci'fta in   [ I "1 , 

'iiventenei 
,    in\'   re.11 

at i. nlt'i   wit1',   a  probability-  of unttv  '".av  be   expanded   into  a   Unirier 
ser.es  wtiere   the  cnc'^icient he  expansion  will   coincide  with   '■'"e  cor- 

>•!    I diiii',   rea 1 i :;•.'i on  of  the  aijrrei'at random  \a r i a1,1 e1 

l •   i 

same   • h i nc.   ilse   i-efers  to exransion "f  ::'   '     and  of" t ie ether normal   rand.or" 
processed  enrountered   in  this booV, 

I he   Integration    •■'  randop processes,   for  example,   in  formula   (^..~41   is 
also understeo!   i i1  the  sense of convercence   in  the mean  suu.ire,    md,   ''IM

- 

example,   the   integral 

Ibis  example  mav  be   compared with   the  optimum decision  system usinr 
matched   filters   "'ii'iire   ".'"!.      'here,   readotit   ol   the   output   voltages   is 
racticallv   instantaneous,  but   it   contains   the  necessarv   information  about 

the  signal   which  was   received  durini:  the  considerablv   Innrer  time   ' . 

-Ibi»- 
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j"(')(' (■).// 

(whci'f g(tl is a rcmilnr ("unctinnl ivprosont s a rnndoni vrtriaMo I suc'i 
that uith arhitrarv s\ib(i i \-i,! i ru' of interval fO.Tl by the fini c st'l el" 
point,  t,       t, •   ...       t,    < tm+1 

Inn 

I'.IHTC in pnssniK to the limit all the interval? t  , ~ '. teml towarii :ero. 

l-'.Try realisation of the intoi'rable normal process n(t"l is almost certainl)' 
integrable am! its integral efjiial.s the corrrsnomlinp realisation of 
variable 1 . 

let us observe that .ill results nertainim; to i nterferenee resistance 
could be rriire ri porous ]\' lierived without havinc recourse to series oxnan- 
<ions of the random processes, but this would lead to more complex deduc- 
t. vis and would reuuire mathematical apparatus less !'amilar to eni'ineers. 

i^oc Section ~..~")  !'he np'imal recei>tion s\'stems (decision svsterrs'» , 
.itched filters, in particular, found in tbjs chapter are in certain wor1 s 

[111 nluced  !>ased  ^n a  <t.-it i sr i ca I   criterion  as   svstems  w'i i ch  allow 
"■:'.1  derivation  of  the  greatest   ratio of   instantaneous   siqnnl   strength   (at 

■   corf a in   readout   '■•-iroi--'•   to mean-.'.uuare   i at oi"re)-eno''   \'alue.      r'-1 i s   approac'1 

is entirely   iustif;ed   in  c.asos where   interference   is  normal   fuaussianl 
noise   ind   the  additional   requirement   of   linoaritv   is  made  on  the   rnceivini; 
'■•vsrem.      In   fact,   the  normal   noise  rn'o^a'1 i ! i t \-  distribution   is  l i^pt   durinr 
passasjc   throur.h    my   linear  s\ster.     I rom  this   it    is   oasv   to deduce   that   of 
ill   linear  circuits   the  one wit1'   the  smallest   error  orobabilitv   is   the  one 

i n   wh;ch   there ate en a 1 -1 o-mean -suiia re- i nte''ferencn   rat ii 

Proceed i nt1  rerely   from  the   stipulation  of" rax i ni c i ii'   the  sipnal-to- 
noise   ratio,   !)owe\er,   ii    is   imriossihle   to  prove   that   a   linear  svsfem   ilwav 
pro\'i les   the  o]'-1 i mum.     \ctually,   with  certain  types  of   interference   ( e . c . , 
impulsel   greatest   recet'tion   fide I \-   is   found   in  a   nonlinear  svstem 
Therefore,   in  deducirc   riie  decision  r-rinciple   from  the   ideal   observer 
cri teri on  and   fror' 
these PI 

11, struct :re of t1. e recei'/inc svstem w  con'orr"it\' to 
v. c i p I e s vwhere   limit  oursel\-es   to  examinim."'   linear : t ops 

alone, but lool t'or tb.e optimum wi'h respect ti all f»ossible eiieratiops to 
which, the received sif;nal is subiected.  The '"act t^at some of these opera- 
tions may be iierformeil in a linear system and coincide with operations maxi 
miring the s i JJTKI 1 - to-noi se ratio result« from the fiecu 1 i ar i t ies of ^aussi m 
noise and mav fail to iccur under otlier conditions. 

■I,  (^ee Sections Ö.Ö and 3.-11  To effect an optimal coherent decision 
svstem it is ess"ntial, rencrallv 
to reproduce all realirations of ; 
parameters of a channel are never 

pealini', to know exact!.' and to be aMe 
minis r't'i.  I'nder actual conditions the 
nown with absolute precision arid therefore 

m 
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a docisinn system contains a certain amount of inaccuracy. Actual h-, as 
a consequence of this the prohability of error proves to he greater than 
that calculated for a completely known signal. 

In designing communication systems it is important to evaluate 
tolerances in determining the parameters of received signals and ensure 
observance of them.  These tolerances cannot be stated in general form 
since they depend greatly on the form of the signal.  Ke will limit our 
selves to certain remarks based on the assumption that a signal is a 
narrowband one, i.e., may be written in the form (3.-IS): 

•-(■) '(')' [wp/ ; T t .1<(.')1 

live 
and 
a ecu 
and 
to d 

t i me 

mul t 
■\s f 

i nac 

shape of the envelope of Bftl (with accuracy to a constant mult 
start of reading of timel and also of instantaneous phase 1ft") 
racy to start of reading of time") is selected during the design 
are reproduced wit+i any degree of accuracy.  Thus, the problem 
etermining a constant multiplier for b[t"), the start of reading 
, the initial phase : , and the average frequency ... 

If we use a system with an active delay, knowledge of the cons 
iplirvr is not at all required for designing an optimal decision 
ar as the remaining parameters of the signal are concerned, the 
curacy in determining them varies for different systems. 

iplier 
(wi th 
pro et", 
amounts 
of 

tant 
system, 
a 1 Iowa! le 

for example, we will consider the effect of inaccuracy in determining 
the initial phase,  for this purpose we will assume that the decision sys- 
tem is designed for receiving the signal of ("3.48") and in actuality the 
signal which arrives is 

( ? I- 'I'(Ml  sln'-y/ ('I •'"!" \><   i  i   ■   'IM'M 
H. inoi 

Roughly speaking, this means that instead of signal :(tl there arrives 
signal :: (t) cos r't and the second term of (3.1(101 can be regarded as additional 
interference.  The effect of this additional interference, which in the 
first approximation is orthogonal to the useful signal, depends on what 
other usefu4 signals are used in the given system.  If one realiration of 
the signal is fftl s i n [ „ t + : + '.(tl, this interference goes to certain is fftl sink t 

av 
branches of the decision system and, being, added with the noise component, 
greatly raises the probability of error.  I.vcn with complete aisence of 
noise, an errrr occurs if ■;   ••/■I. 

In another case when a binary system with opposing signals is under 
consideration, the second term of (3.1(101 generally has no effect on the 
decision system and the inaccuracy in phase ': can be compensated for by 
an increase in signal power (or the magnitude of tr ) by   1,'co';- '; tinier. 
If a "loss" in power on the order ol" 10°, is considered permissible, for ■ : 
the tolerance is equal to 18°. 
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l'iaccuracv   in   rt-nroduct irm  of  fhe  a\Tr;H'o   frenurncv   ' in  tl-.c 
av 

first approximation leads to an inaccuracv in the initial phase inasmuch 
as an inaccuracv in phase "runs after" a certain time T ' : - ■ .  'I, 

av 
Hemands on accuracy in deterrni niny tl;c instant of signal arriwil or in- 
stant of reading in a decision .^vstem can he esfahlished similarly. T^v 
accuracy required for coherent recention in maintaininc the nvoraiT fre- 
c|uency with the present state of the art can he provided nnlv In- auto- 
matic adjustment of it based on the recei\'ed signal itself.  Inasmuch n« 
the signal is receh'ed together with interference, even under these con- 
ditions the accuracy of establishing the frequencv and phase of r'v- signal 
ami also the instant of reading is limited and this leads to an increase 
in the probability of error.  Therefore, a preference is often expressed 
for refraining entirely from determining the initial phase and use is 
made of noncoherent methods of reception to which the fnllowini1 chanter i ■■ 
devoted.  As will be shown there, in noncoherent reception the tolerances 
in precision with which the average frequency of signal and instant of 
reading are set are greatIv extended. 

(.See Section A.P!  The method set forth for finding the nptinvjl de- 
cision system under cond;tions of normal noise with a nonuniform spectrum 
belongs to V. A, Kotei'nikov f1].  However, in the discussion presented it 
is silently assumed that the time of processim' of a receive! signal is not 
limited since otherwise complete "whitening" of the noise would be impossii. 

If tite additional requirement is made that processing of the signal ,i>' 
performed over n time interval nVD, the statement of the problem changes, 
The main difficult)' in seeking an optimal decision system according to the 
method described in Section ".." is that the I'ourier coefficients for 
"colored" noise are mutuallv correlated,  ''d o\'ercome this difi'ieul""\ the 
signals and interference are expanded into an orthonorma!ired SN'stem of 
functions which are the eiuenfunctions of the integral enuation 

j/•(.•, )•■.(! (o. 

where  Rit.sl   is  a   function  of noise  correlation, 

Iv'i th   such   an  expansion   'he  coefficients   o'" a   si 
be   independent   random variables  with  dispersions  of 

out   that   as  a   consequence  of  the  positive  definitem 
function,   all   eigenvalues  of'    .   are  not   neeative. 

des   for  iv 

I 
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If   has  been  demonstrated   (]~,!vl   th it   the decision   rule w'^ i c1,   is  o». 
ti ma 1   according   to   the  criterion  of maximal    litelihood   is   that   :.   tt   is 

considered  a   recei\-ed  signal   if   for all   signals   t^e   ineiiualitv   r 
r 

V,- ( I '()■ 

)   !   ••(•) 

l ,; 

I7Z- 
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when.' V.   (t')   is  the  solution of the   into.yral   CM|u;ition 

1 ^C ^r,.(.) 's    .•,(■)    .-, {,). .^. 1051 

It is oasv to sec that for white noise when Rft.s) = l (t - si the 
solution of this equation is trivial: V, (tl - z.ftl - z   ftl ami the on- 

timal decision rule coincides with C^.J"!. 

In the general case rule (".1021 can He realised in the circuit of 
l-'iRure 5.12a if filter ;  has a transfer function (.'.(t ,t.,l which is a solu- 

tion to the equation 

/'V,. O'M-, i-A '-      x {', I.) 

and  the decision  circuit   PC     is  optimal   for  signals  passinc  through   ' 

against  a  liackground  of white  noise.     I i"  the  noise   is   stationarv,   i.'1., 
IUt,s)   =  R(.lt   -   sll,   tiien   filter   '■     has  constant  parameters  since 

i;[t   ,t,l       Rlt-,  -  t.l.     U'ith  a  T  that   increases  without   limit   function 

L'(t ,  -  t   1   approaches   the   transfer  fund ion  of a  "whitrninc"   filter. 

The prolvdM 1 i tv of error   i'or a iiinarv  svstem  is  determined h\- the ex- 
pression . 

/'       .r(l       'iM/.'li. 

wnere 
"     [ l', .I'll-, (/)     ■-. Clj /' 

It can he demonstrated [S] that in those cases when among the ei'Kenva lues 
of   of emiation ('5.1(111 there is i least value    r^ltl - -."^[t1 = 

c* '.tl, where :.('tl is the ei genfunc" ion o(" equation (5.1^!"i correspontli nc 

to the least eigenvalue, are the optimal signals in the I'in.-irv «vsten and 
coi't'f i cient c is determined hv the allowaHle newer of the signal.  In 111 i s 
case a - .c '-,. 

If ari'MU' tlie eigonvalues of   there is on*' euu.il to "ere, i.e., i'' 

I he function ' .ft! is such t'i.it \,.;. ( ) .'s  n, theii t here is i s i ngu ! A r 

event in which a signal proportional to • (si ■an he detected with a ren 

probability of error since a - ■■ . This takes place u'en the noise spec- 
trum is equal to r.ero over a finiti interx'al of 'Vemiepci es ns indicated 
in l-'emarl 1.  A potential ly sinuular event occurs if among the ■  there 

are those as small as des:red.  In this case it is possible to select a 

- - JMglMiilBgllatattiMBMMBailtMliieBiBMtiiima^ .   . 
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shape of" signal with whicii thr pruhali i 1 i tv of" error will he less than ativ 
given value howcx'cr small.  In actual diannels iviu, the siiecti'al densitv 
of the noise at any frec|ucnc>' exceeds a certain positive magnitude, i.e., 
when the noise contains a "white" component, there is no singularity. 

ti.  nftcn devices whicii are parts of a channel amount to a circuit with 
a transfer function 1.(1 1 noticeahly changing the ■Oiapr of" the signal.  In 
this case we understand 'n- -Ctl not the signal at the input of the channel 
hut a dist'-*-ed signal •; its output.  \11 discussion presented in this 
chapter ho   if the eiencnts of the distorted signal do not cease in time, 
otherwise the prohlem  i reception hecomes L'omp 1 i cated.  This case will he 
considered more in det.ii ! in ^ectioti ". ?. 

(See Section 3."  formula f.^.S-ll was ^''tained ^v  shannon [.'I on 
the assumption that a channel represents an ideal filter passing signals 
and interference in a • rrictlv limited hand of freuuencies of width ' .  It 
is often explained that this fontniln is an approximate one, ivivini' a more 
accurate value for the carrying capacitv .if" tlie channel the more pi-shaped 
is the frequency charncteri st i t ,  1'or a channel with an actual •reuuencv 
characteristic, formula i5.S4"f should determine the cartn-inr capacilN' i •" 
the passhand of" I' is prop rly determined. 

Here, however, t.her'e occur certain difficulties in selecting a "proper 
determination" for the passhand which result in inueterminacv of the 
carrying capacity which is in-ing . 'iculati'd.  tor example, i'" the channel 
frci-iuency characteristic is "lo • r > i gnussian curve , then, adopt itu' .s 
the value of !' the width of this characteristic at the n.-p" or ''.I level, 
we ohtain ditferent values for '' which vnrv 'n- a factor of l.o.  If, of 
course, the channel has a frequencv characteristic which is more rectangular, 
the carrying capacity value cormmted 'enends less on the level at which 
the passhaad is read; nevertheless, i .-{'rtnin a;-'''i eu i t \ in determininc t ht1 

carr^'itig capacitv still retrain-. 

As «hovn in [?] formu1, ,1. s.n give1; in exact carrx'ing caimcitv value 
for the case where the signal ' ha\'i' a certain correlation interval ■ , if" 

requency 1 i s understoi»! to mean 
i 

Under certain conditions this 

definition of the freuuency ''and ecttneides with the channel's effective 
"no i se" passhand. 

formula C^.S-l"), derived i .i Section .".", expi-esses the exact channel 
carrying capacitv in which l; reprcstMits the conditional t"i,e(juency hand 
occupied hy the system descrihed in expression (",4").  It m;iv seem surnrisin 
that this formula coincides completelv with Shannon's formula which is de- 
rived under ahsolutelv different premises.  This result is, however, en- 
tirclv iustifiahlc.  It is easv to show that a suhstnntial fraction of the 

! A multistage resonant amplifier is inown to have this tvpe of characterisfie 
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signal power spectrum lies in f'requencv Imnd I-' which coincides with the 
"conditional frequency band," where this fraction is larger, the larger 
is signal base 21;T.  Without pausing to p.'ove thi^ we refer to Figure 3.11 
which shows signal power spectra 

*. 
■ (')   ^ (•■■« "■■ tw.' i ''."'" '".'' 

it~, 

with i:T values of 10 and .'ii.  Mere a  and h. are random i lutepetulent idea- 

rically distrihutod normal variables.  This figure praphically shows that 
as 1'T increases a larger- and larger portion of the signal power \<   found 
to be lumped in a frequency band of width 1;,  Ibis permits formulation 
of the theorem of the carrying capacitv of a channel with additive white 
no i se as fo11ows. 

Oitii 

U 

r i ■ w 

- t 

0(11 

-/ 

Fiqure   ^.15.      Slqnal   Power   Snectrnm 

with   Different   ".ilues   of   P.ise   ?!rT. 

(liven a   frequencv band  of width  I   :ind  an  arbitrarv  nn.uit i t-.•   .(   " 
There   rhen  e>ists  a   value  of  signal   duration  T     i Jeverulfiii   on am l   such 

n   ' rectiencv 

ui f h   nil   :irb 

that  when T   ■   f     in  ensemble  of  signals  of  lenrth   '   and  in^wer  I'    nav  be  con- 

structed  where  a   signal   power  of  not    less   than     I',   is   lumpo.l 

band  I ,   and  these  signals  may  be  used   to  iraasmit    i nf'ormat i ■•, 
trary  small   error probabilitv  and  at   a  ra'e  arbitrarih1  ch'S,^  »o 

f     / in M  i   ,,    , natura !   un i' •■   sec , 
V   ': / 

where 1'  is the power of the additive white noise in '\ind ; . 
n       ' 

from this formulation it is evident that Shannon's »'ormula remains 
valid no matter how signal spectrum band width is determined.  Stricter re 
quirements for signal power concentration in frequencv band !•' result onlv 
in a need to choose a larger base, i.e., in the given case, in emplovment 
of signal elements of greater duration, or, in other words, in greater 
enlargement of the source alphabet diirin.- coding. 

J       --..-.-            -     ■     -  in^.,-..*.!......—.....t  
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C.ISC   i In-   no I Sf    I n,'t   uhit,-,   hut   lins  nnrnal   i!i «t ri'mt inn   nt"   rtu-  ni"' 
I'.i1 iiitii's  ot' r!ic   i nst':int;ineous   v.iluo^,    •hinncl   cann'inj:  .MII.-H-i t s'  at 
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ri v i ng   formu I.'   |'3 . S-!'i . 
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I't'essitni   ! '•.0'>'',     ,'    is   fde di sprf; i on  of cmMTi c i fnt i:   ..   .inil     ,   v;hvn  ex- 

i-aiuliiii;   '"'i"  noise   in  a   ,;cnrrai    intorN'al    into  a   I'ocirior  series.     l-'urthor, 
if   is  IMS\-  to  tin!   that   the maximum miantitv ot'  t rnnsmi t tali le   information 
i?   ',ir.ni,le.i   hy  a   si;,",nal   power  .'i st ribut i on  i'.'hen 
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CHAPTER   IV 

CHANNEL  WITH   RANDOMLY   CHANGING   SIGNAL   PHASE   AND   ADDITIVE 
FLUCTUATION   INTERFERENCE 

^.1.     General   Characterization  of   Channel   with   Randorrly   Changing   Initial 
Signal   Phase 

It   was  assumed  in  the preceding  chapter  that   the  set   of  transmitted 
signals   :.(tj   was  accurately  known  on   reception.     It  was   furthermore   assumed 

that   the  set  of  incoming  signals  :.z.[t   -   t   )  was   likewise  known  since  the 

transmission   factor  ..   and  tune   t     taken  bv   the  signal   in  passing   through   the 
p • ■ ' 

channel   were   considered   constant. 

Under  actual   conditions   some   parameters  of  the   incoming   signals   are 
unknown  on   reception  and,   at   best,   only   the  probability  distributions   of 
these  parameters  are  known.     At   times   these  unknown parameters  inav  he  direct 1 
determined  to some  degree  of  accuracy  by   analyzing  the   rec 
knowledge  of them may be  used   in   receiving  the  following  ■ 
often   proves   to  be   impossible   because   the   unknown   rarameU 
stant  during  transmission,   but   fluctuate   rather   rapidly;   and  knowledge  of 
the   previous   values   of   these  parameters   is   practicalIv   useless   f r r   receptior 
of  the  next   part   of  the   signal.     b.ven   in   cases  where   the  unknown   signal   para 
meters   change  very  slowly   the  opportunity   of determining   them by   analysis   ■ f 
the   incoming  signal   is   not   always   exploited.     1 he   tad    is   that   the   increased 
reception   fidelity  achieved  by  estimating  the parameter;-   docs  not   always  pay 
for  the   complication  of   the   receiving  unit   uhich   is   required   t:1  pcrforn   this 
analysis.      In many  cases   it   i ■-■   economically  "'ore  profitable   to produce   the 
same   reliability   increase  by   raising   transmitted   signal   power. 

ei \ ed   s:gna 1 ,   and 
igna1   e1ement s .     Ihi ^ 
rs   do  not   remain   con- 

1'his   chapter  studies   the   case  where   the  unknown  p.ir,.meter   i •■   the   initial 
phase  of  the  harmonic  components  of  the  signal.     Phase   indefiniteness  may  have 
various   causes.     Ihis   indeterminacy   is  provoked   rather often   in modern  commu- 
nication  equipment   by   the   conditions   under which   the     ignal   is   formed   in   the 
transmitting  unit.     Here   it   is   not   infrequent   thai   every   signal   element    i; 
transmitted with  an  absolutely  arbitrary   initial   phase, 

Another'   reason   for   incoming   signal   phase   indeterminacy   is   the   fluctua- 
tion   in  signal   propagation   time  t     in  the   channel.     Here   the   case   is  examined 

where   t     changes  within  such   small    limits   '.'t     that   the  signal   envelope   changes 
p • I1 " 

in   time  .'.t     mav be  completelv  disregaided.     Nevertheless,   the phase  of  the 

-■- ---—-  ■• - '■"■-"-■■ -.:l.'-..-...-., .    ..1-.... ..:v.        .,,..,. aai<a.i.-.ai.m^e.»iLl.i.L-,-aL,k.J..' t,..,-. „^^.„^„-j.  
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high-fretiuency   filltci   of  the   incuiiiini;  signal   oliatigcs witliin  such  significant 
limits  that   all   tihasL1  shift   x'aluo'i   from  -11  to   * •■  may he  considered equipro- 
b.iblc.     for  this   the  condition  must   he   fulfilled   that 

'    - .V.       ' /   • 1-1. 1 ! 
av 

v/here f   is the average freauencv ot' tlie siunal spectrum and I is the condi av f      V    . r. i 

tional freqrency band occupiod by the signal. 

It is apparent that condition (-1. ! i ma)' be fulfilled only for relativ« I, 
nartaw band s gnals in which I •■ f  , but it is just these signals which are 

av 
orditarily  u<td   in   radio  communications   and   in   long-range wire   communicatien. 

he  will   show  that   under  condi ti MI   (1.1 I   propagation   time   fluctuation.-' 
mav  be  reduced   to iihase  fluctuations.     Let   the  signal  be  transmitted 

('i     V   i,/kc..> '..•.,/  : hh; r, ■„, ,•)        \   rnoiisi^»,/ ra), 

wiie re 

,'he incoming signal in union with the i nterl'erenci' is 

•'       |i "I'        ','   ,   r r.       n    V , , 

t    11 

.(■■      ■', 

V. ('I. 

(■I..V' 

where   ..   is   a   constant   transinis   i  m   factor,   t    .   average  propagat i ,■'.   time: 

!i' t ; ,   additive   interference;    md 

f" '•"'.,(',.      fi .\ 

from condition i-l.lj when 1   !i ,  k  + 1. 1 it follows that the dit 

ferent values of .. lit. brt.-.cen !• ./r' ' t     and   .'     k ,/!'l   t   ,   an !   that   tlu 

■In  narrow-band  signal-,   tlu   jihase   indeterminacy  of  the harmonics   involve.-,   in 
determinacv   of   the   initial   phase   of   the   "high-freuuency"   1'iller. 
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di t" tori'nee iH'twtH'n  tlitnn üüt's  not   excecii  .'I   i I h . •-   |vnin I •,   t! (.■   ', .11 i;c 

of   :.    für  all   k   to be  cuiis UUMVII  apiiroximati'ly   identical   and  equal   to 
K 

j-f .t . 
av  p 

The fluctuations in propagation time t  inav he caused by chanyes' in the 
P       ■ 

medium   in  which   the   radio  signals   are  being  propagated   (.e.g.,   Jian^es   in   the 
height   of  the   reflecting  region   in   ionospheric  cummunicut ion,   changes   in  cabif 
and  amplifier  temperature   in wire   communication,   etc.),   and  also  given  hy 
changes   in  the  mutual   arrangement   of  transmitter  and   receiver. 

1'he   condition-,   fur   receiving   signals   depend   ti    a   cons i de rah' o   degree 
on   the   rapidity   with,   which   the   fluctuation-;   occur. 

The   following   cases   may  be   d1 stinguishod; 

I)     very   rapid   fluctuations  where   signal   phasi    changes   substantially   over 
a  single   signal   element; 

2]      rapid   fluctuations where  the   initial   phased   of  adjacent   signal   elements 
nay l<e  considered uncorrelated,  but   whicii  do  not   ; .■ r.cpt i b 1\-  cb.angs.'  witiim  oni' 
element  of  the  signal   phase   [phase   fluctuations   caused by  signal-shaping   con- 
ditions  within   the   transmitter  also  usually  belong   to  this   easel; 

?>)     slow   fluctuations  where  the   initial   phase's  of ad_ia:ent   elements  are   al- 
most   identical,   but   the  phase   changes   .-ons i d-.-rab iy  i v--r   iex'eral   elements; 

-1)     very  slow   fluctuation.-   where  signal 
tial   number  o!'  signal   elements. 

bi.iM-   chain;es   i i It le   c . e r   a 

li i classification   is,   of'  course,    ir'-i'rir-   .c.d   "h'-re   ari    v 
termeuiate   cases.      !* 
* ate   t heo reti ca1   ana i 

usefu 1 ,   I low eV' .   ci rf a i 

r.c' it!   . i -.-. ; 'i.i t i ! he tirst case is usually a. companied l-\ ".:st 
the ti" :,-t\'r coefficient .)>> -ignal fadingl and will '■ cc::;;di'i 
Chapter '. I! . flu- le;;,'th w.-r .liffers ,il"'.est :.> • at all fror 'b.e , 
Ci.'mpletely known Signa, as .INcus-ed in linpter l!i, ::.e'-uJ. a< v 
ire TV sloTv' fluctuations in phase it is possiP'e by anal;, 
signal el"!'.ents to determin*.' .-.ith sul't'i ci e!1; .. urac} the ' 
re lat i emsh ips   m   the  ^u'hsequei.t   elements   an..:   to  effect   coin 

. ; ■ .,      • i ,   . , 

't   ■ ; "■ ■   ling 
■-  ' r-h e;c 
re ce; ' i i :: 

hot'  the  second   case  complete   absence   of   informati ■"   ai .u 
; ■!. s;u)W".) ; a i e 

he c leliun t 
phase uf the received signal element is  haractei i-;t'K,  As wi 

this dues not hinder reception of the information contained ,n 

if only it is not contained in the value itself of the initial 'hasi .  Iiis- 
crimination of a signal in the complete absende  i [vr   vi'.h tin. COM; iiti 

failure to usej information about the initi il [ihase of e.i.;!-. ele!:ient n\'.\   '' 
called absolutelv incoherent .vception. 

hi 



■ I « 

.hi    thirJ V.JSC «iviijiii-s .iti i nt i-rr.cJi .it r position hctwccn the second and 
tourtri   \ >. HI tlu- fourth vise volun-tit rfiepl i un is m principle possible but 
lor i\ .1 lvi.it i on oi the uut.il ph.<se of .1 signal element only a small number of" 
preii-ili ng elements nay be iiscil and this leads to significant error and to an 
ituroast 111 flu probability of error.  111 the third case, as 111 the fourth, 
understandably, it is possible to employ absolutely incoherent reception by 
refraining from the use of any information about the initial phase of the ex- 
pected SI^IMI clement.  However, use is made hen1 of relatively incoherent 
reception in which the initial phase of a certain sequence of elements is un- 
1nown, but possible phase relations among adjacent signal elements are known. 

^.2.  Lonjugace Signals, Envulope, Inslantaneous Phase, and Instantaneous 
Frequency.  Orthogonalily in the Intensified Sense. 

In our stud)' of incoherent reception wo need such concepts as signal en- 
velope, its instantaneous phase, and its instantaneous frequency.  These con- 
cepts arc rather widely used in engineering practice but they are not always 
unambiguously understood.  In this paragraph we give definitions which will be 
used in this and subsequent chapters.  Although these definitions are not the 
most general, they are convenient in the mathematical model wf signal and 
interference used here and are adequate for solving the problems presented. 

Let an element of signal z   (t), which is given in the interval 0 • t 
1 be represented in this interval by the scries (3.2): 

?,(/)- V UhkWUj  •■/',»sin '.■•..,/), 

where .. 
0 VT 

Let's assume that all harmonic components of this signal arc shifted 
in phase by a certain magnitude ..  As a result, we obtain the signal 

. i''1 V [./.„OMW '; 'M ; A»^" i'-'"'/ : r'l 

c< -s^V {a,kc^Uj -\-b ^ml^J) -\^ ryU'.kC^^J- (4.4) 

»-0 

,»sinW) .-.'r(0r^;-'r(0^"'}- a,»^ 

where the series 

(0 
(4.5) 

» (i 
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i-,   billed   > .ii ;iiLMt r ■   with   the   scrii.^   :.   ■ \ i .      It    is   uhtaiiU'vl   ft. r   .      I 
■    ■ i ' 

chaa.^in^  thv  phases  ,>!'  its   (.•omponrnts  b\    --/J. 

Lxpress uin   II.-l)   car.  ho written   in   cinnplrx   lurtn: 

i/i liM/)  :   /-•  (Ml<-':}      I'1..]-  (Me* I 1 .'i 

Isc  wi 1 i   eall   the   complex   functiun 

Z, I/I      /-", (H I ; -. (.'i    when   n .    ; < / . 

when /•'ii   and   '■    ' 

,i   finite  ana I yt i ea 1 
'' M-I;.: 

ignal.  We will wn'e the ana I\'t teal signal i,i ■ \| —i" nt 

y n   (/■,i/i' '"■" whcn "• :/■  /. 

when '■    n   '"id /.-/ n 

Here 

/;', in  '/ i/i i  | i.'i ■ .- ci 
(4.0 

i s   t he   s I ..'.na i   eilVe 1 ope ,   and 

'l  i.'I      .r.; /, I/I 

is   the   instantaneuus  phase  ot" the  signal. 

l\e  call   the  derivative with   respect   t 
the   instantaneous  angular  frequency; 

■ • (■■ i 

.■ f i ■ i 

i-i.:ii 

ime   of   tlie   instantaneuus   phase 

ci 

i i     .• ■ i . ■ 

[1.11 

It    is   casv   [e   see   that 

Wi   will   not   discuss   conditions   of  convergencv  of  series   i^l. f. ■ .      In   all   prac 
ti.al   app 1 i cat iuiis  we will   consider  signals  with  a   finite hast,   for which   serie 
[?>.l]   i'■   a  t ri gonomctri i.   pi>lynomial ,     In  these series   (4.S)  dogenerates   into 
i  polynomial   and  always  has   a  finite  value.     Incidentally,  many of the   fol- 
lowing  result-,  hold   even   if  series   (4.S.)   diverges   ;it   some  points. 

!83- 
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s   II 

I.' 

.\i-   .. i . .   i.   ;      ■ 

•:■..■.. \   ,. f •     i 

• <. v. i  i.l.    v. ■ \ i ;. 11 :: I 

.      if  this      . ..    tl. 

i i 

i ■      . i. ,, 11,,    t ...,; i   n 

t    ; ■.• , .,.:.l I    , ,■ - 

I    • 

V 1 ■. 

.■•'K--.    '.> I t 1.1 :•    t'l'       I I'   . t s    ,)     •   :,il     i-  in.:    ,•!     I'l 

:   .i  iiirrov»  IMP.-I  --i'ii.l   : ■>   lumped,   HUMI   tun 

i ,     ■.  I» i 

111'! I  IM I ■ i ■II    .IMi'll 

,.   ■■■!   i n^t i-.ui   nt    i 1. IJ i : 

;.. i v -   in uiii <:\  i:» ■■••   ü I   tin' 
MI   ;     ; ■      ■    i • •      fus      ! t 

! i -r. 
1,11 .•!■. i nr   not it ) ■■    i ■   el tvi; 

i.J. M 

In   fus  t.isi    ■ 

.', (.'i      /., n    i: ;..• ,,;       I 

lu-  L'.III   tin'  ijH'fatinn   ,-\   ti.m^for .        iniutiun   r.ft)   i;ito   it:    i.'n\olo|H 
!'t.   ur   intn   inst mt atuvMis   : r'-ninriicN       'ti   uk :i i   ampli t u.^1   . •   f'i'nnuMK^'  dct v 
ti'ii   ri'spcctivel) .     II.T  a  si>;;'.al   t-lomeht   .civfii   in   inton'al   i   tlioso  ujitM'at i en 
..re  physically   iva 1 ;.;,.!-. k'   if  a   klav   for a  fiim'  j^rfuter  than   I   is  pcniii ss ih i 
'lulo'.'d,   KiK'rt'iny   functiun   z[l)   uvcr  this   mUTval,   it   is   ['ossibk-   to lU'tcn ;:; 
its   l-ouricr  cnef fi oi cuts   {.sec  I-igurr  .■i.lj   to  const'"net   a  conjugate' functitm 
.: (t ) ,   and   thou   to   rcpruduci'   (for  example,   using   a   computerj   i:lti   anc     it!   : r 
formulas   (l.'J,!   and   (-1. 1 1 ) J .      \;i   actual   "linear"   amplitude   detector  Jiscrimi 
nates   the  enveio|'(   1 (tj   of  a   signal   ::(tl   delivered   to   it   [or  a   certain nion. 
tonic   function  of  1,1   on  condition   that   its   leas!   is   inertialess   t"or  the  ence I 
aiul has  complete   inertia  for the  high-fretiuetiv)   filling   [IJ.     Uln i   u--l;.,   tl, 
conditions   are  contradictor},   and  can  he  met   onlv   approAiiiiate 1>',   the   accura. . 
being greater  the   less   is   the   ratio hctween   tlie  effective  uultli   id'  the  -ii:;.' 
spectrum and   its   average   frequen.;. .      \   similat   assertion  hoL::   ,.!>■.■   t'oi   .'i 
dinar')   frcquc .,^y  detectors. 

In  Vshut   follows   we  will   di..ciiss   mil;,   signals  with   a   tinit'-   base,   i.e. 
we will   consider  the  upper   limit   .f the  summation   in   [3.21   and   (.■'..?!   a- 
large   as  desired  hut   a   finite  ni.mlx r  K. 

i.e. , 
(,'oniuuate  signals   ;:   (tl   and   :   ;tl   are ort hog'-na 1   in   t lie     Mifrnal   i 

A  signal   is   called   re 1 at i ve l->   narrow-hani 
t rum   is   much   less   than   I h •   ,i."r.ii:e   ti'..•■•■; 
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y.i^An. >\ .'! 11 M .; 

.u'  . .in  s(.'i'  i h i -^  fas i h   \<y    ub ; t 11 ui i n 
i (.Tt'u n:i i ni:  11' r;:i -In - 11.' rm   i nt t-i; IM i i • 'ii: 

hi-:   i nt cvra 1   ;iiui 

jM'i-Mn./;    ]V '„,/     h.^.nl^J) 

II'   two  sigiuils   - .1 i J   iind   ;: . (t )   ;ir ' inulualiN   ort iu'^anul ,   then  s i .:■;.!! s 

:   [X]   :IIK1   ;.(t)   K!ü ch  arc  conjur.al o with   then;  a i\   also     i'tiuu'.uiia 1   with  c'lic 

.tnuthor.     1'u prove   this   it   is  siit'fi c i ent ,   after   rt1]) resent in^  tlie  signals hv 
a;;-rr.j-ri ate  t ri^unoniet ri c polynumials ,   tu  .•ross-riu! f ip ly   them  aiul peri'oiTi 

i nteii rat i on ,   as   a   result   uf whiefi   we  obtain 

' Jf (/) ^ (0 J,'        r.:,r, :{[l),'.t   .     [-Yi.l^.l:,   ;   l',k''A\ 4. !t. 

Howex'er,   fro:    the urthueunai i tv ol   signals   :   (t:   aiui   ~   it)   it   i;eiierall 
■ • " r ' 

les   not   follow   that   Signals   z.{Tl   ami   ;    (11    (or   .    itl   an!   r.itM   will   aisu   !■ 
r 

iiitua I 1 v   orthüKona 1 .      ! ruk-eJ , 

-M0--(l.'i /<■ j'.-,(/)--,(■)'/'        '.   N"'''.»', k       I'*",* . I    ■ 

a-,.i   i t   the   right   s 
■■.   not   eqaa!   to   :i' 

: . iti -    . ■    equa 1   " (.: 
si i I 1   th     f   i;JW. 

t!;e   nr.ht      ; a-    oi    . t. ! 
li t i e-   ■    i :i    ■■ ot   < i ::i! i t a: 

■•. in •, (.'P./,'      (i 

\  •.lll~l(li,ll       0. 

* ■. o;    sign   I ,i • ■    ^  11 I •   i     ! ' !;■ i.   i   11    in    ir   i • t ■••:'!•.■.I  sei 

•..">'     .    i .^   . ■    ,    r   I      ; .   "       ,: 
rt h' 'gi.na 1   in    in   i r.' ■ ■:,   i t ; < ■:   ■■ •. i;   i . 
•it   i'ol    ::     ir   . itor- i ! u .'   ■■■:.■■.     \\< 
•f   •.  pair    it   .i i:i' .i! •   K i t !i   .i   > ^v > --.^ ■' 

*: th   th-   -t      ml  sig- .,' . 

i '   :   i. i ■       •       . ,,•. i : ■   ^h ; ■•    ..: ■ 

■ i    u ..     ;. .•"      11 ■'  i-rthogora 1 
i 1        ■a-   t!'.: ■■   l'\    r t i 1 a. i tu;   'i t lit i 

1    in.I     i ;■; a' i • r   ; 1 ~        al ar r i'o.lnet 

i s :• - 
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We will   !u. t c  that   the   condition  ol"  ort hoj'.uiia 1 i ; v   in   an   i ntt'iis i I'i I'd 
;oiisc  can  IK.-  written  usin^  anal_\'ticai   signals: 

■/.. (!)'/■• iU)dt       0. •1. IHa 

whore  :t(t)   -   :   (.t i   -   j r.ftl  is  a  function  complex  conjugate with  I,(t). 

A  ss'stem of m signals   is   called orthogona!   in  an   i nten^ i li ed  hen,-'.-   ;l 
condition   (-I.IS)   holds   for  any  p;.ir of  signals. 

A.3.      Decision   System   in   the   Case  of   Absolutely   Incoherent   Reception 

Based  on  the  criterion  of maximal   likel.hood,   we  will   find  the optimal 
decision principle   in   the   case  of   reception  of   a  single   signal   element 

-'('l     n , , (M j M''' "Vu.-. ■-' : (i.', (')SIII ^ ! n it], 
(4.19) 

r   ■  I.'.' .... w     ()</■•; /', 

and  assuning  the   initial    ihase  of  .   to he  a   random van iMe  unil'ormly  distri ■ 
huted over ' ne   interval   from  :cro to  2' . 

ü i ri        ,_ ■• (l <'■ r     '-'•" 

for-  this   purpose   it   is   necessary   to   find   the  conditicnaJ   d.ensities   of 
prohability  distribution     ( ;■'   :J   fr  =   l mj   and  to determine  the  greatest 

of  them corresponding   to  the  most   likely  of  The  possible   transmitted  signals. 
Ihese   dens i 11es   are 

-'i "'I -V      ]" ..(Ti..!.-'   .-,   i| | /i l-l.JO 

where   . (:'   :   ,.J   is   tlu   den^itx   o|   the  probar: i i t .■ distiiburion  of signal 

on  condition  that   signal   r,{ti   was   transmitted  and  the  shift   in  pi 
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l'. i th   knuwn   r and   .   the  p robab i Mt)'  of   ivct'jU t on  ut"   s i^na 1   .:' ( t I    is   rut n i n^ 
other   than   tlu-  probab i i i t \   that   the  n.ayai i t IKU-S    -.    ami     ..   wh i i.h   des /r f i-r 

actual   i iiteiM iTiiKx-,   will   take  the  values 

I l"  the   interference   i .s   normal  white  nuise  then  all    <,    and  .,   an   ■ ';• 

tually   i iuK'|iendeni    ran '■.,:,i  variables  with  a  nui.ical   jii'ohal'i 1 i ty   .; i .ti'lb;!' 
We  will   first   assume   that   a   receiver  analyr.es   signal   components   with   i'i"-oueii 
cies   less   than  K, ,  where  K   is   a   number  as   larue  as   d(v;ired  but   I'inite.      I'licn 

0 
tie  joint   ['robab i 1 i ty  density   For   <.   and .,    is  express-d  as: 

U-UI.M,.     .<ik. 

1    \^ 
(•1.22) 

Here   :       J       ',      and,   as  was   shown   in Chanter   111 

where is   the  spectral   density   of  white  noise. 

Based  on   [1.21]   and   (4.22)    it    is   easy  to deter-me  the  coi.ditional   pro- 
bability  density   ut   reception  of  signal   r.'ftl   with   transmission  ot svmhoi   v 

and when  Y d- : 

■(-■' \-- .'r<<lf l      .     •    <-\i' j        .      % ■ ; U      ■' ■ s.w. 

I   l/>»      1M''^C- f      a 

,-•• :i ; j 

[4.23: 

Substituting   the  exjiress i on   obtained   n    [4.2UJ   wr   i';nd   the    ■oi.ditiun, 
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leased   uil   this   fact   it    is   possibh    iu   cor;.! nuM    .   lav c;/.! ; na   sy>;tei;i   (I igurc   4. 1 I 

■.vhic1.   is   suitable   for  any   gix'cn     i.aial   s\-stri;'.,     'Ihis   systrni  contains  111  licnc- 
rar.H's   whicii   produce   the  shape  ol'  expected  signals  with   an  accuracy   to   the 

se   .'1   the  hirh-t reuuencv   lii!i;u; r.i i rs  1 ;   inn 11 i p I . i rs .     A  rece i ved 
i,;nai    l^ti^e! her witl'.   i ntert'erenn •   and   the  voilaije  of  one   c>t"  the   local   jtene- 
i; or> ,   ei ther d ■t 1 \'   or  with   a   pnase   ciia nee  of  90 at   each   of  tin 

M 1 f 1 p ! 1 i'l-s .        I lit'   i-IltpUl    i't    racl' 

. ,/   a.-    de~ci ihed   in   Chapl  ■rill,    1 

.!i i   !■    11-'-  nui! •■ r; ca My   c nia 1   ! .■ 

i >Mia !      !.ape   reproduct i iwi 1 . 
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IUI   then   at   vabsl ract ops   111  u.'iicii   the   cultam   d'-Ii'a :■   !   !o   the   input    is   de 

peaseu   by   a   'naunitude   nuiheri   .  iiv   equal   ii    1      ,/ .      i lie   eeltaiic^   at    tile   i-utput 

:   e.ic',   eliannt I   arc  i-ciual   to   t:..>   pi/lit   ■ id-,   or.   ub-n   r ,   the   left   si,!»-,   of 
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inequality   [4.JiSJ.     i'hey  arc  ivinparcJ with  one  anotiier  aiu!  tin.1  iTcatt-s'   ui 
t lu'in  detennines   that   one  uf   the possible  symbol.s  which  nmst   he  seleeteil !•> 
the  decision  system, 
s v st em. 

The  . vstem  shown   in!: rui'e  -1. 1   i: ca i led   a   ui ladvai u r 

■■•-r 
W^H'M^ ■! 

-1 "1 

Figure  -'.I.      Deci.ion   System   for  a  Signal   .-.ith   ,•■ 
Indeterminate   Phabe:   A,   Multiplier;   B,   Local   bigeal 
generator;   V,   90"   phase   inverter;   G,   Integrator; 
K,   Device  with   a  quadrature   characteristic;   D,   Su("- 
mator;   E,   Nonlinear   device;   Zh ,   Computer. 

he  decision  principle  obtained   ( ). 2.Sa j   can  he   ,ureat ]>■     i-ilitied   t'or 
;ystems   with   an   active  delay  when   the   powers   of  al 
ire  the  same.     In   light   of  tlu   fact   that  with  all 

in.nf;   ■•!    the 

0   t lie   fun ct i on 
i i na i 

iogl Ax.)   is  monotoni ca 1 1 >■   increasing,   the  decision  princi, le   car  ' ■'   i"ortmi- 
latcd   as   follows:   an   ideal   receiver-  or   system with   :in   active   int' r\ il   aiul 
with  an   indeterminate  [ihtise of  signal   must   register  th:   ■ \:';i' 
ail   r  ??   ; 

t 

hör  ail   ss'stems  with   an   active   interval   the quadralt.ri    •»■ir:;    i ■<   i'.re.itlv 
simplified   fl-'igure   l.Jj.      In   this   case   nonlinear devices   i    and   saht i :cting 
devices   II.   are   not   needed   and   voltages   nmiKTi ca! 1 v   euual   tu     ',      are   delivered 

i 

directly to the system for con,pari son . 

System with Matched Filters 

Besides the quadrature reception systems then are ether possible 
ones which permit reception in accord with principle i-l.JSl or (-1.50].  I'hese 
systems may be based on matched filters [3,4J. 

As was shown in Chapter 111. fi Iter matched to signal : it  has t lie 
impulse response 

■ .. ^..; 
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Figure   '(.5.      Voltage   Envelope   at   Output   of 
Ideal   Loop. 

\;i   aetual    1» op   ii ■>    Kr-,sr>   and   it;-   pulse   i''.'sp()!:sc   is 

; ! i 

uhcre i':   and    i   i •<   ; :.;■ ■<   ,)   t ,,   ti'i'.     I'daT.    '        .        i ,   ; i: i.-   '   ilse 
rt'S res 

respunse   aii't't-rs   httli.    tfuii   tin'   iilcal.       -UN   the   sh.'i|ie   of   the  envelope   in 
Miis   casr  will   dififi'   ! :-ejii   that   sii.nvn   . n   1-iiMire   ■!,.'   and,   in  particular,   I hi 
en.''lope  when   ',        U   <.to>.■:-   ''.■ t   K'CuiiU'   .".ero.      I it'urr    l.(i   shou'S   the   .'^'r'M,'   ■ ; 
au e h e . I   sve   ei n^ t der i    .-MTr 
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Figure   'i. 6 .      Uoltiige   Envelope   at   Outpui    i,'   '•cluti' 

Loop. 

' l<y   achieving  a  hi;;!'  'I  lai-tor   in  a   loop,   il    i •.  p.oriSiMe   to  appreaA-.h   the 
ideal   case   shown   in   hi^uri'  -1. r->.     IVe  will   note   that   d.iinpinr  esei 1 i at i uns   [H-rmit; 
reception  as   s'own   in   l;igure  4.4  with   as  high  ^-factor.-    in   the   loops   as   de 
sired.     Without   damping  of oscillations   this   uould  he   impossible   ■■ino1   the 
oscillations   caused  by  preceding elc.ents   of a   received   signal   would  he  [ire- 
served   in  a   loop  with   a  high ','   factor. 
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creator   thar   anv   othcr  mauni tmlc   nt' ',    .     ]f:<-'.\'U:r--,   thf  yi';'!!,]1'; ! : r\-  ot'   :;, 

t-quai i l.y   f ■. 51'i   uhcii   all   \     -...iv.-   liir   ilfiisit)-  o I'   (-l.-l.. i.     i   -r  t'omput i iVi'   !'■■ 

[jrübabi 11 ty  q  i^f   i-wi'i^t   rccrjU i on   it   is   ru'cessai'v   tc   i n t cy, IM* r   i-l.-i'i'.   t^r 
al I   V     in   that   raiit-c  whore  \'.    ■  \' . . .... , ,        ■ r r   i   r  ■       ni;   r  /      i.      Ihis   [irobloni   is 

rather   simple   since   ail   the   variable',   of   integration   separate   as   follows; 

'/ I  l- ;.-.(r,   ., \. \d\\.. .'k.t\ 

DS- 
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j-.n.j  j ..i. .1 ■■■•. ■■■> 

1 

.i 

■•■.-./'.•.).». ..n, 

■i /ji'-•'.''» I (! 

i-l   Jr- i 

whiMv ui' use  t tu-   -libs t i tut i m:  •       \ .       anil  the  Jc^ i v:n.it i 

:i'   'n i nt rnilm-iv!   i n  rt-.apr^r 

li     n" • 
\t t IM'   i \; .null IIL;   I i        i by   St-wt on ' <   !< i iv:: i i i   : 

inti'^iMl   (l.l(')   to   Tl"    -un   nt   tho   ;.i^:i'. ir i nlc^r.i 1 ^ 

l'-| M   .    /.<! 

\^ I ,r' 
r    i 

V '      .vf 

.i   ■> c   ?'■■.ii ^ ( 

I run:   t'u •    t i-.c  i ;. !■ i1- i ! i t>   .'t   '-rr   r   ; ■ 

llic   result   drrr.ci!   i nil i oritcs   that   rrrci-  prvibabilif>    i r    i!'    K'tr.r 
interval   sx'stL'"   nrthn^nnal   in   the   inn-r ; i t i eil  sense   i^,   nist    v   ivh(vn  the  signal 
phase   is  unkn.'wn,   niMquel)-   detenrineJ  'n   the   ratm  ot   tlie   si^n,]   i-h-ment   ;   ^' x 
to   spectral   noise  Jensit)   1.   .     Is i t h   a   ^nen   -ii^nal   \  wer   m.l   -retiMl   Jens.tv 
>.t"   t liKtu.it : ii;   i nt < rt'i'i'ee. ■ ■  ,   neither   the   I re nie'u \   t   mil   occup it i dl   !w.    . he 
s i gna 1   nor  any    't !u i   s i ^t,.! ]   pa ranet ers   ai 1 eet   error ; rv'l" ah i i ; t v ,   prev i .h   ;   t h ,.t 
the   si (»na Is   s,i t i s t\   Loml 11 i iin   ■ ! . 1 s ; . 

Wc  also easily  ascertain  that   in  an  a. t i ve-i nlen al   s\stiTi orthogonal 
in   the   intensified   sense   the  iliser't'    transform  of   the  chanm 1   is   synmet n «.a 1 , 
i.e.,   the  prohahi 1 i t i es   (it'   ill   ' \-:M s   tif  error  an    ulent i v"a 1 . 

In the case when i : !'ol lows fro;. (.1..JS1 that 
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' . ^ut'r    . . I    w      •  . i       t ■■ 1 it : , '.ii \f   .1 1 hi-   •  ir <     '..>.. 

si; ,ii, s    t (u    Jr] I-IK;I ;., ■      • I    t : •     «.■ I r'i'l    ]> I ol'.il- i 1 I t s    . ■!!   !,       . •      i]>t l- u." 

..'•; T i.'T.  piottfil   ii        t    i-.,!..      -.jJ     lor   .   i'Ui.m   i rthi'^i't .il   ■•, 
iiv>    ! fiW,   ? h :      ! ■• ►:" : ■     t !;.it    tl.i     ; a, k     •(    .i   [■ i l    r ;    i :■ I i. ir. it i    n    il 

JH-^ li ,    M^n.i!   |'l;.i   i     ; :u : ■   . ■>       i ■   I it i\    1\    I : * t 1 ■    t1 i    p r > '.■ il I I . t 

'r:; I.T. - it    ,1   ;    i ,.''. t    i :,   11   i ■- ■■    i :     -iii;.!!   ;    >. ■ l 

r 1
,
II t 

! i qu ri-   '• . 7 .       f" ri'fcat- i I i t v    i  ■     f ' ro r    1 ■ 
.ii'ic'i'"t    .1" .'    Ill     I nto^o ri-n l    Rc-^optnj' 

•'•c ' i . t- - I ■ I c r . .i I    C ^ t' ixjc".» I    ') . s ' f" 

I ••'.    -.ir.i'   IT I vl    ;  i    ' .il   ; 1 . t 

i .i!' i i i t \ ,   ' r   ,it t .i> i.il' I      uiit',   !, 

i r i v ' ( : i ; . ;. i;   t !,i     ;   q\. 

;cli tl;< ■■ ■ . . I .  i i • - ■ ; I'.V :,    :  it 

.-t -t       ■ ' 

Kir...i.i"    . ■    r. . 

■ t-rit ■   t'.     jvk>i-; , .! .   r.i   ' .    I i, » 

.il . ..t    : ;i; t . .i 1    ^ ; ^n.i 1   ;!,»•■<.       ' ; ,:..i .     1 . 

Jiv i he 1 >      ■;!   *.; ] i • ,:  , r   ■ r: "t   ;• •   ' .i; . i i ' 

.: i   rrailc    'ii   r ■. ^ v;-t i. •,   i ■ 1 i ,i''; i i • ■■    t IM    ;   i<i i    I. - -    .. i ■    ■'.■'   ■ > 

f   i\    ■<)' 1 u ii   t' ■    !  i. *    tlit    ; f   ;  i  . , • , v ,     , r.. . : c ; i ■• t    : i . ■    ' . 

I'.ii.ii' i>   ;i'i c     111 n   t )■ .i:,   .  'Iii'i i !• t ,   '.•■:■.   .:.   , .i^v--   «h i' ii-   . i . i . \ 

Juv.   n. t    fliKtii.itt       T    ' ' IK t ...it i   •   \ ■  i       - .  'v. 1 \ ,   'tv  ii;'. i    C'.v   : . - 

b\    kuhcrmt    t cv i-] t i-T.   ,'.••■•   ;n>t    •• u ■■   u;    '      fa-      ■.'-tir    li.]    it- 

p*. IM-  ,J1I ^nrvnt   in   t ■ .    M- .n \ 11 ^  iiiii t . 

\ti.i 1 \ s i s  nt   ! • nr.n 1 i   i :. i • in   ~.it i   t ■   II>    tli.it   wit) 

i-,   i.\'iji    I'.i- 

t   ' 

thi   ; rub.ib; 1 11)   ut   rrriM   i IK t i-.i-i--   » i 11;   i-.n-.^i.' 

ut-   should not   Jrav>   tlu   pn-m.it im   VOIICIUM .'ii   ti..it   tf,!    ti-s i - t .IIKI-   .'t   >. onjt.un; v i 

ti  'ii   to   noiM   Jiv ri-.i^i-s   .is   tl'.r  coil'1  b,i<c   i nv ri-.isi-s.      \s  »»is   ■»houti   in  Ih.iptrr 

tlu-  equivalent   i-rii'i   prnb.ili ■'; t >    -h-Hiiil  'c   t,iki.-:i   -.nt.   .iviount   t ■  i\ilii.iti'   tdr 

ro 11 ah i 111)   i)t'   mt orir..tt i o;;   t ransr. I •.•• I -n,     i\it(    nonr«. JIJII-LUKN   , '.ii:.^   the   r.;■.:■.. 
Unt   error probability   is   p     -  p'lo>;,r.   i.'.b^   .     I urthericore,   .it    i   ^iven   t r.ir,- 

mission   rate   the   si>;:i,il   element   duration,   JIUI  iieiKi    it1-   pov^er,   is   [ ropv r 

tional   to   lo^;  r.      fheietore   tlie   .liJterent    -\^te~s   '•hoiil.l  be   -orpatiil wb(      thi 

■ :<)( 

,. .-~^ — ,.     -  -^—■ "- ■ 
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!>•*: .ir .    ;iv 

c      i.: i r. s i ' . ■ ,.'   -1 .•. •« i 

'    -  t .1» vl 

MM-     J 

i. : . , .     ;•■••• \ ■• ' i- -      r t i.-m I .i i    1 ■ 

it'-,.. t   'i.^   '   ; : >.    v • . 1:1. i <■   i''.,i'   '.      i i,k M . ■ I 

; : .: .    . t   . ■        ,.•/..    ■.     .        , .■    is. •'.   ,i   ; 11 :i    ■ .!-• .   : 

: t .ii-.:    l);.i\     , IK I •   i   . I i,   !'.i ■'.i    I'.i'-v    .lir.i--.'    .i I w ,<. ■• 

:.st r.wm nt a* i, ii   , ^ ; •' ■ ; ; '• ■      ' '   "> i •• ov i-i   -'::■:■.   ; r-  .; t - 

: v  , .t • . .    ' .in .   ' i.:    ■   :   '• ■    ' i.'     •.,;.;.    ir:..   ' '. ;       . •   ..i; 

Figure ^ . 9.  Conpjrlsor- of Resist anCi- Cu 

Interference in Crthogora' Systems .-. i t ^ 

0 i f ferent Cc cic Bases . 

JCl 



——"»ww»—^pimpiw i ii | in ■ 

ishr-n   thr  powtT-«  ui   --.^i  i i-•   .in-  not   ttu   s.ir.c.  cvt-n i«hcr.  nrthi .•  r.iiit.   i 
nt.i.nt'ü,    i   v;rT.<T'.l   ■• ■•• re--^ : ,.r.   tor i-rr>r  prc^.it i ; J T \   i annot   I'c   nltiin-il  .inJ 
if   rni";;   !■<    ^ orq1 iT cl   M-J .ir.>? i-1»    11' r  «.«it;     pr . « ! i ^   ^ ^ ^ t CIT .      I'',   v. .1.      :   r«.ir."' ii 
hi    n > i ]   .or.'-iil'i   .i   ■•"■rli    '■:i,..it'    -.^STCT   Kith   .tr,;',1 1 T uJc   ><•-. ir/      'if     ui:!, 

. I ■ t 

, ( 1     ■■   , ' 1 

r f   .   i -    1   1 .*: Jon-   1111 ; . 1 

l'i' r<-   t he   -; i.V. <,   :    »I-I    , 

I' ,l! 1 1 i t I fs       !    the    - ; ,:•..! :•;    •       ' .•    ' Ii 

n. 1 ; 

1       in. 

in,   v» ■ 

i^ti; '   ill' r.T    I 

V,       • •  • '. 

I,      " 

\liru:  t       1 ii- .!   t'  ii ,1-   •? 

'•". r ■ ■ / 

\r.   rrr   r   ^ 1 ! 1 ;.:      • :•. 
• : .ir --: : t ; r;^   "SITUI"   , -v-l'    I    . . 

, t    , s    lul 1 : 1 .<■ . . 

.•••    will   ! 1 r^t   .i^ -.;••.■   t' .it 
^yr.ix   ; nibni' 1 1 1 t \   th.iT 

1 v.;:.,i i 1 ; \     '1 

irh!  wh'-r. 
T    tliil ; 1 .■ ,: 

r..n<ri t T1 rij.-  "; -1 • r\ 1;' 

'JnJi1 r  i!-,; -   .  null t I.T   thrn 

>     '.     '■. 

iOuMi   .\        1,   Inl   f*1   *   ■>    mil   1 ni'iiu.i 1 11 v   1 1.'.'"n   n,i\   ' i-  .IJMTI'.X in.it 0 h   re 

;- 1 .K i'ii   l'>   .1   - 1 r.;- lei   1 rc.,u,i lit» 

A  similar proMom ot   optimal   1 ncolu-rfnt   Ji'toction  of .1   ^inu.svuiia!   SIK'I^I   "1 
white  noise  has   I'ccn  studicii   in  detail   it1   radar  thcorv.     However,   in   view   of 
the   important   Jifference   in  the  i.-o^t   of error   tt'aisc  alarm or •■;--iri(;;  a  signal 
use   is  usually made   in   radar  nf  the Seiman-lVarson  eriterion.     Here,   in  aecnr 
dance with peculiarities  of a  system  for  transmitting discrete nc^ages.  use 
is  made of the maximal   likelihood  criterion  which   coincides   in  the  ca'-e  of 
the  same  a  priori   probabilities   of  a   signal   with   the   ideal   observer  Linterion. 
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K"-'»   •   '■. (■1 .Sun 

hluch IIUMII.S   ttiat   vvlu'i)  tlii'if   is  a  sti'oiix',  signal   the  ideal   receiver must   register 
symbol   >.   in  the  ^.r-',' where  tlie  amplitude  ut'  the  eomponent   ot   the   received 

s i gn.i 1   ^^ltll   .i   fremieiicv  of'  k        is   greater  than   the  operating  threshold  which 

l>   I'.al:    the   amplitude   of   the   expected   •• Ij'.nal. 

lit   u.s   tind  tin   error  prohalu 11 tv  Juniig  transmission  ut'  an  interval, 
:.i-.,   tin    pr^bali 11 t \   that    i necjual i ty   M.^Ol   will   he   t'ultilled  durini,   the   ]■ 
! erv a i I ".   t h ;  ■   CaSi 

V '.  '■. 

r-'^-ri-sents   a   random   .anable  with   the  Kayleigh  distribution 

Ir   <•'      ,'  '',|\      •',    ,  (w^ere   f    • T) . 

I he prol'ability p  of error during the interval i- the probabi 
e.\ceeds  a J - »■ 

'■  )■.•; 

111 v t: 

where ';'   " - '"   is ti,«.' ratio i ' average ^ignai I'li'ment i-uwei' to 
*-. I. 

noise densitv. 

Now   let   us   tind  the  [irobabilitv   of  error during  sending,   i.e., 
babillt)    that    nieq'.ialit>    i-Lf-iÜI   will   not   be   tulfiileJ  when 

^jiei t ; 

Van abli 

J'   i.   . /<.      I',.. 

•      I 
-uhn.its   to   t-he   generalized   Hayleigh  distribution   [(>J 

« . ( ) 
/ 

i      ') 

Ihe  probability  that   an  error «ill   occur  during   sending,   i.e., 
wili   a>Jopt   a  value   less   than   .a   J,   is 

that 

•• I: /■      :■   t  ..-.,' 

i    y ( "■. >■■). 
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wluMe \i'x,\)   is  ,i spL'ci.il   tabulated  fiinctiüii,  ami 

Qi^. '■)      iv  !•   • / 
1 /»ir, 0 'r, 

Intt-'grat i ng  hy parts,  uc may   rep iv sent   the Q-t'unct i on   in  the  form i'i' 
: i I'i c s 

Ot -      ,1 x c;)"'— (•l.:oa 

1 ho  prubahi 1 i ty  oi' LTJ'UV Jnriii^  snu!  is  soiiieKhat   loss   than  the  pis ' 
Inlity  i'f error during  an   iiuen'al.     Hie  eomplete  proliahi I i t>'  of" error   is 

(r-    /-' 1.31 

Iherefoi'i   an  amplitude  1-eyiiu:   s^'sten. with  epfini.il   incoherent   reception 
is  asymmetrical.     Ihe  upiTMtini;  threshold  could  also he   chosen  such  that   the 
error probahi 1 i ties  (.hiring  M.i;dinc  and   inter\'al   were   identical,  hut   in   this 
case   reception Kill   :i M   proceed   in  accordance  uith  optimum pi'incij le   > I.."!1'. 
Hence   the   tot.il   error  p r.-' .ih i 1 i tv  nill   rise. 

will   now  d rep   i :r       '      w I that   . a/n      •   i 

Ui'   will   des i i;na! 

i x i ,   if \ -    1 n1,! 

!uncti on  uhich   i s   inverse l 01.' I 

1 i.:iire   I.10 di^plas's   the  !;raph  ")"   function  y 

Inequajity   ■■_■'>..'Oj   ;:;.■>   ii.en  he  * ritt en: 

\    '•o-H: / "      I ' r. i 

Figure   ^.10.      Gr,-3f;h   of   Function   \,   =   ■ (x) 

:o-)- 

 ■■ ■   ■ 
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Ulis   inequality  differs   from   M.M'al   in   that   the  r.xiuvssi on  on  tin-   i'ij'.ht 
side  .lepeiuls   not   only  on  ..a.   but   also  on 

Ü' 

ihercfoi'e  uitli  a weak   signal   the  optimum operating  thresholil   is   Ji'tiw 
mined i >u   only by   the amplitude  of  the   ineomini;  signal,  but   also l\v  ttu' 
i nt erf. renee   level.      Lot   us   denote   the   uptimuii   operating;   threshold  by 

i e'vi Variable    '■'--   '' we  will   then   ea 1 I   tin-  optimum   relative operatinr 

threshold,     figure  ■1.11   shews   the   relationship  i', rueeti h   and   this   threshold. 
IVith   l,irj;er values   of h   it   ft lids   toward  f'       .a   _'     ,   whi.'h   agrees  w; 11    (-I.r.Ua1. 

e 

l\e  .v i 1 !   determine   the  error  prohabi 1 i t i os  Ln   sul  ■ • . tut : IO.'     .   I -r    ..■  J 

as   the   integration   limit-',   in  expression   [4..ill   and   l.l.sJl: 

/• 

r,      l     C f- v: 

/_ fi (".■•,• i 

i 

F : gure   !<. 1 1 .      DeOetidence   of   Or t 
•'I'lative  Operuli'ic)   inri"*" id  ,.." 

l-iyure   1.1.'   reriv-ents   the   total   en'jr  |iro,'ab i ! i t y   fi,;urt%d  b\ 
'utiiii;   i4.."."j   it;   i.-l,.il|,     ivo  will   note   rh.-.t    :;.   ^;\<-   in   i  of  error  pre 
titles  which   are  not   \er>   si:;,ill   (; 1 i'J tii>   enr-.i'   .tpprox ;i;;,it es   f 

' . I'J i  ^at i s ("actori lv ,   i.e.,   .!"   .i:';:,l i fide   •■i-niul..? ; ( t;   -v^tei'    iift'ers 
■1. in   res i s.t anee  to   inter! erenee   fn 

i nterxa 1.     However ,   11     houi J  be 
■: i.Je  with   tlu'   saiiie   a\ .'r;i.;e  p •'••or     i l .'le   saru 
[sending  [ioweij   in  .ui  .imp i i t ud<   nio.'uiati   n  s\sti.: 
f "i- iueiK"\'  Uiodu I at i on   s . st ■ :;.. 

■. ;; i p.'     rmo'.s na I   ■• ■ ■ • e-;--   wi »n   ..: 
-t   m mi nd   that   h.eri    riie  e •••■pan s 

.; in,>   !■ •        '■tin--   ease   the  pe 
■    ' w ; ,-■     as    ;; Seat 

1 rv 
.U. ! 

•"A   ; • 

"■    i1' 
i ■    i; 

iwe r 

■ZOS- 
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Figure ^,12.  Dependünce of Error Pro- 
bability on h- in an Amplitude' Keying 
Sys tern. 

HonorthogonaI Systems with an Active Interval 

Calculation of  error probability in the case when the conditions of 
■ I.KSJ are not met can be performed in the same way as in the preceding 
examples, However, great difficulty arises here in computing the joint den- 
sity of I" since X , V , X, and V: are not indepenient. 

r      r  r  .     . ' 

We will first consider a binary system witn an active delay and assume 
that signal ;,(t1 was transmitted and the initial phase had a value of .. 

!u compute the error probability with optimal incoherent reception it is 
necessary to find the probability distribution density of the variables X , 

V , X,, and V, and integrate it over the area for which 

■v, ■ );<.v: • >:, 

Obviously, in this case the distribution of X ami V is normal,  IVe will 
compute their moments: 

r 

(4.361 

'' I. 

0 « 
r 

1) -'U ■■ 

and si milariv 

V.  -'^ MM ^ 
r 

x.     ?t r 
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(;., i-.- .:  - i: :i. 

i .      ^Z1  (;■ P"« ^    ■ P.vti 

4,57) 

whei'c we   introduce   tliL' des i gnat ion 

,     I T 
v-       { ..'    r - 

" o 
r 

0 

r 

cj .M;)./.', 

I.'I,,'/ 

(4.5-a, 

Wo will  note that  a Bunyakovskiy-ShKart:   inequality yields  the  Colluwing ex- 
pression 

r 0-:p    y P; • p (4. 

The variable :   characterizes  the degree of deviation   from orthogonality  Ina.1 

much  as  when ..   = 0  the  signals  are  orthogonal   in  an   intensified  sense  and 
when  :   =   1   they coincide  with  an  accuracy  to  the  initial   phase. 

As   in   [4.413  we obtain  for the  second moments 

AV-MV     A,!1       y;     [„,;,,,,„.','] 

H'^Vi-i' i h 

Obviously,   for .\n)  V.,   and  \,  the  value  of dispersion   is  given  by  expression 

(4.41).      It   is   further  easy  to  see   that 

.v;}-,    A   K,    n, 

'l T 

X'\ A . = ■|r''- f n i/) .-, U)dt [ n (!) .-.i/iu'r 

L':; V   (./,»'/.»   :   bxhl',k)       - r   ^ J.-,(M.-,(/),// 
Li 

Ih'P ;;, = ■;.  v:r?,. 
I)   S   • I / q   ri 
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VVIKTI',   .!■-   ewrvuhctv,   h'        i    I 
s 

After  intojjratin^  lliis  density  with   ivspecl  tu     '     anil     ', within   limit: 

MMii; Ü   tn  J    wo   tin,!   t In.'   two-il i incus i nna 1   drnsitv  of \',   and  \ .: 

■ /. 

\ 11     . 'l 

i. 60, 

I"   I'nui   t!if   iTivr MotMlMiitN    it    i<   oiilv   nverssarv   lu   intcurato   this 
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l-'igure 4.13 shows the dependence of error )irobability on h" for vuri 
values of . . As is apparent from this figure, the most resistant to intei 
ference is the orthogonal system (. = Ü). With an increase in from 0 n 
the probability of error increases nJatively little and the deviation fru; 
orthogonality may be compensated for by a slight increase in tlie power of 
signal. This is even more clearly demonstrated in I igure ), I-I which show-- 
dependence of the required value of lr on . with a given probability of ei 
When k approaches unity, the signals become indistinguishable (with incolu 
reception   .-nd  no   increase   in  power will   compensate   for  the  drop   in   fidelit 

Ke will   note   that   variable  .    has   a  simple  physical   meaning.     The   reader 
can  easily  see   that   it   is   equal   to  the   ratio  between   the  envelope   in  a   fil 
matched with   ^(tj   and  the  envelope   m  a  filter matched  with  ;   (,tl   at   the 

staut   of reading   if signal   ~.(t)   is  delivered  to  them without   intcrferenes 
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r systems with a code base of m 2 and nonorthogonal signal 
ible to obtain with reasonable simplicity general expression 
i ty  of error-   in  the  case  of optimal   incoherent   reception.     II 
particular cases it is possible to obtain exact solutions f 

aluations by using more or less artificial procedures. Here 
if coherent reception, it is sometimes possible to reduce t 

e simple line by using the isomorphism of systems. However, 
incoherent reception equality of Kotelntkov distances is not 
orphism of   systems.     It   is   further necessary   that   this  equal 
with   changes   in   the   initial   phases   uf  signals.      1 he  possibi 

-. a . iii', t lu ^ i gn,i 1 
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■ as to meet tlie following equal i tie 
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where M 'ipt-rsc r i j't ^ in.Ii .ate tlu s\'sti'm. 

In i.i,t, in to! I i I 1 m,- condition il.b.'j all magnitudes ol X. and "i , in 
i i 

both  systems  during   reieptiun  of  a  certain   signal   have  the  same  ;oint   distri- 
bution  ot   •■ pibabi I 11 i cs   and   it   unambiguously  determines   the  probability  of 

rrpT. 

iu   way   el   examph   w-'  will   find  at,  estimate  ot   the  probability  of error 
lor a system vith  an  ,K t i \ e   internal   when m       1,   the  signals  o)" which   satisfs 
the   i "ndi • i .'ii 
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example, it is useful inasmuch as it serves to Jemonstrate the princi 
methods of obtaining estimates for error prnbabiiity when it is not p 
to calculate an exact value.  lurthennore, this example will be used 

analysis of one system which is widely used in practice. 
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Figure ^.13-  Probability of 
Error for a Binary System with 

Nonorthogonal Signals. 

Figure k.\h.      Dependence of 
Required Value of h- or . 
with Given Probabilities of 

Error. 

An optimal system registers symbol y  if at the same time V  • \',, 

\'_ , and \  • V , i . e . , 

;ll 
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Iii  conclusion,   v»i   >« i I 1   note  th.it   Jiscri'tf   rfpri'sontat ion  ol'  the  ch.nincl 
in   thi'  syslom uiulor discussion  proves   to IK-  ;is\Tnmftric;il.     It'  smbol   >     is 

t ransmi t ti'il .irul ,iri i-rror has occurroJ,  symbo)  y, or \    will   occur with  .1 

jjreatiT proliahilit)   than  \-.     Symbol   \ , will  lu'comv  y.   or  \,  v»it!;  .1  jjriMti-r 

piobabiJit\   than >   ,   etc.     lu- uill   ri-turn  to  this   in  Ch.iptrr   IX. 

Froqut-ncv   Keying   (FK) 

\ji ov ITVIU
1
 Imi n^ majority  ot   t-xistin^  comminu cat ion  s\-stfns  uhich  ii>-(    ,' 

s.-luti'l)   uuolu-ri-nt   ri-ci-ption  ari' based on  l'roqucnc>   Itsn;^.     I ror   tlir  ii • u i! 
obtauu-d  .iS-vi   1!   f'ol lous  that   thr  ^ri-atcst   n'^istan.i   to  int i-rf frener   is  pi' 
,idcJ  In   th.'sc  systems which  arc  orthogonal   in  the'   intens i t'i i-d  sonst-.     lu. 
signals  which   n-presont   sonmcnis "(if   .1  sinusoid ot'  dur.itiuR   I   with   ir'itt.u-. 
initial   phasrs   .ire  orlho^onal   in   the   intensified   sense   it   their   t'rpqiK-ncies 
arc  multip/jes  ,<(   l'|.     In  order   to  ir.ake   sure  of  this   we  will   calculate   tin 
value   ol        tor   fix-   signal* 
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lluis,   with   .1  Jnt!   in  '■«i-.iial   fri'ijiK'iu)    in   nur row-h.MI J   IK   thr   i/K i ■ „i^t 
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amplitude uf  ;;  .it   its   input,  ami on     I,   and  also noise of normal   probabi- 
lity  distribution   and   intensity  dependent   on   ' f.     The  envelope  of the  total 
voltage,   as   is  known   [faj,   has   a  generalized  Rayleigh  probability distribution 
Just   as   in  the  case  of a  matched   filter.     At   the  output  of a  matched   filter, 
however,   the   ratio of signal   power  to noise  power at  the moment   of  readout   is 

.r/      '/■. / 

whiU'  witn  nonoptieal   filters   it   depends   on   the   ratio between effective   pass- 
bawd     f  and signal   duration T.     By varying  the  value  of   '.[ we .'an   find   the 
value  of   it   ac  which  the  signal   power  to noise  power  ratio q at   readout   moment 
is maximum. 

Ivith   reception  of  a  single  pulse   this   passband   for a  single   resonant 
loop   is   equal   to  ,'. f  -  D.o.vT  and   for  a  pi-response   filter ,'f  =   1.3"/T   [h.,'J]. 
Kith   the  effective   filter passband   thus   selected   the  maximal   value   of cp 
is   [9J: 

r .- o.si; ,;•/■ n.^lSh"   for a   resonant   loop 

'/ - 11 .v 
I'.SJ."!!

-
   '"or a  pi-response   filter. 

If  the  voltage  across   a  filter,   no'   tuned   to  the  fivqii'-ncy  of  the   re- 
.■i.Mved  signal,  were determined only by  fluctuation   interference,   decision 
making   in  this  s/st-   . would  reduce   to  comparing   the  v.lues  of  the  two  enve- 
lopes   at   the   moment   of   readout,   and  one   of  them   fin   the   filter without   the 
signal.)   would  have   a  Kavleigh  distribution,   while   the  other   Mr.   the   filter  with 
'.he  signal.i   would  have  a  generali:.ed  Kavleigh  probability distribution.     Re- 
peating   the  same  calculations  as   in  conclusion   '-.■!'.|>   the error probability 

could be   found,   i.e.,   it   is   the   same  as   in   the  optimum system   if  signal   power 
is  u ;. ii ni shed   IS.. 

'here   is, however,   no  basi -   :, r   thi«   conclusion.     I'^e must   tale   into 
.tccount ,   first, that  with unmatched   filters   the   received  signal   at  moment   of 
readout   creates a  voltage  both   in   the   filter  tuned   to   its   frequency   and   in 
t!u    'fi.er »re.4 Second.,   at   ; K; müment   01"  readout   residual   coliuges   from  tran- 
-:"nt   n.rocesse-; created  in-  the  preceding   signal   ' lements   are  keet   at   the  output: 

Ihis  phenomenon,   despite  the  existing   fallacy,   does  occur  in   ideal   pi-responsi 
filters  with  nonoverlapping bands,   siruc  at   readout  moment   they  do  not   yet 
Lave   tlu   steady   state   in  uhich   a  : ignal   outside   the  passband  does   not   traverse 
the   filter.     Only   in  unmatched   filters  and  orthogonal   signals   is   the  voltage 
at   readout   moment   at   the  output   of  the   "empty"   filter determined by   inter- 
fe'etice   a 1 one . 

-::i- 
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in   tins  i-;i-!•   is  conip 1 u';it H!  1\\   the   t :u ;   that   q  aiul        wi 1!   il<.-jn.'m!  i-.n i-.!1 rt 
SI^IMI   '.'K'i'.iont   tu'eccdi'ti  the  'nw  UIUUT i."oiisi di'ral inn. 

In  all   actual   systoms   i'i Itors   arc used   in  which   a  st'-;uly   state h   es- 
tablished by   the  moment   of  reaJinj;  am!  the  signal   is  tn'aclicaliy  not v\eakemd. 

rornuil.i   I !."(.>,   acquifes   an  exceptionally   ■-. imp lo      .nn   il: 

ronsiderinu   that   OiU.vl   --   e ■    "'-    and   I   !Uj        i,   in   '.his  enso 

,(•;!] 

Ihe  authors   of  .^orK   [UJ   shin\   that ■•   . Ai   apprently   is   an  optimal   value 

fur JeV'ation   in   ins; antane-ous-f reipiency   IK   ri-cepliin.     lor   the   eise  vl   a  | : 
[■espouse   f i 11 er ,   when 

\   ' 

Ihis   is  confirmed,   at   least   for   larr.e q,   in svor'h    |1^1 

ii;\ri i'"; ne   formt: la   ( 1. "ea '   \< ,   i !   '-hon id  I"-  horni    in  ü.I i 
th.at   flu   effecli\e   filter  [>assbaiul   . :.  a   circuit   with   a  d i scr .minat or uh;J 
passes   -i\;n,il-.   ;   It!   and   ;■ , i t '   rue-.;   he   .it    iea^t   twict    ;.he   id'fccti\e   passhand 

.'f   the  separaliiiL',   filter   in   a   circuit   fur  narrow-hand  etuolope   recejition, 
Ihi.i   requirement   flows   fro;:!  a   cur.iparison  of  the  processes   for establi ■aiiir, 
ai:;plitude  .md   inst antaneuus   ''iH-niency   ("see,   e. c . ,   [I i'i.     therefore,   !"or oiu 
and   tf."  same  noise  spectral   density   at    tiltei   output,   the  magnitude  oi   q     i:. 
HI   in-tant ineous   frequency   recoption   system will   be  e>actly  liall   that     r.   a 
ircuit   lor envelope   reception.      It   follows   that   the  p>-obah.' 1 i ty   el   'crrer   in 

both   these   circuits  will   be   approximately   the   same. 

.v11 di. - " j.'d   Pecep L i on  v.' i I h   P« ■.; - De t e c t e ■'"    i •. • ei;' u '   on 

Idle   a! ..Vi rt".S',   1-.n. ;   u. 

can 
fi It 
freq 
t !.■ 

ic.   netil, ds ,    '' 
t t ell   av:    ;t;     :; 

e   reqti i r'cmi.'nt s   ! v, ;■   t n quenc)' 
n i!i d    is   .i.   'h;    .i sad rat u i •■   ; 

. ,■ ,' 

s   iv i ,',.    Paiui   li I" e i ■   art 

. .a'   are   sir'.]  .• s   I :, in   i !;■■ 
! ib i 1 i t •>■   : r,   IM rrou - !>.i!id 
re:: .      I he<e   requi i ement ^ 
!   n i ri\'U   baiul  separat i on 
ct ed   'he   pt'Sr- i b le   si rna 1 

lency   el; ai,',..■■-   uiuli r   ' 
. mil n 11   d. cr- e   id    :"re . :  IU      di. ; I 
le   " f fe ct i vi     1 ; ! 11 :    j   e- ■ •■a i,d   .' 

ef •. . t   ef   f ■■; af : ! ; ■, ny,   fad ors .     '.   \. i't In 
our si , 

If     f  ■ i   t lie   natural   osci 1 lat imi'    m   tin    filter  danij    e    last   lluit 
• h r   residual   U'lta.'e-:   f   wl  b\    t lie ire.edini:   signal   elements   ■•::r,   he 
 IJ  

■ ' n i s  condition  dees  lie'   ci.nrridicl   the   fact   that   the  eil'e.ti'.i    fi;ter pas: 
':   md  .'     f must   be  .'.real    in   ci-mpari son witli inasmuch   as   for   ill   filter: 
actually  used   in   practice   .'     f   is   naich   rreater   than   ta.e   average  aead rat ; . 
I.and    it 

mmtmmmmmmimttim^^mmt "^^-^  ne ^ij^...- -r.^-i. ..-...■..|rJJ ..-.^^f.tWlriyii'j-  rJ/-l,l\ i ...... ,;, 



 II ■■       .       I       .      I    I ■!    ,      .-    .   .  

t'uh p U'U'Iy d I sri'iiariU'il, l^il i ■,; .m^ i MI i'l t hi' t i 11 i-r IMS'-IMUJ I : ^ I >■ , • i i,i 
pouf . .1 llu' nui si- p:i--sfit tliruui;h t hi ■ t'l !tr i . ■ ; n. ■ M >;ii,i! . M :: u" it ! !'.■ 
out put , I t In.' u i dc hand filter i ■ 
■-i),;n.il   piiuri    tc   IUM-I'   [UHM."     .it    tiu1   uiitput    i ■■ 

'/ /• 

h'e  wi 1 1   .i 1 M'   .\'iri i d'' i    that    t !.i ■   I i 11 IT   1 n-.p, H IU •.   v !i ■ r.:. 11,-1 ; -1 i > ■    !    ;    i! '   ; i i 
t UM 1   purpi.^i1-   do   lu'l   i.n ;■ i' 1 a|  ,      I!', i •■   t-i' rra t      u     '  ■      ..    ' !i i •   t la    i;. ;   i 
! i 1 tc r  out put <   i s   not   iMri'i.' 1 at i-d 

\ltri'   roi;i si o ri U.L;   tin'   fo^onod  '.w   -uv   l'\   .a':-p.i: 
vaii.-.s   ,,!'   tlu'   '.'lU'«.'li.'pos   at    t ho   niitpat'-      I    ti.r   liittT1 

i;!'!!; i'a I i .'.öd   and   the   rost   tin-   urdinan   ICay in i;Ii   prul-ah i 111 \   vlitial 

l:   o1    tin     it ■ t  11 t .i;i• 

a •   v !   w1; u 11   11. i ■    ti- 

nt ,  ■!    ,   ; ! 

Mum ■Apia'ssion   lor  orror prubability   may   IT  denxod   ,i -   i i,   tin    optirm 
hut   with   UK'  d I td'r I ancf   lliat   tlio   '.anahU-  h   is   ro] 

iii/ 

i . r. ,   tins   rocei x'i ny  method   is   oqui \'ali'itt   to  signal   povar   loss   In1   -i   I'aotor  v; 
MT  as  cuinpaivd   tu  üptimuiii  recopt i on. 

lin.'   no i so - ivs i s t aiuv   ut"  wide-hand   recei't i  in   may,   however,   he   Mil-t.ni- 
tlally   increased   it'  a  deoision   is   iiKule  not   on   the  l-asis   ot'  t lie   instantaneous 
'.allies   of  the   enwlope,   but   their whole   eourse   tlirüiighoiit   iluratioii   I   of   a 
signal   element   is   taken   into  account.     Let   us   observe   that   in  narrou-band   re 
oeption   our   taking   into   account    the   values   ot'   the   envelope   at   different   ro 
merits   in   time   throughuut   a  single   element   cannot   increase   noi se - re-:--1 aiua- 
because  all   these  values   are   highly   intercorre1ated  and   therefore   contain  is 
additional   11. funna t i on .      In   the   wide-band   filter   the   cor re I at . or.   interval    [(■ 

where Kl/1 is the envelope of tlu- correlation coefficient of the nois 
through the filter, is significantly loss than 1. Therefore there ap 
a possibility of increasing noise-resistance b) taMng into account t 
course   of  the   envelope. 

e   pasSeU 
pear< 
he  whole 

Let   us   assume   that   a  decision   is  made   from   taking   into  account 
tage  envelopes   at   the   filter outputs   at   moments   in   time  divisible  by 
Let  us  suppose  as   a   first   approximation  that   the  noise  values  separat 
interval   ■     are mutualIv  uncorre1ated.■     Let   us   denote  these  values   f 

c 
first   filter bv  x, ,.x ,, . . . ,x     and   for  the  second,   hv  v.,v. \-   ,  who 

12 n -   ■ \  ■ 2 "n 
n  -  Z.'.fr.     Let  us   find  the  optimum decision  principle   (based  on  the   i 
server  criterion.)   which   is   realisable  with   respect   to  these  values. 

'if there were an ideal pi-response filter these values at its output 
be strictly uncorre 1 ated among themselves (.ami hence also independent 
gauss i an nui se). 
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iv 1 .it i ■ i;isli i;    Jf n \ !■.:   is   slur.\n   in   i i ri; M ■    i . 1'.' 
Uh.,-ii   1, r hi    aim ; ■   ill t l'i r   1 : t t Ir   I tlu r fi ■■;'i JM,: > ru1 

I tu"    m,ulr.it i      .let i'v 11 u!  u 111 • n t I   'i,r  nn i <t'   i'i" i s t .iiu'i    (• i   tin 
u ! t li   ! i I'.i-.ii   di't iv f i i'P   i s   '-übst ant i .i 1 ! >   ii i i ;.i i' t ii.in  wi 11 tiua.l i at i      .n:. 
,i[ p riMoht.'<   I lu'   iu-1 ^v   r-'M >-1 aiu'f   . t   an   > ip t i riin:. ■-> ■■ t i'i::  o\ i ncolu- tv. I 
When   ,;        !   ui   iiia>   iiMisulrr    i| ;• i\'.\ i"  i"'  h   V,-" '    a1    :   Ja i         a!:-l   ■■>;;■ 

: .a        M ■ 1   ' i     sir-' I i t"l .■.: : 

t :   •:• 

!l       !■ 

In   :'ra.'t i .a.-    i   U'u -' rcuii(.aK'\    til'i r  uh:>i,   is   no' touril   to IT   a 
r\:'.-<    i-  ut'ti'ii  u.-i.vl   itistoaJ   -I   tlv    i r.tfu'.r.it rr  .it r.cXr ■tor u'ltpai: 

:i;r    it    filter   all t put    will    ' r   1'Ti'I o f! ii ila 1 ,    lli't    U' I lit i',' I'a !        ' . ^ ' 
'ill', ,i!U' I ' -   i n ! ivr.i! 

i/1; i (|/  : '../-; 

a i i ■ 

1 ;<' n 

'■ . '.'(•■ 

i^iit-rr   L; ' ' '   is   thf   IUK -1 requviii ■sponsi 

i.'.i>   i nt ■-■;, ra 1    fi jTOSt'ii t >   a   r in ii ■:;.   vat"; 
.,\   iv   .oiiipiit i'd   i i' K ' t;   ; s  [ nrnvi;.      1 ;   i_- 

■!' 1 ■    who'.i'   ;i';;:,f i : . a 1    ell a ra ,;: v r. ~ 
1!     ,1: It i-rs   little   : rui:;  i-va'S- n 

1. 
i... 

ticn  tiif  :.   i so - re si star, ct'   :•!   t !■ i <   ri-vi-n 
rt-s ] st aiK f   o!     Pfti'pt 1   'I;   u ; t 
Ust'U 
I      I I 

at l '. f ! \-    si ml 1..    I, t I's, 

a"; ''oa.' 

: t i f I's   i ran;  :.t' IM  at   an\'   vn 1 iif  o\   t 

n   r.f t lioti  v. ilia 
i en   i nt p.' ra ■ i i-n .      Ha;    I in 
i 11 p rs   liavt'   an   i nijiu : st    '■■ 
lliis   has   as    its   resi. i ; 

r li • , i ■ 

I; u i s ■ 

rd.p.ari 
P.'IlS.'      .:] 

t liat    1"; i -er  el.t pip    \ u 1 tai;-   at 
eeivtsl   -•ij^nal   '.'Jcment   and  tin   thf   ■';■•' s.ai :;i;  ' 1 «'iru-nts     P   a   w.p.     .;;■.; I.II    lip   I Pe 
way   this   uccurs   at   a   hi ^h-f requeno    !;!!■;■  k<ut!Mit    ii    tfif   narrow   band  eiu'eiopt 
Pe.epti;.:;   svstt'in. 

■nt   "!    readout   dept'iid 1     tllP     Pi 

111 i s  plu'iieipenon   -"L.l'Stanti ill\    i lu'reases   prrui   PPOIMIM lit-,   .and  t ■ \: 

1 t    re 1 at i ve ly   hn 
dar.ped   hv   t i ipe   t 

passbaiul   t'i ! 1 ers , 1; ivi;   I'es p uns ,_.   y i { <    is   adptjliat e 1 P 

•a 1 d  he   nst'd .      1'esa I ; ;,n i 1 \ ,   ■. 11 i ah 1 • i I   -   ■ I   ii.   i n 
n  an i t \-   : n   a   s i t'li i hi , an '■   per Corral   (-l.i'bj   pruve:-.   tu  ho   con.sidcrahh    le---- 

! i ,MI   oi"   its   i nt ei;r-,t i en   rangt-;   this    irads   ti    "i p/onip let v   i nte^rat !• n"   ■'!'   tin 
ntMsf,   i.e.,   tu   rcdiicing  the   ratio  i f   rht   eonslant   ta.iispepent   to  the   ("hutua 
tiun   component  of  the  x'oltage.s   at   the  output   of   the   filter which   appears 
behind   function symbol   1   (in expressiun   L911. 

Numerous  computations   [9]   show  that   for  the  different   low-frequency 
filter  characteristics   the  host   compromise between   the  coiuiitions   of o'taininL; 
insufficiently  small   residual   voltage's   Oom preceding  signal   elements   .and 
the best  noise  average   is made when   the effective   low-frequency   filter 
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uliusi'  imase     o 11 icides  Mti\   the  phase  uf  the  preceding  clement,   and  to  transmit 
■lement 's  phase   is  opposite   to  that   of  the  precetiini; element . 
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Ihi'   t i i's t   olviiiftil    i  it   tin1   hei,'; ,i;: i Hi;  of   thr   I'omimiii i'.'at i nil   si'ssiuu!   r.n t i cs   nu 
i nt .M-'i.;it i on ,   Im!   stM'Vrs   vixly   t\'v   readinj;   the  phasi-  lit flVrcncc   in   ll:'-   lol Inwi nj; 
ck'iiu ".t . 

\s  was   s'uirti;   in  l.liapti'r   M,   this  systi.-i:! ina\    ilsi    •■■   i i.'i.'.ariicd   '^   a'i  ii 
ilinar\   systt-n:  ivitli   pi':.-.'   i;i.n.lu lat i on,   l-u!   \-.iT1.   a   spi-rial    cocf.d i ny,   ■!    t ho   n-u"; 
iiiittod  signals  uliivl.   is  dosi^noil   td  cufo;!   transitions   to  aosaiixc 

Signal--   in i\   I oivoil   i ,   ijri   in   a   iliannoi   wi'h   ■■ i ow! ■,   oli.aii'iiii'   ;•(> i •■.(■■ 
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order to stress that a discrete channel with relative phase keying is a 
channel with a memory in which errors have a tendency to group in twos, 
must be taken into consideration in coding. 

fh i s 

Incoherent 
recept ion 
/ 

Coherent 
necept ion 

Figure h.26.     Probability of Error  for a 
Binary RPT System. 

It should not be thought that all errors in a received sequence of 
symbols are joined in pairs.  In coherent reception single (isolated) errors 
may appear when interference destroys two or several elements of a signal in 
a rov.  In this case two isolated errers appear at tlie beginning and end of a 
group of elements with incorrectly determined polarity. Thus, the proba- 
bility that in a PT system there will be not less than two incorrectly re- 
ceived symbols between two correctly received symbols.  In light of the fact 
that in RPT interference in the form of white noise creates independent 
errors, we have 

'.'il  /'.,.'i.'1.- ; /'., : )'] 

/'vi'/V: ^   /'-;    /'- I  -il  /V-I'/'M 

or. in light of (•).!);)) , 

Pi 

RPT 
IV, 

Thus, in a channel of good quality when p. 

(4.107) 

,   isolated errors   in  co- 

herent   RPT   reception  constitute   an   insignificant   part   of all   errors.      I'o  them 
must  be  added  those   isolated errors   which  occur during  spontaneous  skips   m 
phase  of  the   reference  voltage. 

Altogether  different   relationships  are   found when   reception i ncoherent 
In  this  case  there   is  also a  tendency   for errors  to group  themselves   in  pairs 
and  this   is   caused  by the  fact   that   the   intervals  of tire which  are used   for 
reaching  two  sequential   deci^i'iis  partially  i-vcrlap.     However,   isolateil errors 
still   constitute a significant   proportion of   ill   errors. 

-:4~- 
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The evaluations obtained in [2-)J show that when I'np-r * •'■"•'  from 

51.2 to 75,ü"« of all errors are isolated and when 1',,,,.,. * 5.6'10 ' from 

57.2'0 to 78.00.  lU' will note that in a channel with independent errors prac- 
tically all errors are isolated when the average fidelity is the same. 

As a consequence of error grouping in HPT, there is no point in direct 
application of codes which correct single errors,  fidelity can he • increased 
here by using Abrumson codes which were mentioned in Section J.S.  These codes 
permit correcting single as well as double adjacent errors.  it is also pos- 
sible to use codes which are in*ended for the purpose of correcting independent 
errors in introducing decorrelation.  In the given case this is done by 
joining odd and even (in order of occurrencej symbols in a combination of :■ 
correcting code.  U'hen using a recurrent code decorre] at ion is a .compl i slu-! if 
the step of the code is equal to two or more. 

RPT Systems When m > 2 

Along with binary KPT systems, rather wide use is made öf RPT systems 
whose code base is m > 2 fmost frequently n = 4 and m = 8).  Usually such 
systems provide for multiplexing of a channel, i.e., simultaneous transmission 
of messages from several sources and several (most frequently two or three) 
binary channels are considered to be an aggregate.  We will talk about them 
from these positions in Chapter IX, determining the probability of incorrect 
reception of a binary symbol in each of the aggregate messages.  However, in 
the past few years increasingly greater importance has been acquired by use 
of symbols with a larger code base for suitable transmission of coded data fi T,: 

one source.  In this respect the probability of corr?ct or incorrect recep- 
tion of the n-th symbol is of interest. 

By way of example we will consider the case where m = 4.  Let there be 
transmitted symbols 0, 1,2, and 3 and Jet information about them be embedded 
in the difference between phasi ■ .'■'<   between adjacent sirusou.al signal elements. 
For example, ' ; = 0 correspond to symbol "Ü", .': 
.: = - to symbol "2", and ; = 3/2 to symbol "3". 
has the form 

/2  to symbol " 1' , 
hns, each s i gna1 eIement 

-• i,' i 

where . is the initial phase and coefficient k assumes the values of 0, 1, 2, 
and 3, depending on the transmitted symbol and the phase of the preceding 
element. 

If the initial phase . fluctuates so slowly that it can be considered 
known, quasi-coherent reception, such as in a i'T system with m = 4 with sub- 
sequent recoding, is possible.  The rules for this are obvious.  The proba- 
bility of correct reception for such a biorthogonal IT system was computed in 
Chapter III (3."üaj.  Hence, the ".rror probability is 

-248- 



    '—     I   III" IWW^Wt^WWtPWW fr ■;■■¥• f*fitf!*-.-^v.iJ'r,w>r/. i mmm 

|i    ■luinir- 

•I'' /; i 

,'f        111       'I'l/nl   ' 

(I i-i^j 

{A.108) 

To compute the probability of error  in  a  Rl'T system  it   is  necessary  to 
consider the doubling  of them.     However,   this   is  not  as  simple  as  it  was   in 
reaching  the  conclusion  of  (4.99)   inasmuch  as  two  adjacent errors   in  a  PT 
system will   lead  sometimes  to  two  and  sometimes  to  three errors  after  recoding 
to Rl'T.     Therefore,   we will   limit  ourselves  to obtaining an evaluation  fron: 
above,  bearing  in  mind that  an error  in   recoiling never  leads  to more  than  two 
errors  after  receding.     Consequently, 

/',      :'il     •l'<'t'l jl     •luli,\ i-l. 109} 

When  h -■■   1  and when   the  occurrence  of adjacent   errors  prior  to   receding   is   ex- 
ceedingly  small,   this  evaluation   is  a  good  approximation.     Ignoring  under 
these  conditions   the  square  of the  small   value   I   -   : (hj ,   we  obtain 

Ap' ,/;-! {4. lU9aJ 

i.e., the probability of error is four times greater than in a binary system 
with orthogonal signals in the case of coherent reception. 

In case of incoherent reception the initial phase , is considered to be 
unknown.  The transmitted signal is determined by a segment of the signal 
Joining two elements, namely: 

The following signal corresponds to symbol "0" 

I.')   1/ o 

to symbol "1" 

.- c,  I 
I 

to symbol "2" 

to symbol "3' 

.-.I/) 

'  / . 

,/ o-, . ', i. /. /. (1 

1/    tl •"■.■ i i ii / i 

/; O rs (ui. ■ v'• / ■ i II 

(/ l'l -> I'«,' ■ fi- it /■ - i 

if/C.-  (■■./ ~ i. f v: /v. II, 

U.mw • ',). (i i. / 

(■1, noj 

An optimum incoherent decision circuit for such :i system can he made in 
various ways.  Specifically, general-purpose circuits are possible, i.e., a 
quadrature one and one with matched filters.  They differ from figures 4.21 
and 4.23 only in the doubling of the number of branches and the replacement 
of a final subtracter with a circuit for comparing the four magnitudes.  Other 
variation will be considered in Chapter IX. 

I-or an evaluation of error probability with optimal incoherent reception 
we make use of the fact that the system in (4.110} is isomorphic with system 
(4.o3aJ if in the latter the signals arc delivered not in the interval (0, T) 
but in the interval (-T, T;.  It can easily he seen that for the system in 
'4.11üj the conditions of M.b3) are met when t'ic limits of integration are 
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h"   loj;,!!!.      11;   flu-   ^i^vn   ci-i   i«hiii  •■        1    irui  Mill 11. irnt Is    lar^i-  '. .iliif>   it   h 
tliL' eiiui va lent   probab i 111 \   it   I-I ror   ■. ■    ipircx trait-1»    1   -p..,.. 

r;   i 

it   is  not   pussibir  to  sh.n>   ^f.iph 11 .i 1 i\   thi   ik-pcruiitu"!'  .!   tl'.i-  i-qiin a h'tit 
proliab 1 1 11>   ot'  rvroy  .ri  h     1^:,;'   t'>'f - !   tur  i ohiTvnt   M' I   n-i, cpt i on 

as  was   done   in   li^uiv   I. i1   lor  t rt lu'^v'ii.i i   svstfrr,>.,   inasnuh  .i^   tin    >.iir\'"-   t nr 
in  =   -1  pract i cal 1>   i-oi nv.-iili-  with   th'sr   t.i   -        .'.      ilius,   wit;;   thi'  n^r  "t   Kl'l 
with   a   >:i\oii   rite   c'.    I r.iri'-ni-■ s i i'ü   t !u-   nun-.i«.«    i r.   "•   J.'-'s   r'"'    ituri,.i,'i    t!".! 
fuiolit)   it   roci'pt i i'ti   i?    ,1: >■: ; ru't i MI   fron     rthoi-nnal   -is^t rn«;.     Hi'wfVtT,    i" 
increase   ir   the   i oili'   h.ise   i •'.    i   l<'i'l    ■•■.    ter   rci—i:-    ; :■. i. .r. ; ti»;   t !-.e   f.iti-   '1 
messa  e   t ransr.i s» i on  wi'lunn   ! r.M.Irn i: ,;   ;!.•    trr.,ii<-tii \   i-.nu!,  wl'il-   with   :■:••. 
t i .in  rt   i>rt h. ^nii.i 1 : f \    the   uur>-isi    w   '    ;;n> !■.<■•   '■ ri-.uit n i n>:   tin    ! IIMIK-IU \   i .u..; 
e\ en   it   t hi'   rate   nI    ' IMII --r : ■   •.   •■   11 - ,i; :•, ■•   : i .     . .ir i . 
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! luctiiat l   in'     i n   the   ph.i •■■      !     i   - . ,;•   il    ;.-,l,., , 
-hiiincl   in.!-".,Kli    is   twi     -ii.-TVil'-   uhi   h    litt":-     v.; •    i 
1 mil ^ t 1 n^m shaM e ,   i\er.   i •;   t .i    .i!-riK<      1    i,!.liti\'    ii-tnt 

.  i r n i ii):   . i;   i ■ i t 
1 ,     ir.lt Ml   ; h r ■ 

Ise  ^ i i 1   c.v.ir. i ru-   t Ii"-   ..r.'-  «;■,•••■   • tu    , ;■. 11 i 11   ; h i ■ •      ;    i   i •■. • i ■. i  i   -   , r. . 
Hut   known   arui  ".i.   with   •••|ual   pinh-it ;'i-.   t .ü <     on    ..i'.'..«    I r.T   i1   t,    .'     !'it    1>'--- 
not   chanKf"  lor  the  ilur.itiun ■!   t r o-  - ; ■ ■■ i n .'t   t1'.'-   ■•.!.■•   - (•■.■-.i):c .     rtr ^ i 1 1 

:-      >. " I     ;    r   11'-       ir p. i h,    . .i;   u ; t \   ■ ;    .   . h i;ifr 1   w ; !'. here  proeeeJ   fror,  e >;■ r-- - •■ . 
«.•onip iete 1 y  knnwn   ■. i^n.il--. 
svster   ;     t i   -M    lcrk-t h   i    i" :   a. ■ iM,- 

i 

■r   i-iu !.   i     lianni .    i c; 

• I 

h.  ;■    IM- 

t     i-- 
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^Inch an.' lu-iny t raasmi tied s tmul taiu'uusly.  rhc average pouer of signals 

:.  (rl and :   (tJ is 1' .  It is evident that hall' ol" the information trans- 
i i s 

mitted is carried by the former signals and half by the latter. 

In a channel with known and invariable initial phase these two signal   . 

systems are easily separated by phase selection.  In a channel of indeter- 

minate phase tins selection is, generally speaking, impossible. 

In fact, if, for example, A. (t) - B.(t), tnen signals :   (tl and .• , -' i t I 

uill be indistinguishable in incoherent reception.  It', however, transmission 
is i'e-".ricted oiil;.' to elMier one of these signal sets they may be di s t i n.'.ui she' 

t'rom each other even in incoherent reception. 

! b • ^ a-serf at ion mav be suinH)rted a-; t'ollnws.  l\e ,% i I 1 reg,ir\i ■• ;;••.! I- 
,i it1 as points in ,i H-dimeiisiona 1 space iwhei'i 

ll,,t) and :,■ ' 

Jl 1 is the s i;.,i.il b , ., 

It) will be the prutections of z; ft) -'ti tw 

mutually orthogonal H'J-d imens i onal spaces s and 'i ,.  i >■ shifting all the 

i^hase^ of the comnotu-nts of 2,   'X,   bv   2  we mav match these sU'nals \;it,i 

subsp.'Ce ■>.  It' the phases of all the components nf either signal is ■;' ifted 

In angle ., whicli changes t'i-i>m i to ; , t lie ccrreSjiond ing iciint will describe 

,i circle lying m a plane perpeiivl i ^ u 1 ar to subspace S .  I'he points Icing 

on this circle arc indistinguishable in incohe/ent reception. 

i'ut .!i t't'erent iu>ni nt ersect ing  ircles correspond to the various signals 
i : 1 ■ 

:    t     heretore all stgnils ;    ti, i! the. ire i i si i nguishab 1 e in co- 

'u-reiit re'ept i 'ii, rera i n J ist i ngni shablt even in incoherent reception.  !he 

s i-.e    'rue  !' the syster, nf signals .' ~    '\>. 

Ihus, an idea] channel with exactly known parameters of signals of power 
Jl' nay be represented as the supen'osi t i'Jti of two channels of indeterminate 

phase, eich of which has signals of power I' and transmits half of all the in- 

formation.  lier.ee, carrying capacity (   of a channel of indeterminate phase 
1! 

must in half'the carrving capacitv of an  deal .banne 1 which has ,, signal of 

twue the power, or In expression i3..vl] 

'Strictlv stieaking, the tiicles ctirresimrul i i.g tu the twe sigi.ils .: ,  it' and ■ ' j 

(ti mav coincide in 'lie case where : '  ti   .;    it) or A , (t i - - \, i t ) . 
> J k .1       k 
Ihesf opposite si^n.ils an i ndi st i ngui sha • le in incoherent reception and one 
-ign.il ot each jail of opposed signals must be excluded from system 

; ' ft), which is suitable for a  hannel with i ndet ermnate phase.  Th.e number 
i ' 

ot distinguishable sign.tls mav, moreover, be reduced b. not more than half. 
1 h i ■• v iwt .i: Iment . however, introduces only a slight correction to the rate at 

which information is transmitted, and when passinj; to a limit (1 • "•) , this 

i. orn ct i on t ends 11 iwa rd ^i' ro. 

M- 



BwiiiwiawffwiwiHjWiiiwiipiiwwrai^^ 
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whore1 l.'.   is   the  oarrvim;  canacitv nl'  tho   idral   channel;   and when  1'    •■   1' 

', / 

1 /1 

1 
/ 

' 11 

1 f.-. 

In:.^ 
} 

1: 
'P ;' ■;': 

/ 

rhcrofort-, when the signals are weak the carrying capacity of a channel 
of indeterminate phase hardly differs from that of an ideal channel.  As signal 
[lower increases, however, the difference between these carrying capacities 
wiiicns and, at the extreme, phase indeterminacy reduces carrying capacity by 
half.  Iliis is not an unexpected result.  Kith weak signals the small di f 
ferences in initial phast- of the two signals are masked by noise, and therefore 
the ideal channel with completely known inconing signal phase has no essential 
advantage (, 1 " the sense of signal i p.di st i ngu i shabi 1 i ty 1 over a channel of in- 
dctenninatc ph.ise.  Increased sign.il power uncovers the possihilitv' of better 
distinguishing signal phases in tin ideal channel, thus resulting in signifi- 
cant difference in carrying capacity. 

1 ■' ^ii,MM I power 1'  and spectral noise density  " arc prescribed and fre- 

^i."-,^;. ; MM .   i> nu i'est ri ctr-l , the maximui:! carrying capacity when I  ■ • ::iay 
he ilelcrm i ned fror expression (•l.!12i, taking into account that !'     ' : 

/•, 
;. 11 ■• 

w n 1'. 11 earliei   arrived  expression   15. S.':.;   foi   an   ideal   channel. 

t'lu'   quest;   ■     :-   to  whether   it   is   possible   to  show   a   regulav method   for 
the   -el'    •     n  1 1      1 gn , I ■;  which  ; ro\ idt-   for   the  attainment   of  the  carrying 
.Mpncii;   ;,       1.;!.'    has   not   been  resolved   for  the  general   case.     However,   for 
M  channel   w.tn    in  laili; ited  pas':baiui  such  a   methoil  does   exist.     \\c  wi 11   shew 
that   with    1   g;      :: 
■; 1 gnal s   ortl, 'gon 1 

li' 1 
"i    (.I.117il.      I'!'.; ;   •    an--   th it   for  a  svste'-   consisting   of   111  -   v signals   are 
orthogonal   in   an.   :    ' 'nsified   smsp,   ilu'   probability  of   correct   rception with 

1  sufficient Iv   IMIM,'        excMuls   1 ,   where       is   a  jtos i t i ve  nunibcr  as   SHIM 1 1   a* 
;es1 red   1 f 

•,i, 11   [uncer and   interference  spectral   density   1  ^yst'M!   oi 
an   i ntens i f i (.-d  si nsc  provides   for   the  carrying  capacity 

/ i -1 . 1 1 ■ 

Ui' will proceed fror exprc-.si n 'l.-I^i for the probability oi correct 
ception u in the CMSC i-l m optimal incoherent decision principle: 
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when 
'/      ''       \ 

I   i      •-' r/; I ■■'1 

Using   the   integral   representation  of  a nuuIifiLHl  Kessel   l'unction,  we 
write   it   in  the   following   form 

' 1 i 
' M' \Ji    ■  i '        Jl'-' '",r'     V)!'': 

Designating  ncos:   =  x,   -sin   :   = y,   am!  then  x h  -   : ,  we  ohta in 

I 

H 
.V.'.,,^!'""1,/;   '. 

Ue  will   detin.1   :i   number   a 0  wil'i   a   given        sueli   'hat 

InaHmueh  as   'he   integrand   in   ' I. l j'. i   is  not   negative   i:u!  c 

i 1 . 1 1 .. i 

■■'!' 

1 K-i 

,   we  have 

i 1.1 r i 
,1* '1      .xp 

\Sv  select    l       T '_T   .     Ilu-n   i J  h        i   and   the  express i m   In», hided 

m the braces n (4,J17l will he an nureasing fui.ctinti id .; witii 
Iherefore, with an exchange of : fur -•, the right s^ ;• oi i I. i 1" 
increase   and 

not 

'1     -x:. 

'') r ■/ '1 -•• I'M 
I 

i:   J/i    if) 

1 ■■ ■ ■'■ I ■ 
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or,   in  light  of-"   [4. lib) , 

' I1 
> 

f 

-  .\r 

i 

-! n'-'i  »y-\\' 

. j >■- 
•,/.- 

I - ■« vn   - -   ,   1    -'i    ")• 

or 

h ,--\' I    I'//    ; 

(4.118J 

It"  condition   (,4.1J-IJ   is  met,   it   is  jiussiblf   to  find 0  such  that 

/i1 >! (//■■!  ci 

(4.119! 

Having been given a sufficiently small ' satisfying cumlition (4.1191, it i; 
possible tu find n ■ 0 such that 

I   / 
r // ■ i 

I'hen,  considering  that  >J   h  >   i, 

I  --.-xp ["--j   il' 'J h      .n'j      1    -,\p I 

When T _ T     =   <• /Jr,- 

I   • exp    -   ,,   11    .! h    in 

from   (4.118)   and   (4.121) 

'•}'/ ill      '.)      T'.'/T,      .M' 

>l       ■■xpl     / I//' ;   ;-)l 

(4.i:o) 

(.i.i :i) 

</    {i -- .xpi    / (//■ ■ MI;- '     ' 

I - -lm -    1). xp(     / |//'   I   C||       •'   -;. 

> I      «i xp I     / i //'   i   öl]       -^ . 

Considering  that  m =  c       ,  we obtain 

."'' t .-■"''   * \ 

Setting T, = (l/'Mnl/c,   we finally obtain the result that wit! 

max C^.Tj/l'oJ 

'7>1  f. 

•254- 
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which is what wc wanted tu prove. 

Wc will reminti the reader that the initial formula (-1.-16J was ubtained 
under the assumptiun that during time T the initial rh;iso uf the signal remains 
practical !)■ unchanged.  Inasinuch as in the proof presented it was assumed that 
T could he as large as desired, it lolds only for n channel in which tin phase 
of the signal does not fluctuate l'ur remains unknown wht'li the decision systeir 
is designed, so that only incoherent reception is possibh . 

I'or the case when the initial phase of the signal fluctuates rather 
rapidly, computation of the carrying capacity of the channel entails great 
difficulty,  for the purpose of obtaining an evaluation of this carrying 
capacity from below it is possible to resort to the following nasoning.  Ke 
will select a sufficienfly small interval of time T during which the phase 

practically does not fluctuate and we will transmit a message with the help of 
a sequence of binary signals of duration I   'i .  We wi ' 1 perform coding in a 

discrete channel by joining rather long sequences of information symbols and 
by guaranteeing a given (as small as desired} probability of error of decoding 
with a transmission rate which is as close as lesired to the carrying capacity 
of a discrete channel (J.28).  In natural units this carrying capacity can be 
written in the following form 

C 
I 

/■In /• '■  (I  /'ih: (1 natural u.iits sec. (-i.lJJ! 

where p is the probability of error in a discrete channel depending on 
h -- 1' 1 /. ■ .   ' 

The maximal carrying capacity of a discrete symmetrical bina-y channel 
will occur when the probability of error is minimal.  The latter is provided 
for in incoherent reception bv the selection of an Ri'T svstem for which 

-\v 1 

p = (1/Jle  .  Hxpressing T by V     and subststuting in f4.IJ2) the value oi 
the probability of error we find! 

r-   .,J [irr..' - ', .  (In'J : h  i (4.123: 

1     ''■■ 1  'l 1 vN 
,  '       1 III    1 (   e 

>   \ - / 

'Strictly speaking, formula (4.122) for RPT is not correct.  It holds for a 
channel without memory while with RPT there is a tendency toward paired 
grouping of errors.  However, this formula can be used as an evaluation from 
below inasmuch as a channel with KPT can be converted into a channel with in- 
dependent errors by considering separately symbols with odd and even numbers 
and joining them separately into combinations of a correcting code.  If the 
dependence of errors is considered, the carrying capacity proves to be some- 
what greater than (4.122). 
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CHAPTER 

CHANNEL   WITH   SLOW  GENERAL   FADING 
(SINGLE-TRANSMISS I ON   RECEPTION) 

1.      N.iiuiv   of    Fading   Phcnoiit'dd   c\nö   Their   C 1 tiss i f i cat inn 

Uf  u:ll   L,I\I    flu1  IKII'.I   ni   l.nlin^.  i'li.-uirH'I   to  a  ^h.mnol   in  vvh i cl".   tin    anipl i t lulc 
p'.il   v ii-ponri! t <    irnvin^   it   \hc   ri'ccivi'r  li.i\r IMVP.  suhjo>"ti'u  to  t'hu't iKit i ^n: 

•   rv.il   tiUidi : i i'i;''   pii.i-c   I hut nat i'•(■■    air   alw;ns  oiKcmrJ  witti   tlic   ii'ij11 i t lufi' 
iia;i.;i^   oi'   t!'i'   •-ii'.nai   .\ ■■•■; u'•■.■■■! ^ .     Wi-  ••■.ill   t hi'iv foiv   assnnif   that   uhc"   !';n!'!U 

jTi'M-i.t   the  ph.i-i'   . t'  the   i njoni iu'   '-i.aM'i   i ■   al-M'   iiulftrrni nat c   Xi.   a   cwt tin 
ii'.' rt'i'. 

.i   pht-novrritMi  u:; i.-li   i ■   .i; i-a, t •■!•,    tiv   >t'  ircst    radic   .harm 1< 
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i: :,   v r". ■; t an t    ; -   th. ■    '   i- i      I'ras   '    '. ;•   ! ! ..■ t Mat 1   ■;■-   ■ ;    t !;•■   ■> , .a'a !   > orpriu :'t • 
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i i      and w ; 1 !   :;. ;    ' t) 
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Figure   5.1.      Multiple   Boon   Propaga- 
li on   of   Signal, 

At   the   input   vi'  \hv   rvcv'wvv  arrive  n  lu-ams,   each  with   its  own propa^at inn 
peruHJ  t       ami   its  eun  transmission  euel'fi ei ent     ..     Rclativelv  narreu-baiui 1 pi i ' 
signals ma\' he  theiu,ht   ot'  as  havini'   identical   t       and  . .   tor  all   their coinpo- 

[ii i 
neiits,   i.e.,   independent   ol'  subscript   k .     Iheii   the  signal   !-eiiir.   receivtnl v::.y 
he   represent«.'».!  a^ 

.•■,/i     V,.,  V,., , I'.. ■■     ■, .     -.'     • ■-, 

.   ' ' i:.. 11 

N' :.,   \' ,, > ■■ 1   ■ *«■      '■.<  ■   ■<      ^«l     ' "' 

i.'u-ie   t      i ;   the   averaci   t ropai'at i  in   t iitu    t'er   ill   heai:> ; 
r 

-'■ l    t      I ;   and  n it;   i s   ,uld it i •. c   no i ^e . 

-   k ,    ( t      -   t 
\ 0 ■  p j i 

In   the   ,a<e   in  question   tin    l.'l I«^] ii.c   iru-auaiit     h   Ids   t nu' 

•V.1 

/     ',   '. 

henct   tlie   values   ut    .   ,    i M'    I   cert i;n   suhscrii't ;   wh:c!i   lie   in   the   n^cion   '':■•• 
i k 

:-K     t     to   :-\-'.i.   differ   from  each  other  hv   ;,, more   than   2-I:,.ti   -'  :   .     It 
1     i                -     i ' 

a\   therefore  he   supfn^ed   that    in    i   lirst   apfrev irat i"ii   t!;e   '.allies   cif 
■ ik 

de'end    n  tin   nuriher  • ;'  a  component   '> ,    ilth>>ii,;h   !"r   litierent   . ilues   o\' ■■!;' 
.cr.pt    i,   i.e.,   f.T different   hea;-^,   f!-.cv  na\   he   ^uh^t ant i a 1 !y   differ'--;!. 

Iheref,   r" , 

■    V ,,...:■,    V ,, 
' t   * 

'. i 

!',    V ,-. ■■ .,     \' 
* ' i~; 

:    '   I'l        n.  • ft        ;i   • I'l 
* i 

» ' 

• i,-) 

.   a 

.'( \' 

J^lllfa^l^^-,^-^^. ^l^.^.....t. -.,.  .........J. ,..    .      ,     ,..,■.... „j   -.,-.,.;....■.,..  ,   



^^I, ..  iwW|)l.l),MUMi^^i'JUa«l^l^ll|»!iM.W>MWI!^ 

where 

N |i, C'^ '■>,;  ;t    \' ii, MM ■.,; 

H ; 0  jrcijn ,, ji, ; /'  / 

(in the fullowing we will drop t!ie prime from t and assume t  to he the moment 

of" starting to read the time).  The magnitude . may lie formally regarded as the 
length of a vector with components ..  and .. . 

c b 

1 he   i neon.i ii,.     .gnal   thus  differs   from  the   transmitted  by   random  trans- 
mission  coefficient   ..  and a phase  shift    ■  which   is   random,  but   approximately 
the   same   for  all   tin/   frequency   components.     This   fading   is   called  general   [or 
smooth)   si net   the   illations between  the amplitudes  and  phases  of  the  signal 
components   do  not   change, 

To  analyze   the   conditions   for   transmitting   information   in   a   fading channel 
we  must   know  the  probability distribution  of  the   random variables   .    and ■ . 
This  mas'  be   found  by  assuming   that   the  number  n  of   incoming  beams   is   so great 
as   to  permit   the   central   limit   theorem   to  be   applied.1 

Let   us   study   two otreme   cases   where   the  differences   MI  propagation   time 
t.   attain  values  which   substantially  exceed   the  [u-riod   o'   the   av-ra,-'  signal 

frequency   J 

n   the   i i rst   cast. 

whe re   ' t.  "<  ..'     . 
i\ i a\ 

may  be  much   laige;"  than 1,1 ' gure   ,i In   this 

case   the   rundem variables  cos.,   and   sind/,   have  a mathemat i ca 1   expectation  ol 
ii ' 

practicallv zero and identical dispersions of 0.5, while ...cos   and ...sin.. 
iiii 

are  values  '-f   limited  dispersion witli  mathematical   expectations  of  zero.     When 
n   is   large   the  sums   of   .. mav  be   considered  normal iv  distributed   random varia- 

c  s   ' 
hies with average values of zero and identical dispersion.  Under these condi- 

tions  lias a Rayleigh distributi >n and its uni di mens i onal probability density is 

■Ilt""e a good enough approximation is here obtained when n is no more than five, 
which is almost ''. - ys the case in practice. 

does not at all contradict condition (Ti.lal since 

iracticallv alwavs at least hundreds or thousands of 

■ The ineuual i tv ,', . >• .' 
1    •  ti 

signal frequency band 1 i 

times less than a.,,,,/2  . 
o V 

"1 ne  following  is  the more  customary  notation  for a  Rayleigh probability distn- 
bu. ion  densi tv: ,       . 

it  does   not   differ   from  that  used   in  the  text   if ,,2     2:- .     The   advantage  of the 

notation   in   (5.3)   is   that   the mean-square  value  of transfer coefficient   w 

figures   in  clearly as  a parameter. 
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-••do '-V 
t 

.)/_ h1' 

c. V Ki 
JH^.l'l. 

(5.3) 

where u  = » .-•' is the mean-square value of transmission factor u. 

Phase shift ", as the arctangent of the ratio of two independent normal 
identically distributed random variables, has uniform probability density in the 
range from 0 to JTT.  Rayleigh fading is the name we will give to this type of 
fading. 

Figure 5-2.  Vectorial Repre-     Figure 5.3.  Vectorial Repre- 
sentation of Beams at Receiver    sentation of Incoming Beams When 
Output When At.  >  Zn/w  ,       M.       > Iv/u 

1max     av 'max    av 

In the second case the probability tl at .. will reach 2- is very slight, i.e. 

the phases of the incoming beams [Figure 5.3) group themselves around an average 
value of zero.  Assuming a symmetrical probability density for •;     we easily 

satisfy ourselves that the mathematical expectation of sini, . , as an odd function 

of ^  is also :ero, while the mathematical expectation of cos,, (an even func- 

tion) differs from zero and is positive.  Therefore the mathematical expecta- 
tion of variable u  is zero  and that of .. , which we will denote bv ^ , is more 

s c ■  p 

than zero (since sariabi». -.  • Uy.  Propagation factor .., as the length cf a 

vector with normal components, one of which has an average value other than zero, 
obeys the generalized Rayleigh distribution.  Its probability density is 

-'(I'l 

•K, \l   /. M.'M 

I'iJ 
c (5.4, 

(|i<(lj 

Here ui = u* - -*'  is the average value of the square of the fluctuating portion 
f   0   p 5 

of the propagation factor. 

If we imagine ,.  as the sum of ;- *  u   r  the mathematical expectation of u ,. b    c p   cf ' cf 
is zero.  Therefore .. may be considered the geometrical sum of the constant 
vector of .. , which is called the regular component of the transmission factor, 

and of the two normally distributed fluctuating vectors of average value zero, 
..  and n  (Figure 5.4).  The variable u. is the average square of the geometrical 

sum of u   ,- and u   . 
^i s 
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the rect'ivei is picking up beams whi.ii have been reflected t'ron. widely separated 
ionospheric (or t ropusplreri cj region,s. I'luis , for example, in shortwave curamuni- 
eations beams may come to the receiving antenna which were reflected from layers 
I and I, of the ionosphere (Figure S.B), or which have undergone a number of 

different reflections (.figure 5.5), etc.  For the most part, moreover, it is not 
the simple beam which traverses each of these pathways, but a beam consisting 
of a largo number of individual components such as are shown in figure :">.!. 
Iherefore, each of the arriving beams which have undergone various reflections 
is also subject to lading. 

I he ret ore 
In  selective  fading  the  phase  shifts   ..,   differ as   the  subscripts   k  differ 1 i k ' 

.■'n V ,„ V .,:,,■ ,/„,/ ..i : '.■ i/i 

whe re 

I •"/   -u)       .'t, ' n ^m • 'f: f (5.5) 

\' " ^ n /,, 

N' ■'v 

Ihus, in selective fading each of the frequency components of the signal ha 
it ; own ^ransnission coefficient ., and its own phase shift • .  The variables 

k ' 's 

with different subscripts \   art-, of course, i ntercortv lat < d.  fhis follows 

from the fact that identical coefficients   enter into the expre iion for ., . 
I ' k 

Ihis correlation is the greater, the smaller the difference between the fre- 
O^HTV. ie1- of the components (or between the \ Mibscriptsj ami the smaller the 
difference 't. in the paths ui the beam-.  \s tor the uni il i mens i cnal probability 

n fuiT i un^   oi      ,    an. 
\ 

the\-   are   obvintislv   the   sane   as   in   general   Kayleigh 

l idin.;.     : et   as  i'..;e  that   aiider   identic,il   [-.ropagat i on  conditions   lading  may  mani 
test   itself  a.;   general   if   the  signal   frequency  band   is   narrow   or  as   selective 
if  the   signal   is  wide-band.     iVith   narrow-band  signals  whcai   k,       k,    is   small 

oiai; ; lilted    it"   t he    Vi I la are    C( 
I 

)miiiensiira te  w i t h   \ .      ! n 

U.llj ..n ltd  In   ,-.   related   phenomenon   in   that • r.eS"   ca-u.'S   the     elect i ve   fad j ng   i ■• 
file   ;.Klividual   signal   eUrei-ts   in   the  beams   which  have   I rav*"-ou!  dil'ferent   oath: 

■ ■. ■ :; ap   itl'.e  phen'iii.enoi,    >i   '.-cho - s : gna 1:; l .     Selective   I'ading   and  echo-signal • 
will   I ■■    '.i scussed   ! ;:  diapt or   VII. 

It    tin    values   i.if   't,    ri'-i,lined   . > te-t ,ii;t ,   t rans!:;! s--i on   factor  .    and   phase 
i 

ift       would  be   random,   but   coir.tant    for   a  given   channel.     actualIv,   u oe 

-^   .■>- 
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rofJection and dispersion conditions in thv   ionosphore ur troposphert" cuntinually 
change.  Therefore ,. and ■■ are random processes. The changes of . and ■ in 
time may be characterized by a correlation factor [1] which depends on the 
physical processes in the ionosphere (troposphere) and may be determined only 
experimentalJy. 

We will consider separately the conhasal ;. .. and quadrature ,.  components 
c 1 s 

of the fluctuating part of the transmission factor which were determined above 
(Figure 5.4).  Ubviouslv ..  ( 

c t 
same correlation coefficients 

(Figure 5.4).  Ubviouslv ..  (tj and .. (t) are normal random processes with the 
c t        s 

•A»,.,   M"' MC).'  C (■')-. C  ".) 

K.f 
(S.bJ 

where the line indicates statistical averaging. 

U'e will designate the coefficient of mutual correlation between 

Here it is considered that ,.■  = ;,.• . 

. and ,. 

6a; 

As is known, Rl'j is an even and R(T") an odd function of :.  Spec i f ica 11 v, 
RCO) =0. 

U'e will set R- (x) = R' (;) + R' (:)■  Then the correlation coefficient is 

related to Kn(r} by the relationship (see [IJ, formula 8.31): 

",<■■>   H< „ 

With  sufficient   inaccuracy   for engineering  calculations,   when 
assumed  that 

R] (-.)    ■A,,>.)  A'-'i-) ■ Ä'-ci. 

(5.bb i 

1, it can be 

and with a large (close to unity) values of R 
U 

1      ) '  r  |l      A'  (-.i| 

Most   authors   suggest   the   Following  approximate   formulas   tor correlation  co 
efficient   R(i)   with   interference   lading: 

A'J-)     . 
■'■» / 

or 

f^-, -!-(--:;,) 

(5.6c! 

(5.6dl 

^74- 
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,      

I'hc  variable   :,   describes  the   rate  of  fading.     Specifically,  when   ■   - we 
'      -1 

have  respectively,   t rom  tonnulas   (fi.bc]   and   (S.LHI),   R(      I   =   v       or i< ,   ;   )   = 
. K I      K 

=   e     .     Therefore,   ,      is  often  called correlation  time  or  the  average   fading 
K 

period.  According to experimental data for ionospheric shortwave radio commu- 
nication the variable ;. ranges from 0.1 sec (over very long distancesl to 2  sec 

(over relatively short distances) [2,   3, 4, 5).  for other channels i, may differ 

greatly from the values indicated. 

For investigating conditions of signal transmission in fading channels what 
is important is not the absolute value of the fading correlation time but the 
relationship between the rate of fading and the rate of transmission.  We will 
call the failing slow when ;   T, where T is the duration of a signal element, 

K 

and fast if '. is of the same order as T or less than T.  In the limiting case 

when T/:,  • 0, it can be considered that the variables ..  and ;.  do not change 
k c     s 

at all for the duration of one of even several signal elements.  Under these 
conditions we will call fluctuations in the transmission coefficient fading at 
a zero rate.1 

In most channels which are used at the present time for the transmission of 
discrete messages, slow fading which can often be considered with good approxi 
mation as fading at a zero  rate occurs.  Still, in many cases, specifically in 
space radio communication and in several radio communication channels with 
t ropospheri c scattering fast fat-ling is encountered.  It should be remembered 
that the rate of fading is determined by the relative duration of signal ele- 
ment T and therefore one and the same physical communication line may be 
characterized by slow fading if signals with a small T are transmitted and 
fast i f T i s great. 

li.xpericnce shows that selective fading predominates in the shortwave range 
if the signal frequency band is broader than several hundred cps.  With 
narrower-band signals the selective nature of the fading does not manifest it- 
self and in most cases fading may be considered general under these conditions. 
General fading is also often encountered in troposphcric scattering.  We would 
remark that the nature of signal fading at receiver input depends on the direc- 
tional pattern of incoming beams decreases and beams are principally received 
which have little course difference .'.t..  Therefore under identical conditions 

i 

of propagation the signal received on a non-directional antenna may, for example, 

The classification of fading according to rate presented here is generally acce; 
ted.  Specifically, it differs from the terminology used in the first edition 
of this book and in work [7J where slow fading means fading which wc now call 
fading at a zero rate and fast fading (in the sense :, ■ T) is not considered at 
all. ' k ~ 
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.jntciii'..!  i".iv haw   t;ciu'ral   qua^i   Ki>lf;,i;!i   l.uliiij;. 

I i v ■ i t, t    f 11u-11: .; 

:;,-■■    ;n   ■!.•.:.•. 

v   /.r u. ifiit s ,   ft, 

l |-   t  1 t"cv t    t ; 

I n t IM" l v reuc1.   |;lit'iioiia'iui   .iri'   not   (lif  uiily   LUUM'  nt   ^•h,l;.,^■   j 
•■ t ifiiu; l ii.     Relativfly   slou   [liuurly   und  Jailyi   t ransiM ssi DI.   .oc 
t i .ui^   an.'   caused   Iv    a   nuitibfr  ul'   otlier   riM^on^ ,   lui   c\anjilr,   .ii 
absui^'t ion   in   thi'   i ei. )spiR'i\L,   k'liaiiy.cs   in   T i'upo>p!'.(.': .    UTperatu 
liio^o   t'liiotuat i iiii>.   art   Si-Xift niifs   calltJ   ahMTi-tiun   la.Ii;;/,.      Hi 
i.'i rüaun i cat i  ■n-   ri-duci's   lo   tin.'   ivct'jil iii:i  nt'  : onif  i;n.":sai',fs  undi. r  lu'tl 
k'thcrs   UIKUT  wcrsf   cunui t io'iN.     Drill nar i !>■   tlif-f   i.!i,iiii;t's   in   ti'aii  :: i ■    :   :.   .v 
fft'i cifnt    [which   is   averaged  ovef  a  pcrii'd  ot'   abuut   an  houri   aic   charact ffi Zfd 
by  nunuill)    lo^ari thi:;i c  prulial1! 1 i ty  distribution. 

\    Ifscn pt i on  of  fading   in  radio  channels  uuuld IH
1
   i ncunpleio   it   uc  d ul   rat 

ncntion  polarisation  ot'  incorni;',  waves.     \s   .   ml;   with   rot'lcctiun  ot   radii   WAKV 

thf  i'.aiv   ot'  jtu I at" i zal i on  changes.      It'  a   transmitter i-rits  wa'.i's   with   ■  certain 
polarit\      linear  or  angular),   then  under  conditions  o!"   i nteri'erence   t'adini;  a 
wave  arriving  at   a   receiver   is  unpülarised  or partially  polarised.     iVhen  t!;i- 
occurs   the   lading   of   the  polarised   components   of  a   received  wave   are  weakh 

•■related, with   one   another   [3j.      It'  an  emitted  wave   is  nnpu I a ri .x-d   the   re- 
cei\ed  wave   also,   as    i   rule,   is   unpol;i ri sed.     Dividir.g   it   into   two   components 
wlw en   are  orthogonal   with   respect   to  polarisation,   we  are  able   to  see  that   tie. 
fading   in   them   is   very weal,!)-  correlated,      fins   phenomenon   is  usually   called 
po Jar i sat i nil   fading.     However,   in  our opinion,   polarisation   lading  should  nut 
'■e  compareo  with   i ntert ereiice   lading   inasmuch   as   ' 1 
essence,   two  sides   of one   nul  the   same  phenomena, 
.■el.s i do red   in   this   chapter   and   the    Mie   tollowiib;. 

pts   descn be ,    i:. 
•ral   1 adnu   wi 1 !   b 

S.2.     Cijhercnt   and   lMco(vreni   Rceotion  Unde''   Ci ^d i t. i .J'-S  '. '   General   Fadinq   at   a 
Zero   Hate. 

Reception   in  Channels  with   '"^lyleigh  and  Quas i "Fay le ioh   Fading 

If  general   fading    icenrs   so  slowly  that   the   changes   in       and        in   incoming 
signal   elements   in   clos"  proximity   to (.•ach.  other   an   stroi.gK   intercurrel .ted, 
then   analysis   of  the  previously   received  signal   elenent.^  can  with   a   t"'eat   degree 
of   reliubili'y  predict   the  expected   parameters   i t"   ti'e  ne.\:   eleiiH.T.t.     Under 
these   conditions   reception   is  effectuated  Just   as   it'   thei     were  r.i.i   t'culing   and   tlu 
s ime  signal   systems   aial   the  s.ime  a-cisior,  >yster..    that   were  studied   i r,  i'!-.am r   Ml 
are  optimum,   but   with   the  difference  that   the   s-'stem rurs1   t'i       .Mit i nia us 1 >■   regu- 
lated   to conform with   the  expected  values  of  .    >".d  n.     11,is   \     asuallv  ace. 
rdisi.cvl  by means   of   an   aiitomatic   amp 1 i f n at i on   ci-rUrol'   and  an   automatic   phasi' 
and   frequency   cont ro 1 . 

In  active-1ntervul   systems   the  optimum  decision  principle does  not   dept :iu  on 
'S.LO   jliapters   III   and   IVj.     Iheret'ore  such  systems   do not   require   automatic 
volume  control   in   the   receiver  even   during   fading   and  a1-   times  u-c   it   on I \   ; o 
maintain   the   linearity  of  the  amplitude   ivoluinel   .ircuit. 

-J/tv- 
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tc    i   .-.ut-ii   ilih tant .uicfi^   v.tluf   i.i    tin.'   i.it:  •   vi    l\v   ■• i .;:; ■ :   clc'int   ;uiwt'r   tu 
-ri^tr.il   iu iSf  Jciisity  !i   ,     bat   during   fiJir.vi  the  vaiut    ''■   !r   ^h jni'.i"    in  pro- 
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o l i'.lia t i .'^   t no   in.'.til      at ■L ■ • i' i '-i,   i :       . n i.' ilcn: 
■ iiat 

'i   n   l'(h ' .     Ihcn   tho   ^cr.;pictt   probability  of  i-rrur 
■ adi ng   i s   det'; ned   as 

ad i :■,    '■: :•   y \" : •■■■ Sfi.1   b'.'   func - 
a   v'l'iaraK :   :< i f h   i. 1 uu   r,f':u-1\. 1 

where —■(■,.,!   is   the  probability density of thr   i : ansi:;i ■;.-i ■:;:   factur wi, 
t he   t'adi IK' . 

a,     !..■,.; i 

i ! lust rate ,   !• i   us   t'i iu!  t h üb : I i ty   \:\  L oherent   11 .a pt i un   i.">f 
i;irv    ;ii;nals   under   cond 11 I ■ui     .1    ■■ Ku-,   !<.i^ i e ; i',!;   t'a.lir..:,      ^tibstit' 

pressinn   (ä.^i   the  exnressiun   ti-i' "dr  pr I ; t v   ;: 
.oh     nJ  p'i'i'l'abi 1 i t x'   density '^(vl   früin  i-x-rcs 

i ,;   i :'.   f.> 
it"   i ,u) ; iu' 

vvlie re   coel 1 i e i en'*    •        i 

Int '.a; rat my  b\-  pa r id   ki 
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M'hrfi  h".'        1   formila   (S.lüi   R.n   l><    rrplinl  ?■ *   t hr   ;ipprox I n.itr   formula 

In  thf particular  caso  of a hinar>   system with  opposed  signals   (c.^-!   f'MJ 
> J   anJ 

I T: ■ i (5.11J 

while with orthogonal signals when , = 1, 

1 '.."-.r :"., ■ (S.llaj 

Similarly, for a system of relative phase modulation (RPMj using coherent 
reception (polarity-comparison method) during Hayleigh fading wc find, by sub- 
stituting the value of f(h) from expression (4.99) into expression (5.8J and in- 
tegrating by parts, that 

rpin 
I1" 

I1.. 

= •! - '''/-- f.xr [ • .v?(l : /,„ \\>\'\\'-Sh,.\) Ix (5.12) 

-' L 
;itrl' SJ. 

In the case of RPM signal reception using the method of phase comparison we 
may, by assuming that fading is so slow that the amplitudes and phases of two 
adjacent incoming signal elements are practically the same, compute the total 
probability of error by averaging expression (4.102).  Let us solve this problem 
for quasi-Ray leigh fading.  Substituting expressions (4.102) and (S.4) into 
expression (S.8j, we find 

fr. 

/", i 'P 

/. 
..   / 

ft.      ,/■. 

I'. 

r 

'I 
where 

\' 

i ■ f 

L- 

r1 1/(i.'A vl .'. 

;•/ 

This   integral   i-•   tabular.     Taking   its  value   into account,  wc  find 

ir. 
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In the case of Kaylcigh fading k = 0 and 

I! 
RPM 2 ■ i"-., 

(5.14) 

When k tends toward infinity, as was to be expected, formula (5.13) converts 
into formula (4. 102): 

RPM (5.15) 

which expresses  the probability of error when there   i.-.  no  fading,     figure  5.7 de- 
picts  this  relationship for various values  of k. 

Figure  5.6.     Selective  Fading   in 
Multiple  Reflection. 

v'      'j'      '(■■'  ', 

Figure 5.7-     Error Probability in 
RPM In Channel with Fading. 
——, incoherent reception; 
 , coherent reception, 

In incoherent reception the most interesting systems are those which are 
orthogonal in the intensified sense,  for them may be found a complete error 
probability expression with any code base m in the general case of quasi- 
Kaylcigh fading by starting with expression (4.48): 

^n n    I 

ihis integral is reduced by simple transformations to a sun of tabular 
intcgra1^ and finally 

I ir  ■ i 

M' 
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1. 

( n 

(r>. i M 
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When K = L1 wc obtain, in the case of Kaylei^h fading, 
i 

-   X11   ir"'-: 
I 

"   ' I \   ■ II ■ \ 

lis  result  nui)' also be L-xrircssod liy means ol   jjiunnu-fuiictions 

ii ■ 11 ■ i 
i 

i 

(;.. l(>.i) 

('.. IOl- 

li   the  fluctuating component   is   lacUr.)    (k   • "■)  expres-sion   '.-.lii   turti- 
i ntu express! on   (-1. 48 I . 

Ii\   substituting m :;   J   into expressiuti   I   . l«'j   ue i« i 11  Jen   e 

r . ! | 
i :•. r i 

lor binar)' systems orthogonal in the intensificJ sense iluruif; quasi-Kay In ^h 
fading and incoherent reception, while with Kaylcigh fading (k • Ci 

l 
''     ., .    • (..r... 

Mien k   •   •   expression   (3.1"i   turns   int..   f.prcsMun   ('.49).     Ii»:iirr  .'«.ri  shews 
the  relationship of error probabilit)   in  inculu-reni   reception ti   h  . 

figure   S.8.      [rror   ftobobil'!»   ' c   Ac I i vc " I nlcr v.i 1 
Biri.iry   Systems   in   f •.,.   Case   of    Incohrrrnt   Pcccption. 

In  lh:s w.iy   it   i ">  posMblc   to delerninc   tfu   probability i>;   error   in  the   case 
«f   incoherent   reception  nf  t>inary   "-i^nil'.  with   the  sane   le-.el   ol   power   if   the 
condition of  orthogonal i ly   in  tht-   intenjiif ieJ  >ensc  i-  not  net.     he will   bis«- 
ouridveM  on   formula   (4.61)   trhlch   .'Xpre^nc?   thr  [Tubabi 1 i ty  of  i-rror with   i  K'^'"' 
value  cl   h   in  the   fona of  ,i   series.     Sul>i t i tut i ng   in   it   ('•. ~     and  asfnur.ing   the 
distribution 'if  .   to be .i Kayleigh distribution, we  find 

:8ü- 
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whiTc       is   ilclvrminvd   Iron   lurrul.i-   |1..'",!. 

Ih.iiü.s  tu uiu i ■ IT.  .oin iT^fiuf oi   thi'  series   lul luvvinj;  the  integral   si^n, 
thv   •.i-riis   wan l-f  i :.t (.'^r.iU-.l   tern by-tin:,.     Indicating  tor brevity 

:• .■ ; ■■. ■ ■;. •■ ■ ', ■  .. 

«i   1.1 11  express  the tirubabi 111 v uf error hv  tabular   inteiirals: 

V       ',   f-   '• /.(.M,./,      J]-" 1'   "/..i./w/v 

ZJ   i ^ 

i 

l b 

i 

^     I '■ 

\ttcr  sul-^t rtut inj; hero   the  values  of  a,  b,   and  c  and  after simple   trunt 

f(irr..ittons  Ke  ut-ta'n 

I (   ■ •■)    '-.!> 
(5.191 

1 r-,  tliL- particul ir  case when .   - 0  (signals  are ortho"onal   in  the  intonsifiet 
iensei   forr.ula     ."■. I'J    becomes   (.'.Paj.     In   the  other  extreme  case when  .    -   1 
'-ir.n.ils  differ  only   in  the   initial  phase),   y   -   I'J  as   should  be  expected   in   in- 
ctiherent   reception.     If h.'(J   -■)■■!,   then   from   (5,19]  vc  obtain  a convenient 

approximate  expression  for  the probability  uf error': 

i 

M'     ;■) 
(5.19a, 

Lumparinj; this result with (5.17aJ, we can assert that small deviations from 
orlhugonal i ty are eijuivalcnt to a decrease in signal power of (1 - r'l'  times 
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The dependence of the probability ot" error on h~ with various values oi' p" 
T O 

for Kayleigh fading [k" = Uj is shown in Figure S.S. 

An analysis of the results obtained shows trat fading, especially Rayleigh 
fading, increases the probability of error gi'-atly.  The dependence of the pro- 
bability of error on ir in the case of Rayleigh fading is in all cases close to 
inversely proportional, in distinction from a chamel in which there is no fading. 
Therefore, to obtain a sufficiently high level of fidelity in reception in a 
channel with Rayleigh fading there must be a much higher ratio between average 
element power in an incoming signal and the spectral density of white noisj than 
in the absence of fading.  Quasi-Rayleigh fading is an intermediate case between 
the absence of fading and Rayleigh fading.  We will note that the power gain does 
net exceed 3 db when coherent reception is used in the presence of general 
fading. 

Reception with Unknown Values of :. and c 

The need to continuously measure the values of the channel parameters .. 
and •■ greatly complicates a receiving device.  As already indicated, for active- 
interval sy. terns the optimal decision system does not depend on values of u 
and in the case of incoherent reception knowledge of ■■ is not needed ami, con- 
sequently, "here is no longer any need to measure these parameters. However, 
it is poss ble to deduce the decision principle in the general ease when the 
powers of the received signals are not the same, assuming that the values of .. 
and ■■ are unknown and only 'heir probability distributions are known. 

Based on the criterion of maximal likelihood we should adopt the hypo- 
thesis that signals :.(t) was transmitted if the conditional probability of 

arrival of signal :'(tju, (z'':;.,) is greater than the conditional probability of 

^{z'lz  )   for all r / I,     Just as we determined the optimum incoherent decision 

principle in Chapter IV by using .. [z'' z  ), by averaging with respect to u 

and with respect to ■■, we are able to determine the conditional density 
.,{z'\z   ,u,0).  If M and •■ arc known, then according to (3.19) and (4.25) 

»- i 

+ ft,» sin Sip-f I/?, -ii^,» cos 6 -rt^sinSin- 

(3.:o) 

Averaging   (5,20)   with  respect   to  u   and with   respect   to   ■■,   we  obtain 

-I--I-.)    jj-,:,;.-,..   'M.{-.:'   VJlV- 

— H (A^cns 0    ■ ".»'•in (i)\'\ -:•(';) .v lit) i/0 <V ■(/,,, MM d)!'I-:•(';);; 

(5.2i: 
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Substituting in (5.21) the values of the probability densities of w(i') and 
[u) , we can find uiiz*\z  Jfor a given specific type of fading. 

In the case of Rayleigh fading, by substituting (5.3) and considering that 
(•.') = 1/2-, after simple transformations we find [7] 

^.(,'-:,-,) r\|. (5.22) 

where  similar  to the notation  introduced e 
■ J 

arlier,   h^   =-^ j .-, //  is  the 

ratio between the  average value  of the  power of  the   incoming signal   ,.z   (t)  and 

the  interference  spectral  density;   and 

r 

v, 7 
I    ("-•'(/KM/).//    -1-1 --'(/)?•,(/)./( 

ir "v 7-J- m<Ji. 

It  follows  from   (5.22)   tl.at   the  decision principle   is;   symbol  y     is  regis- 
tered  i f for  all  r  ^   Z 

v 
7-7T---I    rlH|/( 

"(11   '   > ' 
1 / im',,;, • i) 15.23) 

This principle may be  realized using such  systems   as  that  expressed by  the 
principle  contained   in   (-1.28)   which was  obtained   for a  channel  without   fading, 
the  only  change being  in the   functional   transformations  and  the magnitudes  of 
the   thresholds.     For  active-interval   systems   (5.23)   reduces   to  the   inequality 

Vu-V.. (5.24,; 

which  coincides with   (4.3U).     Therefore,  for active-interval   systems  the decision 
circuits  under  conditions  of  slow  Rayleigh   fading  are   the   same   as   in   the   absence 
of  fading. 

The  probability  of error   in  the   case  of such   reception  principles   is   com- 
puted  as   the  probability  of nonfulfillment  of   inequalities   (5.25)   or   (5,24) 
if signal   :7(t).     We will  compute  this probability  for  an  active-interval 

svrtcm,   assuming  that   all   signals   ;,(t),..., 2   (t)   arv mutually  orthogonal   in  the 
.' .     . 1 m 
intei sitJ ed  sense. 

We  can  easily  see  that   for  all   Rayleigh   fading  all   values   of V    have  a 

Rayleigh probability  distribution 
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where 

'.'V, 
l'Xp 

"■d',)   'ii 

3-y wnen 

ulien 

1,>II 

l',<  ii, 

i /      ■   ■   - 's • 

\      L' *   /(     when .• /■/; 

"/   l-'rl'l'''   is  the  average power of Che signal  being received, 

ihe  probability of error  is 

I ■ (. '■) 
\: 

^'^dV,\     .'\-s 

r. f   v;N. /      v,', 

Mic.i'S'ixt    integration  by  parts   leads   t(   the   \\\\\\\\ 

\"     i) 
/'      I 

i  ' 

„T, 

C i ■,) I 

Soting   that '»e   !'i n.i! 1 v   oht a i 

r(-')r   i 
i     *• 

which   coincides  with  [^ reviuus Is-  obtained   tormula   i.'<.h'b). 

uich   ■)   result   stiouid  he (.-Apected   ina^nu.-;h   JS   in   the   case   > l"   m  oherent   re- 
ception  of  signals  wirh   an   active   inttr\ai   the   valuer   r,)f  channe'   ".irireters   dc 
nut   affect   the  decismn  '-ystcn.     Ihr  case   is  otherwise with  ^ i >,:   .Is  having 
different   power   levels  when  the  decision  principle  expressed   in   ( l. .^ ',  which 
was   obtained  under  the   assu.rpt i ■■n   that   the  t fansr.i SM^n  ^oi-fftcient   i<   ^riour;, 
differs  greatly   frnr  the  principle  expressed   in   (.'».J.'l   which,  was   deduci d   for  .i 
randon   transmission   coefffcient      ,   about   which   i ^   known  rnl\   that   IT   hi--   a 
Raylet^h  • rc.h.nh i ! 11 \   distribution    uv'   i  rr.ui - SI;II,I re  value  equal   :>•   .■ 
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Wc will explain this hy t-itin^ the case et" a binary VI' system.  There 
he optimal incoherent dee is ion principle (4. SO) in the ease of a known trans- 

la.ssion coefficient leads to a circuit with a threshold device in which the 
threshold level depends on the magnitude of . .  Application of this rule in a 
channel with slow fading presupposes continuous adjustment of the threshold 
level based on measured values of  .  The probability of error is determined 
by averaging the dependence depleted in figure •\.\2  with respect to . .  'is 
averaging can be (.lorn- by the method of numerical integration and the cur\i 
shown in figure S.y were drawn on t'ii< basis tcurve II. 

It" the transmission coefficient is considered unknown, then based on 
[.r>.23j the decision principle (registration of symbol y  corresponding to "send 
is obtained in the following form:* 

I', ■>,.(-•  i ')!•(•' I) 

Here   the   right   side   represent-   an   un'i-gulated  threshold   level   the  magnitude  of 
which   is   determined by   the  average      md  not   instantaneous     power of  the   -i^nai 

nd  the   interference  spectral   densivy.     With  such  a  di-cision  principle  t!'   pro- 
eability of error  in  Rayleigh  t"ailing may be expressed   m  final   form  and  i^ 
equal   to 

i »i ♦ ■ 

(••'"      I) ( .i) \s l 

h 

i.' •< _   ■ 

figure S • 9 .  Probab 1 I I I -. of E r r c r '    <■   a   P I - ,T . -M 
System i" the Case of KiyN-lTh Failing: I, Known 
J,i I ucs o f   f i nco^e rent recopt ior ' ; 2 , Wl t ^ ur known 
values of   urd        ' i ncohe r pn t recep I ior .' ; 3 • ^ i t h 

<nown   and   'coherent recept io-) . 

Ihis dependence i- also exprf-^ed it; I i cms i curw   . Ihus,   tin 
absence of information about thi inst mtaneou-- xa!1:« I the transmission co 
efficient increase- the prebabi 1 ; t-.- of errer ■ '-iewhai . i"ur\e 3 in the s.ire 
figure is drawn ) r ■- forrula ('.Ii IT ce^-ennt riv • pt i .-n, i.e., undt r the 
assumption  that   the   ins: mtarc  a        iluo<  .'t        i    ueli   as     t   *  are  known. 

j—IMt*<——M»^^-^— . ■ ■    ■— j]Vt;"^M_-  mi^f i ■'-  ' - '«i in 



isf will   .ilso cüiisiJer .1 binary  sysicrw »»it/i an activo   interval   in the casi' 
of rvunorthogonal   signals.     Sint-«.'   tor act i vo-dolay svstems,  kncwieügt" of thv 
transmission  ourff i cient   .   Joi's  not   affect   the decision system,   it   is  coni- 
pletely  obvious   that   with  unknjwn  values  of ..   the probability  of error   is  ex- 
pressed  by   formula   i:i.l(JJ.     Nevel theäess ,   we \\ i 1 1   present   the  deduction  of 
this   formula based on decision principle   (5.J4),   inasraucli  as  this  example will 
be  used  to demonstrate  seicral   methods  of computation  useful   in  the   investiga- 
tion  of  more  complex  cases. 

irst   of  all   we  ■■ \ '. 1   rewrite principle   (ii.J-l)   as   applied  to  a  binary  system 

(5.29.) 

in the following wa>  sx-nboi >  is registered in that case when 

where as forcier!> 

A 

-V. 

>', 

•V: 

K. 

1 >, --v;. -r >( 

r 

. ;-MV('K.('i'". 
11 

r 

represent normall" distributed random variables. The random variable 

represents the quadratic form of normally distributed variables. 

The probability of error can be computed as the probability of nonfulfill- 
ment of inequality (5.J9J when signal z (t) is transmitted 

P     ''|;<('|-''('i -^',(/) rK~,(/l \-rt(t)}. (5.31) 

For^this purpose we will find the characteristic function of variable ■'. 
from which it is possible to determine its density and compute its probability 
(5.31).  In order to use this method in other cases we will demonstrate how to 
find the characteristic function of random variable " expressed in quadratic 
form of an arbitrary number of normal1\ distributed variables x,,x~,,..,X- 

1        n 
with zero mathematical expectation: 

£     V  V ««„.rn.Vp. (5.32) 
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where   i,      =   i  ,   arc  actual   constants  defining quadratic  forms, 
kp pk R   • 

An  aggregate of normal  variables  with  zero mathematical  expectation   is 
unambiguously described by  a 2n  ^  2n  correlation matrix 

K    Ji.v» x,,), k. f> - . \,.  . In. 

where  the  horizontal   line  indicates  statistical  averaging. 

(5.33) 

It can be shown [8j that under these conditions the characteristic function 
•,'(vj of random variable •' is equal to (see Note 4 to this chapter"! 

I Ou 
(5.34) 

t -i 

where \.   represent the eigenvalues oi' matrix KA, i.e., the roo'.s of the equation 

(KA-;.I( o. (S.35) 

A is a 2n ■ 2n square matrix (5.32); 

A-.-{ücrl. 

I is a 2n * 2n matrix. 

Solving equation   (5.35)   we  find values  of  \.   and determine  the  characteristic 

function  t-(v)   by knowing which we  are  able  to  find the  distribution  density  of 
the  random variable: 

rOl-hxpf  -i;■■)./:■ 

"••pt- itj) (5.37) 

k    I 

The integral obtained usually (although not always) can be computed using 
the residue method. 

We will use the method described to find the distribution density of random 
variable :' (5.30) [6]. Assuming 

z'm   two-I KMO-I-MO. 

where M  and u  in the case of Ravleigh fading are normally distributed varia- e      s- . o a 

bles with zero mathematical expectation, it is easy to see that X., Y. , X^, and 

Y9 also have a normal distribution and zero mathematical expectation.  It is 

easy to find their correlation matrix: 
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/.I ii f-.f'i    '   I)     f'.f-'i    ;  1)   1 

ii It        I ,   i//'   !   I)   f-.W,   •   1)   I 
(.-.. .-.s ) 

/ 

i"'''«.-   ■ ,•■,   ■i!,.d   . ,  an'  iietcrmlni.'i.l  by i'urnuilas   |4.S7) 

1 ho  squ ! rt'  mat' r 1 .\   is 

I 0      (1 (I 
(1 ]     (I (1 

II II     1 II 

(111    (I 1 

K'e   wi 11   roprfsri.t   mar n x I vM-, 

f 1    "^ 

II    I   i 

fl    "1     • 

1 ■. 

i :; i; 11 

K\ 
K, 

whcr-"   lor  :■ r- \; ; .   ■.■.( cr >tr j   : 

no  great   -1 i:n i l"i cmci    i or iw.;;   i. 1 !,•»■;. 

.'-nu   • iiuat ; oil     '■. .~        ■. ■<ui::v -   'hi-   \    r 

K,     ,/i 

iv hero   1 ■ M 

IK,      r-1 ■nth,   ■   r 

'   Motvr 

l\ KJ      I' 

n i jr.   lias 

■ :s8- 
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i'c rt'iir;:ii IIJ; »HI! t ip 1 u .it i mi  iM'  r.iat n vvs   aru!   substituting   in  thcis   values  v.v 
obtain  the  equation 

II- i^ ! DC'.--' I ii -<>i\ i i) ! i-ii'i'y ;• i) ;• 

or 
'i-' - <v/i^i     p'.)-(/i- ! i)(i -f'j|'    0. 

(5.4Ü) 

Solving this equation, we find its four roots 

*,, 
'1,(1   :") 

/■ ^'(1   ?:) 
(/< i 1)(I  f-:) ■ •i. ^; 't x, (5.41J 

Inasmuch as the roots are multiple, the characteristic function [5.54] of 
variable ", is 

i h:- 
0 (i ■■.••■>,) 

and   its  distribution  uonsitv   (.i..i 

(•■; f    .;!) 

. ■■    j t.     .-. •,)(! ts.4:j 

i'o compute the probability of error we are interested only in the value of 
. (: ) in the case when  _ 0.  Considering that when '   0 and Im   ■ 0 the 
integrand when  .' • • approaches :ei-o, and by using the Jordan lemma, wv may- 
assert that this integral is equal to the sun of the residues of the integrand 
at the poles of the upper semi-plane multiplied by 2"i .  In the giv'n case the 
i nteg rand has two poles: 

v. and  c- 

:nt,   as   is   apparent   from   (.3.4! 0  and     ,       0.     Therefore,   on!)   poll 

lies   in   the  upper  semi-plane  of the   comple?   plane   and   the   residue   at   this   point 
i s  equa 1   to 

i-'I'd •■i1 

'^ >, (!     ', M 

Ihus,   when Ü r   : 

U"i;l 

,.,A 
:-) 

V:     ■ ',1 {S.A:^ 

It   follows   that   the  probability  of  error  is 

H- .■.,' -.. hi--} (?.44) 
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1  ■ 

I    I "I'l 

."''! .ii »i 

*r kill  üj?   '..il.c  up   ; II ijrt.ul   the   ri'ccptjon  <J!   ^if:ii.il'-  with  unknown  \;ihu,.s 
'!   .   .«i>l      m  Ihr  » IT  i'l   >(U.ISI-K.iy let ^h  r.ulin^.     In work   [9]   .i ill1».'! s i on  piin- 
• ipl«-   ;»   .chl .iit.f J vinJir   ' hr   .iHMunpt iiiii   th.tt   t(i<-   nnular  i unpnu-nt oi   tlu1 

I r.in>e:i »•> ion  kui-i 11«. UMII   .uul tlu- |>hasr ol   tin.-   ri-^ii l.ir campom-nt .Hi1 knuwn. 

Ihc  r.itio k*  I'ftwi-iMi  the puwi-r«.  ol'  tlu-   n^iil.ir .uul  t'liutuat in>;  cümiionrnts   is 
.il<ko .issum-i!  to bo known.    A simpler decision principle   is obtaini.''1  tlu-rr urnltT 
thi- assunpt ion  that   all   values of phas«1 shift       arc oquiprohablc. 

lor acluc-niton al   syitoms   this  principk-   is  greatly  simplified  and  reduces 
t.)  thi"  condition 

I,    I  (. '•i    r  /  /). (S.-JSj 

which coincides with the optimal incoherent principle for channels without 
fading and with Kayloigh fading.  In this case the probability of error in the 
case of orthogonal signals coincides with (5.16). 

We will point out that the decision principles described ii this section 
are optimal also for that hypothetical channel in which the transmission co- 
efficient „ changes by jumps when there is a shift in signal element and re- 
mains constant for the length of an element.  Although such channels do not 
actually exist, the idea is suitable for use in Section r.. 4. 

Reception with an Unknown Fading Law 

In actual practice the distribution of probabilities of a transmission co- 
efficient in a fading channel is often unknown.  In some cases it may differ 
greatly from the usual and generalized Rayleigh distribution.  If fading is 
very slow and it is possible to measure u and b continuously and with sufficient 
ac-uracy, lack of knowledge of the law of fading has no effect on the structure 
of the decision system.  However, as already noted, the need to evaluate ,. and 
'.' greatly complicates a receiving device.  Therefore, obtaining a decision 
principle for that case when the values of ., and " are not known, and even their 
probability distributions are not known, is of interest. 

One possible way to construct such a principle is to use the generalized 
criterion of maximal likelihood [10J.  l;or the case of fading at a zero rate 
we will consi-'er that in the reception of a certain signal element u and 0 are 
constant (not random) but unknown parameters.  According to the generalized 
criterion of maximal likelihood [llj of several hypotheses, that one is selected 
for which the maximum of the likelihood function is greater than for all re- 
maining hypotheses and the maximum pertains to all unknown parameters. 
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In  the given ^•'Sl'   l'u'   liKclihood  function of signal   :.(t)   for several 

values of ..   and       is expressed by  formula   (S.20).     lor simplification of the 
following derivation we  will   switch   from parameters   ..   and ••  to  ..     -   ..cos'1  and 

. si iv .     Iheii 

f.'.'.»     i'.'1 kV 

(5.40) 

where N is a certain constant not dependent on  z   ,   ..   ,   and u . 1 re s 

Instead  of  seeking  a maximum  for  this   function,  we will   find  the  maximum of 
its   logarithm 

1   V I« V  IM'.»-   •■A^-! In:-•'(/I-',) =   In.V- 
k 

-H/Ü-   K.'1.»   i   !'.". 
(S.47) 

l-'or this purpose we will equate the partial derivatives (S.47) with respoct 
to .. , and „. to :ero, as a result of which we obtain the system of equations 

* I 
^■ 

t  i 

by solving which with respect to .. and .. we find the values of these para- 

mo tcrs which determine the maximum of the likelihood function for 

I». 

V (U--, ' /V.) 

I (•'»:^) 

* I 

" \ ■ 

t  I 

(5.48) 
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i,;nal    I,   thus  has   the ^riMt i'st   niaximum ul'   1 ikf 1 ihuml  t'uiu ! i ut;   it 

U      I. mi, 

which   is  the  ruJe  for   ivyi steri 11^   symbol   l\  bast-d on  ihc Lfiter ion ul   n. 

1 ike 1ihooJ when  the   fading   law   is  unknuwn. 

ir  act i ve-interva J   svstetns  when 1' _ this pi-i nc i i1 li-, as "i; «lit I1 

pected, eoineides with [s.J-l) [1ÜJ and dues not depend un whether the fadiiu; ! .iu 
is known.  As far as the probability of error when usm.c a decisiun system 
based on (5.2-lJ is concerned, it, of course, depends on the probability dis- 
tribution of ... 

5.3-  Memory in a Channel with Slow Fadi ig,  Several Problems in Coding, 

In the preceding section the probabi 1 iries of incorrect reception of a 
signal element were computed for different communication systems when fadii:.' 
occurs.  A comparison of these results with those obtained in Chapter's 111 and 
IV (no fading) shows that the probability of error in a fading channel (es- 
pecially in the case of Rayleigh fading) greatly exceeds the probability of 
fading  in a channel without fading when the ratio between average power of a 
signal and interference spectral density remains the same.  for example, in 
order to provide a probability of error on the order of IU'" in the case of in- 
coherent reception in i bina'y orthogonal system with an active interval, it is 
sufficient to have lr - 18 in a channel without fading and lr * 10,000 in a 
channel with Rayleigh fading 

However, it should not be thought that a channel without fading in the case 
where Iv = 10,000 will be equivalent in fidelity of reception or in carrying 
capacity.  The fact is that a channel without fading when the interference is 
approximated by white noise is (in the discrete representation) a channel with- 
out memory while a channel with slow fading is a channel with memory and thi^ 
memory encompasses a larger number of elements, the slower is the fading. 

Thus, the probability of error computed for a channel without fading does 
not change if :t is known how the preceding signal elements were received.  In 
a channel with slow fading the probabilities of error computed above are only 
unconditional probabilities which may differ greatly from the conditional pro- 
babilities of error if the result of reception of one or several preceding 
elements is given. 
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IU    V( .1'.     i't    l' .V  IIIip 1 r   »«(.■   U 1  1 1     v nt: j'li! r    I III'    «.ulul 1 t i <'Ha 1    j   I ni  .l!   1   i I t .     i'l     •   I Ii   !     . !, 

i IKVIUTI'I; ;   tvci'plion  ')t   .i  sij^n.il   i-ICIMCDI   in  .1  ; in.u\   »it t'.i'c^:.,.!   .utiv'    iiitci"\ il 
-.\-tfi:.,   vA'ii'. 1 Ji-i 1 Hi;   i'iil)    thi'   ri'Milt   .'I   1 t'v 1 ;'t luii   ot     'lie   | ri ■. >■,! 1 r.i.   ■iv.h.il 

i-lfinvlit.      In   Su   .L>in>;   llu'   t.i.liM,;   .»ill   !r   «. wii- ; ».UM . J 1   ,.!ci>;i,   .itid    ."   ^h'U   lliat 

tin.   \.ilihs   i't in   .uli .ui-iit   signal   r 1" i'.iii I ■    uill   !M : IM. t ; 0,1 1 1 \    t llr   ■■,ii;n-. 

Uc \, 1 1 I   .issiuiif   tli.it   ,1  |> ivcodi iij^   .i,;i,,il   1 iiT.ir.t is   ri-ci-u t'tl  1 orri'tt J> .      Itun 
.>hVli'USi>,    thi'   (."Olldl t M'IKl 1   pri'b.ib I I I t \    o!    : :,^ .1 ;ir.-1 1 c. r;'t 1 I'M   ■'{    thr   IR-Xt    cli- 

noil t    1^ 

■ 1 1 ncor  v-or \ 1  ( 1 n 1      ^or'vl 

ishrri'  piiiK'or     I   is   tin'   tundi t i oiui 1   probat'i ! i t)'  m   rrrur   t'nr   ,1   ^''I'l.ri.  \.il;ii'   of 
,   ;ind   . (...  torj   1 :■   the  cuiidi T idii.ii   density  .i1'  prulMb i 1 i ty  i'l'  .    it'  tlu   JM'LA-I.'.'1 :.i', 

■. KTU'IU   i%as   rccfivod  .-OIT-.'  ti>. 

In   find   . (.    curl   wc  u'si.'   the   Haves   t'pi'niuia 

w(...   curj 
plcurj I -^. :> 1 I 

w her e 

p(cori;0   -    I    -   ', . v/ 

is   the  probability  of  correct    receptien u;'.li   .1   i;iven  \'alue  ci   . 

pCcorl   =    I 

is   the  uncüiidi t i onal   probability  ot   correct   reception. 

Substituting  ..(..•.)   from   (5.3),  ue olitain 

A,. 1 D 
(cf;i; cor) 

CXp 

Whence,   considering  that 

pfincor 1;:] 

we   oil tain 

pCincor'cor]        '    * (" '"' iexii       ;i? / 

{I ■ h ) 

J 

;   aiK 

(5.;-i. 

;'.;-o; 
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When h' • 1 this conditional probability of error is 3/4 of the uncondi- 

tional probability of error. 

Similarly, we can compute the conditional probability of incorrect reception 
of an clement if a preceding element is received incorrectly. 

p(incorlincor) 

With an increase in h" from zer) to infinity the conditional probability 

p (incor|incorj decreases from 0.5 only to Ü.25.  Therefore, even with a very 
great preponderance in signal over interference the probability of error is 
great if a preceding element is received incorrectly.  Consequently, in such a 
channel errors will with great probability be grouped.  With an increase in 
signal power, these flashes or packets of errors occur more rarely but the 
average duration of a packet changes very .lowly and depends mainly on the 
average period of fading. 

As already noted in Chapter 11, thi-s c. rcumstance must be taken into 
account in :he selection of a correcting code.  Such a code in a channel with 
slow fading must permit detection or correction of a packet of errors which 
are longer, the slower is the fading in the channel.  One of the simplest 
methods (although far from optimal) is construction of a code providing for 
decorrelation of errors, i.e., such an arrangement of symbols entering into 
a general parity check that they are separated by time into intervals which 
exceed the time of correlation of fading. 

We will consider by way of example conditions under which use is made of 
the simplest binary correcting codes, i.e., the three-element code of (3.1) 
which permits correcting one error.  Such a code amounts to repeating every 
signal element three times and registering the one that occurs two out of 
three times.  In this case uncorrerted errors will occur in that case when at 
least two elements are received incorrectly. 

We will assume that such a code is used without decorrelation of errors, 
i.e., all three elements of a code combination are transmitted one after the 
othe •.  We will consider the fading to be so slow that u  changes practically 
not at all over the length of three elements.  Let the coefficient of trans- 
mission u adopt a certain value. Then the conditional probability of incorrect 
reception of an element (incoherent reception of signals which are orthogonal 
in the intensified sense is assumed) is equal to 

p • p(incor|ij) 
l   / 
,-rxp^ 

I*, 
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The conditional probability of an uncorrected error in a combination con- 
sisting of three elements is 

p(incor|p}  /'' !■>'(' -/')  'V': 

3   f     i ■' , ? v.    f     3 i^ (5.55) 
1 

Averaging this expression with respect to u, we obtain for Rayleigh fading 

p (incor) 
K% f ^ (%;•-') 

(5.56) 

Khen h" > 1, this probability is approximately equal to 5/6h!l, i.e., only 

170o less than the average probability of error in the case of primary coding. 
If we consider a code combination as one element of duration three times as long, 

i 
then h!" increases by three times and the probability of error will be approxi- 

2 ^ 
mately equal to l/3h , i.e., to 2.5 times less than S/öh".  Refraining from in- 

terference-resistant coding and maintaining the rate of transmission, it is 
possible to triple the length of a signal element.  Thus, the use of a code 
(3.1) without decorrelation in a channel with slow fading does not increase but 
decreases fidelity of reception. 

In the case where we use the same code but with dccorrelation of errors, 
the probabilities of incorrect reception of elements entering into a code 
combination are independent and are determined by expression (5.17a). Then 
the probability of an uncorrected error is 

in the case where h 
Ü 

p(incor)  fyr 

Cv 1 -):   (',; 

p(incor) * 3/h0> 

iy - 

3/i- ( -I 

',5.57) 

i.e., it is significantly less than l/3h". 

Thus, in the case of dccorrelation of errors in a channel with slow Rayleigh 
fading code (3.1) yields a significant increase in fidelity of reception. 

In the more general case it is necessary to compute the probability that 
with reception of an n-element code combination there will be k errors (k _ nl 
[12].  Specifically, in many cases the probability of error-free reception of 
an n-clement code combination lk = Oj is of interest. 

We will assume that the fading is Rayleigh in nature and so slow that the 
transmission coefficient .- changes practically not at all over the length of n 
elements of a code combinati or.. The probability of correct reception q (..) 
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of an n-olemcnt   code ccmbination with a yivun value of .   for a binary systt'tn 
with   an  active-interval   orthoyunai   in  an   intensified  sense   is   equal   to 

'Ml')    (I    rf.'M". IS-5X 

where pU.) is the probability of error with a fixed value of .. 

I /      i'".  \ 

•     V    ■■.'   I 
Averaging   (.5.58}   with   respect   to  ..   \%e   find   the  probability  q     of   correct   recep- 

tion ol" the entire n-element  combination with  slow  Kayleijjh  fading: 

1 M 
f 

V I    I, 

I 
(.'.591 

lomiula   (S.5i'J   may be  represented  in  a  form more  convenient   I »r computatjon 
using  an  incomplete beta-function: 

/-■ 5'.».. 

ecurrent   formula  easily  ibtainable   fron   (.'>.5yi   nay  also be  useful 

i • ."  '',•■ .. 

</•.,, c.:-«.'f 
I   ,   n 

IM th  an   increase   .n   the   lengtl:  of  code   combinaljon  n   the   prob.ibi 111 \   uS 
error-free   reception  u   ,   of  course,   decreases.     However,   it   decreases  ir.uch  '"ire 

n 
slowly than in a channel uith independent error--. 

Using formulas is..''1.'!, it is possible, lor example, \u  calculate that i«her. 

h~ = JU and uhen the unconditional prnbamlity of error 1 «. equal to 1 h" ♦ J • 

* ■!.;>• U' ', the probability of error-free reception of a code corb j n.ot ion ten 
symbols in length is equal to q   * 0."9.  He will note for coüj^.iri son that >n A 

channel without fading, i.e., with independent errors where p = I.^-IO ", the 

probability of correctly receiving a ten-elerent code coabmallion x*-  equal to 

It is true that for this it is sufficient to qio c (i . :V
Ü = 0.9S510 * 0.C3 

have h' * 1.82.  Nevertheless, it is apparent fror. thi5 that if wc cocpare 
channels with respect to probability of correct reception of relatively Sonc 
code coabinations the existence of «Uow fading does not impair the quality of 
a channel to the sane degree as when corrpanng a single svnbol wtth respect to 
probability of correct reception. 
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\U' hill  present  OIK- nort-  exampli'  to  confirm  this.     \s  alrt-aJy  r\oti-u,   .1 
probability  uf error-fret*   reception  ol   a  s>Tiibül   ui   p   -   1U ''   in  the  tasr ul    it. 
orthütjünal   active-interval   system and  incoherent   reception  Is-  prov:Jrd  in .1 
channel  without   fading   it" h'   *   IS.     Under  these con^ations   the  prohabihtx   ul' 
incorrect   reception  of'  a  code  combination   from amonx   100  svmbol«   is   ^pproxm itf 

i-qii,  i    to   1U In  order  to provide  such  .1 probability  ot   error-tret!   recept 

one   Symbol   in   the   cane  of  Rayleigh   fading   it   is   necessary   to have  h*       10   , 
i.e.,   the   average  power  of  a  transmitted  svrt 1 1   r-.w-t   he   snvreased  bs   appro\i 
jr.ately   .^.'»U   lines.      It    it   is   necessary   to  provide  onlv   for  a  probalulitv     ! 
crriT   tree   recejitlon   of  a   1ÜU  di^it   code  v.m.t inati »n  e^ual   l .<   li' 

i1 \*0V   is   sufticient,   i.e.,   the pow.r  of  .1  transmitted  >-ix:n.il  n^t   1'■   m 

creased   only   t>>    •0   tines   to   compen^a' e   for   the   effevts   nt    t ulin^;.     Under •■ t aiul.it1 

it   is   assumed  that   the  coeffiiient   OY   Iransmivs   nn   changes   pr.t.ti   ,11 ) ■   r,.!    1* 
.ill   over  the   length  of   10'J  symbols. 

S. ^.     Effect   o'   R«JJe   uf   FaJinq  on   Prubability   of   Error 

i «   t h■s   sect 1 on   ne   HIli 
•^ense   that   in   fonr-ula   (.s.Oal 

•rl\,   .inline   that   fading   I1-   slov»   \t   tf'.e 
^n .it 1>   exveds   the   lernt'    .!   .1 

ignal   element   !.     However,   v.e  >>; 1 i   not   consider   this   preponderance   •>e  t.ri.it 
Id .t .•fid change  praclicallv   not   at   all   over   i.      in   thl*   c.i>>e   tht   A'-   1 ■• 1 or 

pruuiple  deduced   for   the  absence  of   fading  or   for  lading  .it   .1   :ero   rate »• 1 ; i , 
generall)   speaking,   he  no   liinger optin.   1.     \r\ erthe less,   with   rc-pec!   to  slow 
lading   it   can 'e   assuned   that   these   devision  principles   remain   Miftuienth 
clo^e   to  optinal.     Itu-retor«',  ne will    issumr   that   incoherent   reception  occurs 
in   accordanse u 11 f-,   tf-.e   r\i',v   de'ermiiK-d   I.  r  fading   .it   .1   reri    rate  whivh,   in 
the   case   of   ,1   svsten   wit.'-,   an   active   irlei\,i!   win.ides   v 1 t f1.   the   optinal   !•: 
.1   channel   without   lading,   and we  1.1 1 |   tn      1)   onh   apprns iratel» .   t c   i-..ilij.it< 
how  Tiuch   the  probability   of  error   changes  ili'l   it   i-   curTiidcrj-d  lh.it   the  r.,igr,i 
t ade   of   .    over   • ir.e   1   changes   Mthin   •rn».'!    i.'.ts. 

xuA   so.   let   the   signal   element   lu1 
'1. e 1 v ed   I »• 

li      I •    ! .  '       I. f 
1 V 

where   :   (t      i-   a  signal   element   which  his  been   ? ran«ni t ted.   and t     .n- 

■tTt    . 1 ow ; v   changing   lurution«-  wh t > h   are   reah^al it   two  comut-'te  ic-i«)'---    iv, 
;1 ro c e s s t- s 

Ke   will   ilesignat*    th«.-   average   value   ever   tire   I    of        't'   ami 
an-J 

• -r- 

M. 

- 

':- r I« 
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It   is  obvjüUi   th.at   s\T'.bols and aro  normal   random variabU*? 

inasmuch  as  they  arc  obtained  as  a  n-sult   of a   linear  operation of  intcRrating 
gaussian processes,     he  will   determine   their nathenatical   expectations   and 
dispersions; 

r 

r  r 

..i..     '     I ffn.u,':'." Ulit-!l. 
ö  0 

f   r 

;:;.{jY—'■■ H'•■-■•■■.] 

[S.b2] 

' 5.6 .^ 1 

tierc   T!IO  tvtchan^c  nf   variables   and  «.iins t derat i on  of parity  of  correlation  co- 
rfficient   arr   done   as   when   deducing   equation   f!.90^. 

M r i 1 a r 1 \ , 

(        n     > -   |t,''  :- ■;.j(,    ;)«,•,.,-.. (S.63.11 

(       I«, H,! •!, /        |     [K    I'-' I»,J-.  IM       •'.''■ 
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: # r r i ir 

1 'Mll*i-,'/-':iP,^/''} 
*> J r -i        » 

■ !>. flW(-) i Ki  -ill/ (/-. (• 

(5.t>5b) 

inasmuch as, as was showij in Section 5.1, R(;) is an odd function. 

he will also introduce the notation 

Now a signal being received (5.b0) in the transmission of ;.(tl can be 
written as follows: 

-'■(')  {< !'<  *»t'l : ^i1- ' '■',") : 

: |Ajn.'/(n ■ ^.('I^Ol ; "('). (B.bS) 

,md we may consider it as the sum of the useful signal included in the braces 
where the components of the coefficient of transmission remain constant over 
0 • t • T, the interference n(t), and the additional term which is included in 
the brackets. 

This additional term 

£,(/)  .V'.'-V') i \it)~'ii') 

is  a random process.  It arrives at the decision system ard, generally speaking, 
influences the probability of error.  But this influence can vary greatly de- 
pending on the signal.  In order to explain this we will consider two extreme 
ca.sv?-. 

a)  The additional term is added to the useful signal.  This occurs in that 
case when the coefficient of mutual correlation between useful signal and addi- 
tional term is equal to unity, e.g.. in that system where signals : (t) repre- 

sent very short pulses o:curring at various instants of time t (counting from 

instant of beginning of reading of a signal element).  ii can easily be seen 
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that urulcr tlv . conditions the additional term acts on the decision system just 
as does the usot'uJ signal.  Obviously, in this case the probability of error is 
expressed   the sane formulas as in the case of a zero rate of fading. 

bj  The additional term is added to the interference.  This occurs in those 
caSes when the additional term is statistically independent of the useful signal 
and can be considered to be random noise. A typical example is provided by 
the svsten in which signal : ft I represent different realizations of normal 

r     ' 
noise with a uniform spectrum in a certain rather wide frequency band I-.  Then 
■.(t) will also be normal noise in practically the same frequency band.  In 

the first approximation PT and KPT systems and also l-'K systems with a small 
spread of frequencies of adjacent signals can he relegated to this case. 

Various intermediate cases between these two extremes are possible.  Thus, 
the additional term may be orthogonal with respect to all realizations of the 
signal.  Then its power is subtracted from the power of the signal but not 
added to the interference.  Cases are also possible when only part cf the addi- 
tional term should be assigned to interference.  However, inasmuch as we are 
interested only in an approximate evaluation of the influence of rate of fading, 
we may limit ourselves to a consideration of case b) .  The components of trie 
transmission coefficient for the "useful signal" ■ ..   and ■     oxer one 

c        s 
element do not change and may change only in iumps at the instant of element 
change.  \s indicated in the preceding section in this case dependence's ob 
tained for fading at a zero rate remain valid.  It is also necessary to con- 
sider that the power of the "useful signal" in ('S.6SJ decreased by the magnitude 
of the power of the process (t)   which was added to the interference. 

nj)   the  has i s   ot    i." . to can  casi ly  see  that   the  average  power  P'   of 
usetul   signal   in   (..-.e.o    is   equal   ti 

/'■       /■ 
f.      h 

I'., ■ i' 

t' i / 

(.'. 6t> 

where 1 . is the initial signal power; I "   i; the ratio between the powers of ti, 

regular and fluctuating components; and I ,s ,1 dimensien less magnitude depen- 
dent only TI the coefficient of correlation of fading Rf'.l and the duration ol 
■■ i gna 1 e lenent I an 1 i s equa i to 

/ ;j(,    ;).,.,,-. 
In  the   -ase  of  fading  at   a   :ero  rate  when we may  assume  #{■)       1   in  tlic  entire 
interval   ot   integration,   from   (.*i.(i~     it   follows   that   1 I. 

Inasruch   as   a  decrease   in  power  of  useful   signal   as   a  consequence  ol   a 
finite  rate  of  fading  concerns  only  the   fluctuating  part,   then  coefficient   k 
is   somewhat   increased  and  becomes   equal   to 

<•' f 

/.. fS.6fil 
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Simultaneously the power of interference increases by a magnitude of 

P (1 - f)/l + k" and its spectral density may be considered in the first approx- 

imation to be equal to 

•    / (I : t.'-)       '/.(I'M      ' (I i (.••")       ' /. (I 

I I 
(5.(>9) 

(1 ■ k)H 

where F is the frequency band accepted for the system; and B - 21:T is it? base. 

Thus, all formulas obtained for fading at a ^ero rate remain valid for 
this case if in them we replace k with k' and h' with h1' where 

h\. 

(*" r- I) 
rs.-O) 

Specifically, for a binary orthogonal l-'K system with a frequency spacing of 
1/T, considering that B = 4, we obtain frc.n formula (5.17) 

i ^, (I - n i •.';.■' 
CX]) (5.-1 

when 1. = 1, i.e., in the case of fading at a zero rate, this formula becomes 
(5.17J, With a decrease in 1. the probability of error grows rather rapidly, 
especially with large values of h and small k. 

if signal power is increased, i.e., if h~ is increased, then when h" • 

in distinction from all cases considered above, the probability of error 
approaches not zero, but a finite value 

litu p ' :'c" 

'ihis   result   should  not   be   considered  unexpected.     lading   at   a   finite   rate   amounts 
to multiplicative   interference  which,  with  a  certain  probability,   can make 
signal   :   (t)   more   like  another signal   :.(t'J   even   in  the  complete  absence  of 

additive   interference.     This  probability approaches   zero when  the   rate  of  fading 
decreases,   i.e.,   I.  approaches   unity. 

in  the   case  of  Kayleigh   fading   (k   -   0)   wc  obtain   from   fonm.ua   (5.711 

l   Ml     /)•■.' 
r       ., .:- , (5.    la) 
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and the limit which the probability of error approaches when h. approaches in- 
finity is equal to 

Umr     -.',(!--/.). 
V0 (S.72a.) 

In such a binary l-'K system if the frequency spacing is much greater than 
1/T, the limiting probability of error is much less than (5.72).  If B ► - 

is substituted in (5.701, then  /,'■ irkLLl      and instead of (5 711 

we obtain 

and with Rayleigh fading 

(5.73) 

Ki- (5.73a) 

Here with an increase in h" the probability of error approaches zero, although 

more slowly than in the case of fading at a zero rate.1 

Figure 5.10 shows curves which are computed from formulas (5.71) and (5.73) 
for different values of L in the case when B - 4 and B = >■.  The curves plainly 
show that attempts to decrease the frequency spacing in l-'K systems should be 
handled with great circumspection if the rate of fading in the channel differs 
markedly from zero. 

We may view other systems in the same way.  We will discuss a binary RPM 
system somewhat more in detail.  We will use the same approach as in Chapter IV, 
i.e., we will base ourselves on the fact that this system can be considered 
orthogonal if we consider the signal over the interval -T • t • + T. There- 
fore, we will perform averaging of the components of a coeffici^nL of trans- 
mission over the indicated interval, assuming 

'Strictly speaking, the discussion presented above is not applicable to an (:K 
system with a large frequency spacing. Here we cannot consider the additional 
term iAt]   as interference with a uniform spectrum in a frequency band of l;. 

The assumption that with sufficiently slow fading the spectrum lies close to the 
spectrum of z7(t) and does not overlap with the spectrum of other signals is 

closer to actuality.  Therefore, the power of process i7(t) should be subtracted 

from the power of the signal and not added to the power of the interference. 
This pertains to any system in which the spectra of signals z   (t) arc far removed 

from one another.  It can easily be seen that based on such an idea we again arrive 
at formulas (5,73) which, apparently, correctly evaluate the probability of 
error with relatively moderate values of B. 
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I1 ■   :,/■ 1 iKlndl. 
■ r 

(5.74) 

c.";.'' 

Figure f.10.  The Effect of Rate of Fading on Probability of Error for 
Binary Orthogonal Active-Interval Signals. 

Reasoning as previously, we find that it is possible to consider the 
rate of fading in incoherent reception of binary RPM signals in the first 
approximation by replacing in formula (5.13) h- with 

t' .i. M 

and k'" with 

/'0" S*.- I Dl 1 , Ml  ■»)! 

*'• = 
.ii 

where 

'U- rj(i-*)^' (5.75) 
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\s   i   ri'Milt   i't   this  (.'.voliani'.t' wi1  obtain 
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ei en   ;a n i.i 

l5..bai I     '(1        111   :   I 

•■  t. ,r : [ : • v . ;   ■iT'r ui-vn  !i ,  .ipiTi'.iclu-^   infinity   in  the  cast 
: :,.'    i - 

I ir / 

lir.  ; . :M..: 

i     .w..   ' 

Wi 

[--■ 

.; ■•      ' anni.' .    .in!   .i :,'.:•     'I 

ii   tlir    -asr   oi   fadin.i;   at   ;i   zero   rate  when 
itr.r,  '.M-ohabi i i tv  ■ !' error  in  a  RTM svstem   is 
u i t )•    i  vp-.icinß  nf   I'll  wlu'ii  operating with  the 
at i . 

It   ,in   If   syst.-r     with   i   I re-jueiu-y   -p1'-''11.^  •,|'   : "'■   permits   obtaining   m  a 
er.'air    -hannel   wit:.     low   fading   a  giver,   probabilin   of error  p   for   all   values 

-M).l 
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of P ;tml T, then tlie same probability of error will he obtained in an RI'M 

system for the same value of I', and a value half that of T (i.e., twice the 

specified rate of transmission).  We can see this easily by comparing for- 
mula i5,7h}   with (5.71) and formula (5.75) with (5.67). 

The values of I, and M can be computed if we knüV\ the coeffic.ent of 
correlation R('J of fading and the length of a signal clement 1.  Specifically, 
if K'(0 is approximated by a bell curve (5.be), then 

T 

vl-'"(0 

', -') 

1  \ I 

In the case when ;.  ■ T (and the approach used here is applicable only to 

this particular casej 

/  1 (S.-S 
^. 

S i m i 1 a r 1 y , 
,\l  1  --_;. 

'"* i 5. "Sal 

If it is considered that under these conditions the value of the coeffi- 
cient of correlation for - = T is 

^  0X;,(  ^)  '  V 
then the result obtained can he written as follows: 

1_.W^'J[1 ~R{J)\, 

1 -L   ■ .' [I-A't/)!- 

•or an  exponential   coefficient   of  correlation   (5.6dj 

'. ;jo ;)-(■■;- 
(>  ^i«        «> 
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' pill —p-«p»»"»— ^mnmrnt 

or  in the case when   I  < 

I    -I 
Jt. 

c ."y 

S i n i 1 a r h 

.W 
J . ■ 

In  an  RPM system   (anJ .ils».'  in  i)tlu'r  systeras   in  which  the  power  i.'f  ttie 
additional   term   •.(ti   is  added  to  interference  power,  e.g.,   IK  v.ith  a  snail 

frequency  spacing'   the   increase  in  duration ot   sijänal   elemfnl   1   in  the  case of 
unchanged  power does  not   always   increase  the  fidelity  of  reception,     hith  an 
increase  in T  the variable M  lor 1.1   changes  and  this  can  sometimes   lead  to an 
increase   in  the probability of error  despite  the   increase   in h'.     Therefore, 

such  systems   there  must   be  an  optimal   value  ot   I   which  provides   tor  the Dost 
effective1 possible  transmission ot'  information. 

linding an  optimal  duration  of signal  element   in   light  ot   the many variable 
factors   is  a  very  difficult   task.     l\e will   limit   ourselves  to  ,< more  particular 
setting of  trie problem  in  that  we will   find   for what   value  of   I   the  power of 
the  sigmal  essential   for obtaining  a  given probability  of  error p   is  minimal. 
For  an  RPM  system with  Rayleigh  fading  from  (S.'oa): 

Assuming  that   He)   is  expressed by   formula   (5.be)   and  substituting  the   value  of 

M froim   iS.'iia)   and  also expressing h" by  P   ,  we  obtain 

I   - —r 

S 

v- (1 

IpT 
7' 

Whence we easily find the value T = T  . for which P. is minimal 
opt 5 

optRPI ■■'\r:'r (5 W 

If i, = 0.5 sec (a rather typical value for an extended shortwave channel*, 
' -S     -4 

then with values of p from 1Ü  to 10  the variable 1   changes from 1.5 lo 1 opt 
4 msec  and this  agrees well  with experimental  data. 

For an  FK  system with  a  frequency  spacing of   1/T,   fron   (5."la)   and   (5."Si 
we  find  in  fhe  same wav 

I 
optH ". I V 

(S.SOal 
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- ^    .4 
In the kf.ise where    ' O.S <ev. .md p ' 10   »Id  , Ihr oplitkal \alur of   I 

lie« between !<> .ind JJ osec. 

!t should be strosseJ thai expression (S.HO) Jetcrmnes only a relative 
opli.mun i»hii.h provides .1 r.minur. of signal power tor a Riven probability of 
error,  fhc result will be different if the rate of Information transmission 
(depending on p as we'i as directly on 1) and not probability of error is given 

S.S-  Carrying Capacity of Channel with Slow General Fading 

•\ fading channel amounts to .1 typical example of a channel with variable 
parameters.  Computing its carryi-ng capacity in general form is a difficult 
task.  At the present time only a few approximate expressions and evaluations 
[15-J2] have been found which, incidentally, are sufficient for cases of 
practical importance. 

The states of ,1 channel are determined bv the values of . and • (or -  and c 
. ).  Ky analogy with (J.""-!) and (.?.~J it can he shown [2?>]   that 

/•(.•..••) l/'t77|ia^, I/'|öi.0i..';.;x.. (5.si) 

».{/■ i.-. .•'|^J)|^ [S.S2) 

\-OT  determining the carrying capacity of a channel it is necessary to find 
a probability distribution of signal :(t) such that (with certain limitations, 
for example, a given power) a maximum of expression (5.81) ir-  provided.  Thit 
is the most difficult part of the problem. 

Ke will discuss the simplest case when the rate of fading is very slow in 
comparison with th?  rate of transmission of a message, i.e., when by analyzing 
previously received elements of a signal it is possible wirh great precision 
to predict the values of .. and ■■.  Under these conditions, obciously, 
M'C^,^) < I'(:,:') and the extreme terms of inequality (5.82) t'.iffer little 
from one another.  Therefore, the rate of transmission of information may be 
obtained in the first approximation by averaging with respect to .. and ■'• 
the value of I'(:',;: .. , ■ J which amounts to nothing more than the rate of trans- 
mission of information in a channel without fading for given values of .. and ". 
The maximum of this averaging of rate occurs in that case when signni ;(t) is 
so selected as to provide a maximum of I'(:',:.. ,••) and for this, as shown 
in Chapter ill, the signal with a given average power ,.-P must be gaussian. 
in this case the conditional (for given .. and •■) the maximal rate of infor- 
mation transmission or conditional carrying capacity, in accordance with (3.84), 
docs not depend on a fixed value oi" '■ and is equal to 

C.,  '".Inn-i.'*'^ natural units/sec       (5.83) 

where P is the emitted signal power. 
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I' "f    .uu!   .r. i-ri»; in,,  »«ltd   rfN|>f«.l   lo   . ,   *■<•   I i nil   T?.»    tarrtint;  v .»51.it. 11»   *!   .» 

whjnnc I   with   N i.'w   I ».li ru 

r; J.(..,nn^, i ;;;;)•':, 

lor   tKu-   IJM
1
  it   k.i> It-it;')   l.»Ji:u:   I !'." .   ■•M«t   «i^sl.lut.n^;    W.)   fro«   ' ^   ^ 

.irul i-.Xwh.mici rij;   ■ .i r i .ib U-s   dascJ  on   thr   r «rrnl.*   <    •-I  I    i       ,   it   is  poH*if"3r 

lv liriDf:   l5.»4l   to   tin-   tal'iilar   ini<j:r.il 

C     / 

wncrc 

:■"■{'.)]' ■( ;-■)■■■■ 
f r   . ,   " 

/..pi | •;•■'' 

in   t!u-   >.,i--i   ..!--ii    I I      tin-   ;iiti'k:i.il   ext'oncnt. .i 1   turutiL.",  I 

well   approx imati-J  t".   tin   t'.'pns--: >n     It.  i' 0. 

I.ulei   constant T.--: Ji-nni;   th.it   rxp   P   /»'     •   I   •   P   fP      *v   . ! t.. i • '• n     s n     < 

(.      / 0 ■;■-)('•■;■ ■■) ■' " 
In  the   case wh'.-n  1'    ■<  P   ,   l-.   usinjj   an  a^vTptoti».   express 11 n  it   t;. 

-l 

tegra] exponential functiDn  /.i [—   ) 
(   ' ) 

).    >.e  I inJ 

c //; -r   (/•••r i. 

which  coincides with  the  approjumate  exnressiun  for  the  carr>in>:  capa^i'x   el 
a   channel   without   fadini;.      Ihe  ile;'"id.-'K^   of  i    !   on   I      P     for  .i  channel   K;th 

slow Rayleigh   fading JS   shown   in  I u;ur<-   .'-.!-.     The   sane   dependence in   thr 
absence   of   fading   is shown   for   comparison.      IT   follows   fror,   figure ^. 1J   th.it 
slow  Kayleigh   fading reduces   the   carry.ng   capacitv   ^i   i  channel   !. net   ir» re 
than   ]~°i.     For   small IP     ratios   the   curves  pr»cti(.all>   coincide. 

In the case of slow uuasi-RayIcigh fading .t is apparent that the 
carrying capacity must assume a certain average value between the carrv 
capacity of a channel with Rayleigh fading and a channel in which fadin 
absent. An approAimate expression of the c.irrying capacit) for the cas 
when k < 1 had beer obtained in work [1*]. In our notation in the case 
a unifonr.  noise   spectrun   it   na\   be written   in  the   fol lowing   i "Tm: 

i"g 

c 

of 
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No to 

I.      (S«c  Spcncn   '•. I)     Ihr  ph>«t«;jl   plclurr  Jc»trtbrd  of   thr  ortsin  oi 
»clrcflvr  fjding   i».   of   t:our»c,   jpproitutatr       It   ma»   ^c  u«cJ  onl»   in   4   irrla- 
:j\cl»   »Jiall  ^iJTh  ci   thr   «t^nal   pcwxrr  *prclrun.     Signet«   of  »rr>   njJr   *pr»!rj 
»l%o it(%pl4>   the Jtrrftlv Ji%prr«i\c propfrSic«  of  ihr   «ono»phcrr   (or  iropo- 
♦phrrc!   in  that   the coefficient* of reflection  (nr  »catter!ng) depend on 
frequency.     The Jeplh of *»\c penrtratton  into the  iono»pherr 4l%o deprnJ» 
an  frrqurnc^        ihr   rcnult   of   thr»e phencmrnj   i\  that   even   in "»jnjIr.pjth" 
channel»   the   t ran»itl»«»on   coefficient   .    anJ  pha»e   %hlft   •   pro\e   tu  he   no«- 
identical   for   the  Jlffvrer.t   frrijuenc»   ctunponent»   of   The   «ifnal. 

The   fading'«   frev|urncy   relationship  occurring  b-cau»e  of   the  Jl»per*l»c 
propertle»   of   thr  nedliur   s«   «tgnifI cant 1v  «ore weakly  e»pre**eJ  than   the 
relationship  Jeterwined h>   the   interference phenomma   in  "rultlpath"  channel*. 
Thu*.   for  eaaffple.   in  »hort*ia\e  iono*pherlc  propagation  the dl»per*ion 
phenomena cau*e perceptible  difference*   in  tran«Rl**iun  coefficient*  onl» 
for  freuende» vhlch differ bv  ten«  of kitocvcle*  and eore, while  in   inter 
ference   *electl\e   fading   the   correlation  coefficient   between   the  value*   of 
..     arr  »uhut ant | al ly   le«*   than unitv,   an<!  at   tme*  e\en   cIo»e  to  :rro  for   frr 

.juency   CORponrnt*   differing   onl»   b»   hundred*   of   cp* . 

LL, 
L/uJi yv - , 

b) 

fiqu^e S '3.  Effect o^ looo4p^e'■!c 
Oispcrsiwlty diod «ultipath Prcpaqatio" 
i" Trani"i ss i01 of Sf^ort Pul*e. 

The difference between i.t*per*ion and i nterferentr phenoren.i in Iono- 
spheric reflection of radio waves ray be graphically shovn by scnilini:ing 
the transnuslcn of a very short (e.g., duration ->n the order of a  ricro- 
second) radio pulse whose envelope is shown in figure S.lJa.  figure 5.1»b 
represents the envelope of the incoeing signal in aultipath propagation.  Herr 
the case is illustrated where four ■'b'a»«•• of different strength arri\e (each 
of which in turn is the sur. of several bears (figure *.in   lach ^f  the "beans' 
which have arrived has been subjected to genv -al fading because of the inter- 
ference of its conponcnts.  The difference in course between these individual 
copponcnts which nake up the 'beac" has a valui on the order of snail frac- 
tions of a cicrosccond.  Therefore on the scale of our figure they are not 
distinguished.  The difference in speed between the individual "bears" re- 
flected a varying nucber of tices fror differing layers of the atrospherc i •• 
fron hundreds of microseconds to entire Billiseconds (in rare cases up to t~ns 
thereof). 

310- 



  

r~7i., 
»' 

^^Xrr. 

Sci-f.il    fj!''.    tM    T f «n#\P< i s % i on   o'    Li'^q   PuKc. 

hcv.iw-c   •!    i    tui^phrrii    » . .it ! r f i ri£   ! hr   poil^f   of    ?h«-    • nJi \ i Ju.'I   ?<r .1"   i* 
cttcnjcj   .in.l   Th«-   *!-. ip<   .)      t*   rn\rli>jT   i»  ilt^lorlrJ.      Inlr r f rrrncr   phrnoecn i 
hctwrm   th<   »«•jvtr.it«   ' (-.kr-«•   i •>   H.'t   JiTrcll»   iM-rirpliblr   her»-   ITV .iu*r   thr   \r 
»mr » nj;   ^M-.»r.»    tr«-   »i; .11 Jt <■!   i r.   Ijtsr.      Ihr  Rultlpath   n.itwrr   oj    Ihr   prop.^; 1! 1 
hrro   .innn.n^cs   it», ||   ^   the   rrn-pti  m  il   lour  pulse«   in«t<-.iJ   of   the   «inj;!' 
tr^nMtittrJ v.* 1 M 

i<T    t   1   f>>.ir   ;\i;'><    »■!   the   i-rJn   1!   ■.r.rr.i!   r 1 1 11 *rv onj«.   br   !r»n<rittc. 
I-,   tJu-   s.ir.    ch.inrcl      li^un-   .' . 1 I 1 ■        Nc)^   th?-   1 n c on 1 r, g  pul'-r«   i or rr*pnnJin^   ' 
thr   >li!tVrrf.l   ' t- tr •   -utn.ilh   "\<-rl..p   (liiä»irr   S. ! II1   .    irwl   ^ir.^*    thr%    irrr.« 
with   Jiffircnt   ph.iT«   i rtrr! <■ rrn> «•   phrni.ecr.i   ^.m^irik:   *rlrv."ti\r   t.iilink;     iiwj 
.11 mt   wit)-.   •'..    » ! ret» ht r.|j   .'!    th<-   rrv'r i\ oil  pvil*r. 

! ^ »• <    M    ' -. . r      , .'        \ >,   w .1 ^   -<■ f, ? 1 c 'fie. I   in  1 h .ip t r r   I \ .   r r .11   >•>•.? r ~        ! 
w >»nr.iir 1» .it 1   •■.  •   ••'   .ttcr,  ut; li:o  r.^-n-opt imir   .loiMiKn   iision«:   whi^-    iri    1< 
srn«itni   t     ! r«-|.n iu \   1 "K ».n t 11 u.lc-,   r.^-.   »^^ti—•   ol   n.ir rov  h.inJ.  onvriipr 
rocrptixn,   !'•. '*<   hit»'   pc^t - Jotov 11 »n   1 ntc^rit 1 on ,   <-tk.     t\'-rvthirc   ,♦■;.'   *■.■- 
>, o • n  v .11 .it   t(',c<ic   >.\>;tor.'-   ron.nr.'-   v.iliJ   likovisc   ir   ^lov   ^cnrr.il   ! i!;rt 
with   ?h<    <.. Ir   «»voptinn   th.it   t'ic   ITTVT  p ri>b.ib 1 111 v  rxp rrss 1 iin^   ilerrc!   11 
1 h.ir'or  r .t'.rracoi!  wit',   rrsprv:   to h   to  conforn   111   thr  n.ilurr  ol 
the   fading.     'ft<-  will   pro«ont   the   rr-.iilt   .>f  iiu-h   .i\ rrapi np   tor  narrow-batiil 
rn\t'li';-i-   re, <•;-: 1 .>n   in   thr   ».a'-r   ot   .1  ' ln.l^^   I >■   ^v^tcr   (4. "41   .irul  K.nlci>:h 

iJin^ 

r    v?( • 'S.yi 

In   this   ^.is,   the   probabilit>   of"  error  when  the  value«   ot' h'   are   lulfuicnth 

larpe   . •- praeti,  illv  t*»K     .is prcat   i*-   in  the  o.'^r   ^   optmal   imohcr'Mit   r' 
i. epl 1 on     .''. I ".t   . 

he  r.,iy   . alculate   the  probability  of  error   tor  other   systems   in  t!' e   \ e rv 

s.ir.e wa> .     Ilowvcr,   it  mist   bo   renorbcrcd   that   many   formulas   obtaincil  for  non- 
optimal   rrccptmn   systems   in  (hapter   I\   arc   approximate   and   are  valid  onlv  when 

h*  >•   ' fT   fe.fi.,   formulas   (4.9^1.   (4.9.>1,   and   (4.9~)).      In   the  case  of  fading  h" 

m.Ty  heco~e  as   sr »1 1   as  desired  n<i matter what   the value   of-h~.     Therefore, 
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f.unrJ.       'I--, i »'us 1» .   in   \hr   «.isf   .■!      i'^'-i^h   i.i«iiti^    i   *i^n.«l    ;^    ^   ri.iirri'»'   '■•■inJ 

(. r,i>. * i an   provr**   i.ilThtHich  r.T    ■ t i ■ i    -.IM      ,in>!   thi-   rate   iif    f.tJinn   l »n  ► .< 
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'   •      '   ■  K   I' (-•)''   "I"  •• 
whivf-,   ii    fhi-  >. ei      i   t.i.l if,:  .it   .i   .i;     r.itr 

• 
L i K-vt.mis  ':>.y:  .    iivt( 

i-   t fu- -i in-^ iu.ir«-   iilur j.is^b.uul   .J Iron   [JJJ   it   i •-   .ipp.iriTT   th.it   I i'i 

L-I.I   (.'.'.'.".j   holds   [ .T   .inv   liltrr  atul  not   onl>   U i   .1  pi - response   ;: Itrr   ■. I      I 

i~   iinJcr"»t uv_ij  f.   IM    tJ,r Di-.ifi - «^u.irc  p.issb.md ■'!   the-   filti-r   .ITUI   :;   i«».   --ot 

I-1. KM     'I .i:i(l   .1 : ■xprc ■ ■ 1 n.c h      ' 1   ,   ui'   obt .n n 
U 

-y-. (X)'!-■(::)• 

he  '.h'-HilJ  f-.-t'p   in  " 1 rui  th.it   thi-sf  (Ornulas  arc  ubtaincJ by   ^'utisiJcrin>;   1 
signal   to '■<-'  ■'  ^t it 1 UII.I.A   process.     In  actuality,   in  the  case  of   frequency 
keying  a  signal   i>   not   stationary   and   the  formulas  presented  can  he  considered 
approximately  true  nnly  on  condition  that   the   filter p.issb.md   is   rather wide 
that   at   the  instant   of  reading  an   instantaneous   frequency  the  oscillations   in 
it   can be  considered  steady,   i.e.,     fl       1.    Ileie  all   stipulations  made with 
respect   to   formula   (-I. ~(J ;    remain   valid. 
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;iiil;t\   ut   riiii   in  tin   ,.i'-c  ut   i>;-t:--.i)   i ru ohcri-nt   icvi-rtiti- 

y. ( '>■ •' ■„, 13.'.'. 

k>h]    i  i. DI iK i Ji-s  with     'i. i'.'ii   in   the   ..i'-c vihrrc m       I. 

In v>orl   ('' ]   i*   i'    t ound   tli.it   ri-asurcmi nt ^   mcr  sluM't   interval^   et   t iru' 
inn   t).c-  . rdoi   ut"  ti'iis  ut   minutes I   shnv»   T,-,,it   in niest   r;Hlin  chanm^ls   J'^Jinf* has 
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changes   which obey an ^-distribution.      hiciiieiit 11 ly ,   r i<*i   aathors   assert   that 
such  hourly  changes  .ire   best   described  by  .i  nonrial   logarithr-u   di st nhut i un. 
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prnb.il> 1 1 11 \     •   rrn r   I-H rciso«   exponentially with   an   increase   in   the  prmer of 
The   signal    1-   .:    !!•    ,  c-e   r,f  quas i-Kay Icigh   fadinR.     Howpvpr,   if   V.   -    1 .   then 

t 

anil the proKj)-1 11T .  t error decrease? only inversely proportionally to the 
squire root 1   t'- ^i^n.il power, i.e., much norc slow!) than e\ en in the case 
uf Ray 1c. f.h   '. .idi n»,. 

4.      iSce  Secti >i;   '.2i        Ihe n.itrix  n.cthod of finding   a  characteristic  func- 
tion   of   the  quadratic    t'om     f  ^.ni'-^iati  variables  was   first  used   in   [S]. 

Ante  •!  was  written  h\   I.    i.   \n<lrono\ . 
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Ihon 
*(■■> 

C-l'» ;K| 
• (M      <M 
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MatriA G  is  svmm«"? ri cal   inasmuch  .is  rratnecs  K  .ir;J   \   iii'   -vr.m-t r j >. ,il .     In 
tins  case  then*   is  a   iiru-ar  transformation  ui   ; ar j..ibii.\s \,   >»!■,; „"h   t r.msi orms 

quadratic   forro AGX  into canonical   fom,   i.e.,   into .i sm   et" square- 
linear orthogtanal   trans format ion  is a  transformat icti 

Q.y 5.1031 

when 
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V ,„,•',,   /•,.;,,.(;   /•    I, 2, .   , ?«). 

where  >;. .   i ■■    1:1  ck'RKMit   of   matrix  u  standing  at   the   intersection  of  the  k-th 

ruv»   arui   1 -11;  cit lumn . 

Iron  cotulitiuj;   (Ö.1US)   i.   lollous   that   elements  of matrix Q must,   further- 
riMre,   satisfy   file   following   euaation: 

[f.. ll.S) 

•.hull  iM-o.uies   fur meeting  the   rei|ui r. i;ent   ■■ t'  orthogonality and  normalising  a 
! 1 n- AY   r rans lor'.iat 1 o\\. 

iniall),   ttie  ei.cenxalaes ut' matri\  ii   are   found  as   solutions   of   the 
K 

/harjv C er t -^t 1 v   euuat 1 un 

u,   ; 11   ii [ :>. 1 ^ 

M.ikir.k;   the   induated   t ran w'omat 11 n-,   \\'.-   find   tfiat   tl'.e   multiple   integral 
in        .\V9    le.or.es   tiu   nreduet   f     ir^li      •■.tegrai'- 

«(•) 
l I 

) M ih 

1   n f 
t>ri K   ■■   J 

II.c   integral     ftn   the  iM'odiK-t   -\r!  :;   1 •>   t ilnilar and,   .■onputing   it,  uc 
1 lt air. 

{■'■■■)-]   K     ;\.  ' i. S. 1 1 s 1 

Since the determinant of the i:.atri.\ is un inant in the case of an orrho- 
i;ona 1 1 1 nea r t rans format i on , 

IV,1  |(.| f 3. 119 1 

aval ling !.'..l''l  and substituting in i.l.llSl, we have 

l 
'(■) 

(!K,,k ' (5.i:u) 

if is   Mi'jun   that    1 determinant   of   1   product   et'   two  square matrices   is 
equal   to   the  product   of  the  determinant ,   i.e.: 

-,()- 
II      .'.   K\ 

(5.1:1) 

Since  matrix   k.A   is   real   and  symmetrical,   it   i-■  possible  to  select   a  new 
orthogonal   linear  transformation  Q  which  will   m;ikr   it   diagonal.     Using   the 
invanance  of  the  determinant   to  such   a  transformation,  we.have 
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«(.) 
I I 

But 

and  matrix 

is  JiagonaJ,  so  that 

Q   "IQ     Q   '(J     I. 

Q   'K\g      A      CA,). (i-, /'      1, 2, ...2/1) 

II- 2<VA|"-' =11   (I      -'K-M
1
'". 

Thus, we finally obtain 

(5.122J 

(5.123J 

,S.124) 

(5.125J 

9(t)    ~ L , 

n (i    2,{.;,)'/' 

where   •,   are  found  as   roots  of  the  equation 

IKA - xi| ■   fi, 

which is what we warned to find. 

3.  (See Section 5.2J Many problems in computing the probability of error in 
the case of slow Rayleigh fading, e.g., by the method described in the preced- 
ing note) are solved much more simply than the same problems for the case of 
which fading is absent.  If a system with an active interval is considered, 
by knowing the probability of error P^r in the case of Rayleigh fading, it is 

possible to calculate the probability of error p without fading by using the 

method suggested by N. P. Khvorostenko [14],  On the basis of (S.S.) in the case 
of Rayleigh fading 

Ff CO 
Oh r     h} \ 

\     '<■/ 

W'. (''')'"■■ 

We will   set   x  =  h"   and  S =   l/h".     Then 
Ü 

r((-)    [v.(')' 

(5.126) 

(5.127) 

whence   it  follows   that  function p,(s)   is  a Carson-Laplace  transform of  function 

p   (x)   [32].     It  follows  that by  knowing  the   "image"  Pf(,s)  it   is  possible  to  find 

the  "original"  pn(xj   by methods  of operational  calculus  and using,   for example, 

the lieavyside  expansion theory,   the Rieman-Mellin  conversion  formula,   etc. 

Finally,   in most  cases pn(x)   can be  found using one of the many  reference 

books  on operational   calculus,   for example   [33] . 
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Thus,   from  formula   (.T.KaJ   for a binary ortho^Mnal   system wt-  haw 

1 ' 

and   frum  a   reference  book  we  can easily   1 MKI 

i 

or 

r. 

Thus, from formula (,5.19) which can easily be Joduced from .1 cor'e! 11T 1 m 

matrix (see pip. 354-357J it is possible to obt.nr formula CLMi more sir;-;, 

than was done in Chapter IV. 

b. [See Section 5.3) In many works le.i;., [31, 3 

error is calculated in the case of joint action of 1 

RayleighJ and absorption fading, i.e., fluctuations 
in which the signal is propagated, \arious distribu 

for absorption fading and most frequently, .is alread 
logarithmic law and sometimes the m-distribution law 
considered that the rate of even exceedingly "slow" 

interference fading is usually several tens of order 

absorption fading. Inasmuch as the average prohaln I 
of a symbol is calculated, such a consideration is n 

cannot but be noted that such an "average" probabili 

a channel no better than the average temperature o' 

vears characterizes his state of health. 
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The average probability of incorrect reception of .1 symbol i- a uset 

(although not completely so) characteristic of a fading channel onU in t 

case when tiic_ durat ion of a finished (in sense) message being transnitted 

exceeds the average period of fading. In this case it permits evaluating 

expected number of incorrectly received symbols in a message, tor a wore 
plete characteristic, as already noted in Section 5.3, how errors are grouped 

in a channel should be indicated and this is determined In rate of fading. 

Such a situation usually occurs in the case of interference lading.  Ihus, 

1.1' 

orr. 

in shortwave channels fluctuates within limits of several tens ol tractions 

of a second to, several seconds while the transmission of a finished message 

usually lasts not longer than several tens of seconds.1 Similar relationship. 

Mf a shortwave channel is used for the transmission of very short messages 

(e.g., commands in a telecontrol system), the average probability of error due 

to interference fading losi.s practical meaning.  It is necessary to compute, 
instead of it, the probability of distortion of a command. 
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t ransmi ttcil signals by ir.c*;ins of" analysis of the rcccixod sppcimcns; and tlu^ 
in.Toases roh ability in diversity reception. 

We will regard the noise active in the different branches mutually inde- 
pendent.  Uns is of course true il the noise is internal to the receiver and 
i r. most cases it is also t me for the noise which enters the receiving unit from 
w 11 bout. 

Ibi transmission factors . and phase shifts  dilfcr in the various 
branches in i channel with general fading.  Diversity reception provides the 
greatest mn se-res i stance H'"n *>hen the transmission factors in the different 
braiunes are mutually uncorre late J, but, as ^ill be shown below, a substantial 
i,,HU r.a> be realised even with a certain correlation amon^ tl»e transmission co- 
elficients  he will measure this correlation hv  the magnitude nf the correlation 
f.utci between the conhasal (, .) and uuadr.'iture (  ) portions uf the fluctua- 

c I s     ' 
•:;)£   Lomponent   of   the   transmission   factor,   h^e   the  definition  nf   H(-l   in  ex- 
pression   (S.dl,   but   with   the   difference   that   here   we   are   considering   tb«-   lator 
ol   -iituai   correlation between   tw.    fading  processes    it   identical   moments   m   tin«.- 

A-      /'    , 

A'      f-' 

I •    .        I 

1 ,.        . I 

t.. 1 I 

.h •(. Ih> 
f, < ;■! :    r.   ■ 

an^ 
. ter 

th   and   the   n-th   branche.   of   t>-e 

s i r^-1 i t v    the   prob le=   we   w    i 1     it    J ; -is    1 i - i !    iwirsi . •e»   to   the   i ..se      I 
Thf  ;..\   i fi ■ »t i-vr.  for   tM*   is   that   »ith   s-44 U   value«  of  «   ^.ipprr« inat e 1 v 

u.'1   >. ,ilcul at 1 on  uf   -utu.tl   correlation   infroihicrs  onN   a    nail   correction 
th; ill   bo   11lu^trated ,t 1   nacple«!,   anii   also   that   when    1   s>steP   of 

i)i\er»it»   reception   in   •   channel   ».ith   failing   is  brink;   i.e^igned  the   srallr»t 
jjssiMe   \.ihies   of   ^   .«re   ^trs^r-n   after. 

It   is   apparent   that   the   erratest   re 11 at: 1 1 t v   in  dnersitv   reception  ra»   be 
oitained  when   the   a  priori    information   about   the   signals   expected   in  each  branch 
is   full,   ijtili:rd.      in   »ufficientU   s I <«,   fading  where   the   value«   of   ,    and       can 
'<   predikted   1 r,   .s I i   the   receiving   f>ran«:hes   the   upti~ur   svsten  of   di\ersit\   recep 
11 on   is   that   of   .oherent   «iiso.ition,     The  npttsun  sv<;ter  of   incoherent   suacttinn 
will   be   deternir.ed   for   fast   fading   an 1   likewise   for   cases   where,   in   order   to 
sirplifv   1 nst niTicnl at: on,   control   devices  util^ring   the  opportunities   of pre- 
dicting   .    and    ■   are    fispensed  with. 

In  addition,  we will  rtdninr   *evi ral   simpler  nonoptiral   sys'crs*  of  di- 
vrrsitv   reception  which   a."  rJrployed   in  practice,   including  the   sycten  of   dis- 
crete   «irroat 1 on. 

<t 

mam 
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It   shmiiltl lu'  noted   th.it   of'  .ill   jnt-tlKnl-.   ot   til vi-rsi f y   ri'^i-pt i nn  onl>   rc- 
^option  with  spaced  antennas  Joes  not   involvi-   losses  either  of  --i^n.il   pinurr 
or et'  the  «"VStetn's  actual   carrying  capacity,     Devreasinj;  the   r.iti.   nl   inlOmi.iti ^n 
transmission   (c.^.,   in   time   diversity)    is  equivajent   to  .1  power   ln^^  because  .it 
the   s.u'ic  rate   it   would  he  possible   111  single-transmission   reception  to  iruTi'asc 
the  duration of tlu- element   and  corri'spondt ny 1\'   increase  the  average  r.itiu ut 
signal   cifinent  power  to  specific  noise  power,  denoted  l>v  h_ 

1 h 1 s   pi)wer   loss   nii>!   I>e   taken   into   account    in   ol'di r   to   inn;-.ire   th<    iioi>e 
resistance  of different   systems  of  di\ ers 1 f 1 rd   ri'ceptiun.     Svc  v» 1 i 1   design.it«   !\ 

ll"   the   .atr.i^e   r.itic    ol   signal   pi'Wei'   to   sprcifu   noise   powei   wl'iich  WiniKl   .1^1.!    if 

the  same   t ransmi 11 i np unit   were  WM ,j  \\ \   single   transmission   reception       lln    K.-II 

\.iliit'  of  'hi-  signal   power  to  spvctfic   P.OISI> powi r  ratii ,   howc\ei .   diprnd' ,   in 
'.hi    case   of   freqnencN   or   time   di\ersit\   on   the  mir.ber    ,'   of   di\iTsiT\    ri-ci ; . 1 m: 
IM anchcs . 

11   tine  Ji\trsit>   thi'  eler.i-nt    lencth   dev r eases   ! ■ ^     1   !    t 
lore,   the   averapc   r.i". 1 o  ot'   --i^n.il   p.iwer   to  spceifi»   noisi   power   is   in   t' . .   . .i 

h*   ■   h'/O       'his   ratio  will   h.ive   the   -.«re   •. .11 u-    liiewiM    1 :■   the   t .ise     )   ; ,-, 
q       o'*' 

,(oenc\   di\ersit>   it   each  branch  has   ; t •-   own   t ransr.rt 11 r.      ll,   h.-wever,   t'c    ;i 
■ iiieiuie- ire r.ulleted IM .1 si:-,,;le t r.msr; t t er, Th'tl , ts |'i'Wrl I down t. '■ 
11! 1 11 ;ej s 1 ^111 ti r-t 1;. more pi>. r h . I '-.i ^u 11 1 v h ituu-1 s 1, (i , 1 . --,>.• , ; r 1 n ! 
in   t !u   t ransr. 1 * t er b\   t one   s 1 iit' u   b.itul -ovln 1 at 1 ■ n .      I r-   erihi   t e    i\ 1 
•.it   tit 1 se   ! ; near   opera! 1 ni;   >   ruli t s > ns   - u^ t   'M    sr>. oreJ   1:    t' 1    f r 1: 

■ trivth    linear   re^im«    The    injhtuile   11.   ei,h     1   the    .   t : o    ' «-v   . :■   ; 
.11 \ et's 1 {\   t ransri ss 1   n  nus;   ><.        r ; -■ ■    n s>.   th m   T1 •    r n 1 r-..r   : > : - , 

i   r t . 1      ,   t 

tilde   ;    1 

b ran«, h   «ill 

hi   -   '•,' ■'," 

t e ;«•>; rapl.i 1   operation     t   the   tr.msritt 11.as 
c iJ    ;'(>v.er   ' '■    t' 

! 1   "am   >.IMS   we   , .in    : 1 -: •T.S i   w ; ! h   ■■ t r 1 , !    ]   v e 11 1 t . 

"if,;   condition».      r   h.e. ■•    re'-er-. <•   pe.i»    ;■   u^r   whiih,   ;■( :~ 1 T •- 

-0J111 .it I on   ot   th«    t ransni 111-1   t   r   -h   r*   ; « r 1 ■ •! •     t   TIT-, T» e 

h"     i le      I et W( er.   I, .ins!  n 

. ;■• .111 :   t.'eiv r .* i 1 ? \   . ■ t    m 11 \ s . s   l r ;   u>    is s^r- 

* 

■J    V 

■••'':■     ' ;■,(     .■ <;    : i -' - 1 .    .(■- -..n-   .1; J t <• r'Tt    .   1 , .ji s    • r   -     '   ' ,   . I    '' .     r<    • ; • 

»• 1 T h    -;   ii<-.!    ir.t 1 •11.1 s o.      In   Ir   ;i   tin«-    »nd   tre»pi<n».\   dil.ersiT> ,    1!   ■   .   ' 

Iruuh   nvo-s   its   own   t ransni t te r.      ll.   h.we'.'r,   in   frequent   ■'.[■.< :•.:'. \    ii!   '■. 

^ranches    ir<    radi it<-.!  bv   one   t ransr 1 n-'r   th«    \ ihie   of        lies   '-.-fw.-e-   i    ir,!   .    iv 

ih.ir.ii. t eri :t s   the  "rescr^«-   lint.intv"     ?   the   ! r.insra t ter . 
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6.2.     Coherent   Diversity   Reception 

let   us   find  the  optimuci   (in  t lu-  sense oi the   ule.il   observer critenunj 
liecisi.in principle   in diversity  reception  oj'  .1  signal   element,  suppcsinj;  that   tor 
every   receiving branch   the  values  ot'  ..  and      are  exactly  known  on   the  b.isis  ui 
analysis  01   the preceding  elements   and   interference   is   independent. 

let   the   svslem  use   the   "-i^iials   ;    ft s r 
reciMve  the  -i^n.tl   ('. .J)   (i       1 g): 

1 .       .m')   and   let   the   i - th branch 

l' 

••'.(')     I',    •', "'     i',   -M'i ; « "(-I      U.I-   1. 

»»here  n^'    (t)   is   the   intertfietice   in  the   i-th branch 

I ror   (0.3i   it   t'ul Ions   that 

((. . .M 

If. 1 

v.hitli  alluus   us   to w r 1!.    m   li^ht   ut'   (3.1':   and   l.^.lff)   the   >.ondi 11 t>n.i 1   ; r..!'.i 
t'iiit)   Jensit)   oi   the   incoir.in>;   ^l^:^.l;,•   in   .ill   r hi   branches   il   'i>.. ai        rti   is 
' r.msr.i tteil 

1 

11 

•"«.{   ü.'.jl-"""    ^"•••(•■, 
' 

■:^\ 

»here   >    is   .»n   .»rl .Tr.r.r.    i.ir>;<-   niKsJH-r 

Viturdi   ,:   to   the   r..»Aja.iI    liVelihuud   criterion   the   s»-«'-.'!   »,   ^u<f   be   rveis 
teleJ   i1 

■.-,1     - I." .. -,) (» / n i\- 

|.-   . »'1        1«,       "l <'• !',      •" i.'.l'.': 

(t .» > 

in   /'.•,..'.   ,/'.-.(• il'.'' c / •• 

;.«■ 
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uhort   -   ( ,tj   ri-pfi-si'iit s  sien.il   ;.   it)   i n uhu'h  all comnonont .s  liavo  hccn 
r • r ' 

stut'trd   ni  ph.is-.'  by In  tins   fgnn  tlu'  principle is   ceulizcd  hy  a decision 
system  conssstin^;  of" Q   individual   systems  of  coherent reception  and   sunmiators 
uhich   add   the   results   obtained   in   each  Iwaneh. 

Pronch   I 

Hr.mch   2 r , 1      [•„ .'■] 

L\n'--:r 

Branch   3 f    ,.1       |r ■'<■ " ^ 

To   cohe rent 

dec i s i on   sys t em 

1    ;    an   act 
i .ierat ; . :i   that 

^iquft    6,1.       System   of    Coherent    "Cell t ion. 

. r. t er\ 11   principle     (<. ~     ra>   be   s in:' 1 . t i ed .   r al i nc   into   con- 

v r   v '■• 

r 

.    i o 

h.""b| 

It   ue  iisi-  h. j;h-trequi ;ic>    ict i\ e-1 nt erval   signals  wb,. ch   are  rmitually   ortho- 
gonal   i r.  the   intensified  ^en^e,  coherent   summation  with  ^ood   ripproximat i rn   car, 
be  done  u^inj;  the  dia^rar   shewn   in  rijjure h.l.     Ihe  diagram  shows  ,i  binary  s>ster 
.u'd  duple.»   reception   in  order   to   avoid  bein^   cur.hersi-ne.      Ihc   reader  can   easily 
,-.-encra 11 ;e   i?   fc'r  anv  code  hasi    and  an\   nunher  of diversity branches. 

Here r..(li    iru! rc, 11     are   signals   created  bv  a   local   oscillator  and differins 
i 

fro-   ;,   ti   and   : . 11 i   rfspc^ti   ely   enl>    .n   the   shift   b)   ,.   certain   "intermediate" 

t rcooer.cv u. an»i  also,   of  course,   in power  as   m  the  Ji.icrar. of  svnehronous 
int • 

het ernjvr, i np   ; see   *.ote   .'■>   to  Chapter   IVi.      Ihus,   if 

.- iri     I ci • ■-^ 'I1 (.). 

then 

f,     t U/).  ^l-f«.     .^^l. 
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where  k   is  ;•':  arbitrary  constant. 

i'he  arriving  signal   in  the   i-th  brand) 

is  multiplied by  the   sum of  the  signals  of  the   lucal   escillators  and  the product 

■•,(()N  n. (•■)   iiues   to   filter  I'.        u1i i cb   separates   the   component   with   a   freuuencv  ot 
'w — i at ' ' '        • 

! nt 
i)bv i ous 1 v 

.-.(.) V'".•('>-   ! f-'IVMO UO.-I'M') 
Li 

i 

i 'I', CI    "■ l.ul  i V 1, (O -1. (.'1 r.w plv ('■) 

4 .^(M^-h..'  '   6"|j + t'',"t'),-,-l,>l'"'iI'I''^)"   tin''1' 

(0.8) 

LL'1 Ll x LJI'., ,'- 
(Branch   1) 

[-; r 

"] 

/ "i 

n^ w7 

'Branch  2 nrr ■- X 

H x kf/ P 
-L_J' 

tJ- 
• J 

Figure 6.2.  Variation of a Diagram for Coherent 
Summation for Orthogonal Signals with an Active 
Interval. 

1 he freuuencv     is so selecteu that it is lower than the least freuuencv 
1   ■  i n t '   • 

if the spectrum of any of the signals :,(,t) and the passband of the filter (1 
inf 

so that its ti-me constant T  IS much greater than the duration of signal element 

1 and at the same time much less than the fading correlation time :,.  Obviously 
K 

this condition can be met if fading is sufficiently slow. 

It is easy tu see that the first and third terms in the braces [b.Sj have 
a spectrum beyond the limits of the filter passband.  Die spectrum of the second 
filter, generally speaking, occupies a passband including frequency ...  , how- 

ever, it can be shown that in the case of orthogonal i t\' of'signals z.(tj the value 

of its spectral density at freuuencv ..   is equal to zero.  Thus, the potential 
i .       '   •  i n t     ' ' 

at the filter output is determined only by the fourth and fifth terms. Obviously 
the potential at the filter output due to the fourth term is proportional to 
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U.(lj     ^'i.i^f). "(\ 

Inasmuch as A''(tJ = 1/2I1 _ and in an active interval system the powers of 

all signals are the same P = I' , then this potential 
is ' 

U(  (0 u('l /' i ■» '( '- 
o (') 

mi 
(b.Saj 

does not depend on what signal was transmitted and is determined entirely by the 
(ij 

values of ..  ■ am in the given branch 

The potential created by the fifth term amounts to noise from which the 
filter separates that part lying in its passband.  Mien the filter has a 
sufficiently narrow band this potential can be neglected in the first approxi- 
mati on. 

indeed, it can be shown that its power is less than the average power of 

potential (6.8aJ by h" r /T times.  Inasmuch as the magnitude of h"T with any 

satisfactory reception whatever is much greater than unity and the ratio ' ,-/T 

in the case of slow fading is usually not less than 100, then th? addition of 
the noise term to (b.SaJ causes a change in its amplitude by only a few per- 
centage points and in its phase by not ,iore than 5°.  A consideration of this 
show, that in the diagram of figure b.2  coherent summation is accomplished not 
quite accurately but the effect of this inaccuracy on the probability of error 
i s neg1 ig ib le . 

And so, we will assume that the potential at filter output is proportional 
to (,6.Saj.  This potential goes to the second multiplier (frequency converter) 
together with the input signal.  At its output the potential is proportional to 

U,{i)     2-ei[,-l(r„,,. („iitiM , ,.i( ,,,,, (6.8bJ 

where -.'(•,..  ,tj is the signal being received which is shifted in frequency by 

and in phase bv •■   .  The first term in (6.>sb) usually can easilv be cut int       '     • ^   .      . 

off bv a filter since its spectrum lies 2..   higher than the spectrum of the 
i mt  ^ ' 

second term.  The second term with an accuracy to the shift in frequency co- 
incides with the expression figuring in decision principle (ü."}.  In other words, 
at the output of the multipliers the initial phases of the signals do not depend 
on the number of a branch and coincide with the phases of the local signals m.(.t'l. 

This permits performing coherent summation and then using local signals as re- 
ferences for coherent reccp^on. 

We will now proceed to computation of probability of error for several 
cases of coherent diversity reception. 

The conditional probability of incorrect reception of a signal element in 

coherent summation is defined for given values of ..   and ■'   as the probability 
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of non-fulfillment ot inequality (6.7) during transmission of symbol y.. 

Total error probability is found by averaging the conditional probability with 

respect to u         and U   in conformity with the nature of the fading. Computa- 
tion of this probability in the general form is laborious.  Let us limit ourselves 
to several particular cases which will permit us to judge the order of increase 
in noise-resistance gain in diversity reception by the method of coherent summa- 
tion. 

We will consider an active-interval binary system for which the principle 
of expression (6.7) for receiving symbol v may be written as: 

VV''lV.( 0-M) ■-,(/)'//•  !C!l",ly'1 ^-'^'•'"•'' ; h . 9. 

If symbol y has, in fact, been transmitted, then* 

where n.(t) is the noise active in the i-th branch. 

(b.10) 

Substituting expression (6.10) in (6.9) we derive the fact that the condi- 

tional error probability with given values of ,. and in transmission of symbol 

y amounts to the probability of fulfilling inequality 

;       v r 

I  I       U i  I      li 

er r} T 

i .1    ii i i   u 

Taking into account that 

,yy[(tuit    rr. 

we may write expression (6.11) as 

Q       r 

SK" fk.(/) ■-?Al)\"">(r}dt   ■ {T rV ,,-'!-. 

(6.11) 

C 6. 1 1 a ) 

Mere  ',   i's  determined  by  expression   [3.61a).     he will   point   out   that  with  orthogonal 

signals  >   =   1   and with  opposed  signals   ,   =   »J.      The   integrals   ou  the   left   side   of 

(i in the 'Expression (6.10) follows from the fact that the phase shift of 
signal being received z!(tj compensates for the phase shift in the channel. 

-.i.i.i- 
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ihis   uscqttuiH)   rt'prcsi'tjt   i ntJu-juj.-tiu'rn!     u«jra.ill>   ^i-*l r i 1>IJI1«.\11   raiiiÜHjer   \.ir».i.M< ^ 
with   .« n,ithfi7A,.ir iii.Mi,1   i-xp^j-'tal um  ol   M-rc.      Ihvir   Ji'M't'rs i «.mi  a.a»   be   >. txtiml «"li in   .1 
way   ^iniiiLjir   tv  sh.it   igWfiJoft-J   .«> 1 h.(,jv([ c   IH   .«fid   1»        1',     (fsi        fhcrrforc Ihv  Ji? 
version   vf   Jhi'   v.un *Titl«'n   iW   Ihu1   hviX   MJ«."   uf   Ko.ll.ii   rqii..il- 

I hi' ri^ht si<ili: o/S thjs 1 n^u.i 1.11 \ m r.h tsxrJ valtin 
the 'pml'Vi',1 1 . t \ V-JI tultjllns^ Sh^s ,1 nir^u-ij 11 v , ii.,r 
ot   i'rror   j > 

to l 
I 1 s   .1 1 •■ M   f 1, •«■u'.     Peru r 
ti'hf  iondi 11 "U.»!  ((• r.'t'.il-1 11 t > 

■'■(■l/l'V'.): 

«•, ! : 

Ihi'   vonpl.-tr  i'roi'.u t 1 11 *   .'t   tTTir   It.ik.rii;,   inti'   .it.ciHinl   the   «.vrcftn   ot   .1 
hin.iry   . tuniu.-J   in  toheren?   reception'   •.•..■i>   bo Urriwl  t'v   .i\rr.i{^in^  i-»pn v--1 < 1; 
(0. l.'l   with   IOIH^ If      .il, 1      ,1 luo      t 

I   f !•      )  X 1 •.•((|/ V'V^jj'■*■■'"" v' 
<■.!»' 

1ft   UN   • .ik i-   ..   look   .»t   ■•('. cr.11   1  1 rT 1 v 111,11   . .isi-j, 

J1     he   --h.iJl   MJfi    •-(■   th.it   the   . .ilui'--   . '. .«n    r.tndoK4  but   il»'' r\<-'(   vh.ir^H- 
tiirijuj;ho.;i   tfu-   rev ipt 1 >vn     1   .1  "'■•■- II:!

1
,   ».v.,   thrrr   1 ^  ^r.Kti IMI 1> mi  t.nlin»:. 

.iiul   th.it   thf   t r.msmi ^ •-1 HI.   t.nt.ir-   foi   thi-  Julfrrrnt   hranchc.   .ils> «SiMcr.     lit-r«- 

the muj/ni luilr '1 ■ ■ i<"--.'its   Ihr   r.it 1 ?  of   the   ^i^ti.il   ju-wt-r  ot   the   i-th 

tiranch  to  the  -.^eitr.ii   nm^e  Jti'.-t%.      She  .ürrplcle  errer probahilit)   in   the 
absence   of   t.ulin^   a/ti--     with   thi    v.in'i4i t U'n.il   proSiabi 11 ty of   cxprr«5ion   fb.l. 

(r'^') [i .j.,.i )i 1 b. 1 j) 

wher V   iltant   ratio  o)   signal   piwer   to   spectral   noise  density 

at'tcr  coherent   sunanation   with   the  oplimuro weight   factors. 

rhli   rvsult   ray   be  hnetly   formulated   as   follows:   optinur.  cchfrt»nt   Stimaotlon 
results   in   a   signal-t'    n«use   ratitj which   equals   the   sur,  of  the   si pnal - to-noi sc 
ratios   in  each branch1        he will   note   that   expression   (ti.Ul   raay  be  easily 

■Independence   follows   froa our  examination   here of ntituallv  uncorrclütcd  noise 

in the   Jifferent  branches.     fSce note   1   to Chapter Vl). 
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JrrtvcJ  ».;;>..;;   ir^>c«inu   .inv   n'ruliTiofi   o(   rv^ujlitt   •(<-?».»<-n   th<-   ^'v.tr.il   net«« 

Ihc   t-iin   in  fui««r   f f» i 11 .»Jv r   'in   i iKttf j r I « nit   ''j   •.iJ'.tl'    t r jn%n i » « i >.»i   rv>«j 
t j un   nhrn in   !>-.i^   v .i*i-   i •■     .M.uncJ   or.J»    Ji;J;ni:    !i«\«-i'!i<n     :,   *t>j»r.{ 

Ü 
.inirnn.1«  nhcn  iij'i'ntTH        jr.  r«('»v; =; i n   ii    .'i    i-.   :in>,      Ii   I rr^u n> »   Jivrrtilt 

h"        -   h'    i! I .   i . r . .   nk'   I'.U n   ; •■  n J>1»- .      I I r   In*»1 'it. 

»( > »•;'! i. n   - . r v , .j!   t .ul i ri»;   *.•.»<■"•   .i«-. r< .i ■■ i .t   r    ,   i    r •    . .: i.- , < 
»i nt Ir • t r 4n»ni %» i an   r<-i <•{! i   n 

1 ,    t» < n   .!| v •' •• i t 

|i        he   »h.iH    Mipj'.jsr   tfjj.t    Ji.J.li»;    -'     nil   ' t iJu Ii rilli(' 1« 1>  Iv    . ;•! '^ i  I ,«! r 
■ h . i ; .      "^ i Ju »■ j »    l vl<£-r!t i i. .1 1    : n    i ! i   '■ ? .«ni hf \    i '    I     1 Uiu v   St .'in   ">-> r    Mi);i|'u<; r 1 i nn 

0 V 

pr«'»« iiif   Iti. 1 A)   wc  ^d 

If.   J he   ..i^<   o{   n.t)i« it_l\  f.^<!ir,^ >-*('   j   fro»   T)   ^J .!(»;'•«'    ■ f .    -      ■•!■: i 

»/ 

(..»^r   L'vJicrrn!   rccrpl (fin  '»•»'fi   ">|>a*.rJ   anlcnn.n     »«heir u   .mJ *■ '^      IM      ■   ' 

i  :;<>v.<-r   »-.«ir   (^   i;   Ttrr».      ^   «imijt   rr«wlt   ITI.I*   ( «■   iiht.ancJ   ».en  wii'.nit        'r 
Iwt. i ng   ,t» «■IBSIit K'n*   -ir    8«   tfr.v   «NJ-J.I I , 1 v       1    !h<    .twr^r   M .in*w i * « 1 >'n      i'-1 I    ,  .cr.r    ,r 
.ill   thr   rrsf-t    (rij;   h r.iiu'IK-"-   if   S     M   ni^t' r^c WO-I!   ?•■   mr»r   !'r   \.»hi<   of   ■'.    t iTi.' 

hclurrn   ••i^n.il   jiowrr   .«r.il    >pck!r.il   n< .--i-   ^rt^jti   .r. or.»|tr>! . , • i-   . ;»• >)>«■> :   l    t' 

>; i % i- v   nc   K*'"I . 

v.     'luik   h-t   us   .i-. >. urn    Ctiat   Thr   t r .in^Jt i *>; j. •    !,iv!c.'r^    ;n   tf.c   .l.ficrcr.l   'r.in.fi". 
.iri'   p.urwisc   u)u orrc ) .it t-.!     l; i   ■   o he   -.h.il.   »; i v <    thr   ■■■. ' .it i   r        t.    r' <■   i-.i«.!?)', 
r mJur  \ .»r i ab Ic 

6. 16 

11)5trad  of  fxpre^sjon   (o.l.^i   »>f  ".•>   no»«  wnTi 

« 
b. r i 

Sec  the deviation of   forr.ula   t>.10i 
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1 •••        '• 
|    *     .1 »■.■ 

■c   .» 

It   «an  i-.i\iJv   ^f   »cm   t'i.i!   »»hrn K     -   1   Ihj*   l^rr.ul.i   i.otn«i>it-s  with   'b.i.'.i   . 

»»lien   K      ' ;-r    ;;'i i    i>     M.ufu-u   .i'-    i   lj»ttif>g   ijnn-,      ftfu rv   v"h'(l   Ml   >   I 

t 

r      ,.,,    A. ,, c..:.. 

lu   cunparmt;  ttu- ol'tai.u'J  .i^M^'Totii   i-xprt-^Mur. hith   !t>. !'.*!'    >.i-  ^<•v  tt>.i!   i! 
K Ct",   the  ^avt-r   ^uin  IN kur r in»;  'i-   .»mc-   ul   . ur r«l .it i un  Jot-s   n>'t   c «,.<J   ;   ,!} , 

i.e.,  »rtjor   thc»c   tonJi 11 mn«   wurrrhilion h.i«.   xw ]>railK;il   i-f,fcvt   yn  <hr  cflc«.!!.! 
htr<.s   of  Jncr>)t>   rrwij'tion. 

V   Bon*   geru-f.il   ..«»c   >f   vohcrrnf   .5iv«-rsit>    n* n" rj'! i un   ss   nomMJcrrd   ir    [ J ] . 

6.3.      I^co^rrcnt   Optima'   Di/tfr^it>   Krccptlü" 

I.et   U"-   lonsiJt-r  >.h.it   ■-IT'   «''J   i'j'tmua   Uiccisitn   sy-tt-r   ful   iSoi-r^it»   rvicptiir 
»»if   "tJuwiLl ha\c   in   ihr   v.!1-!-  i»hfrc   st   1 ••   icpoj^iblc   to | r^iiu t   tic  p^pevte»!  ph.i*f 
.»fvJ  t r.tnsfsj ss lot»  .»H-J ! u 1 t-nt   v.tSui'-  cither because  o!   kiri .it   S.uJin^  r.it<-.  nr 
1 ndctcr-.i n.itv  phas.p  Jvirin>:  tran^ni *vtün1  rf,   tin.iJIs,   JiiaitcJ   in^tmncnt at 1 on 
potential 11 ic» .     Uiuh-r   thfn-  lonüition*  tht"   tuini   prol».«bi 1 it)   u!   rcct-i \ in»; 
signals   :'it      (1    -    l,...i;1   wht-n   ■»ij-n.i:   ;   it)   1^   t r.iV.sr 111 nl   .tnJ   .it   «crt.tir   ■. .11 u< -i 

1 1 ) 
nt    .. .in n  tin   mm 1 

1 t f 

j,:  •'r.tn..:f:f-   1 
1 t 1 

•.frrrsM'Ji I'N    11 J—u Ka   ''■ s 1 r.n- . 

however,   the  \■.^^l;^f,,;   ot mJ irr  cons iJf reu   tu br  unVnoun   in   uhance,   t» 
find  the  Jecisigyi priniiple  ».(   wili   \:^v  »hr   ^onr r.il 1 ."t-J   tr'.ti-rii'n   il   r.nir.il 
likelihood,   i.e.,   require   that   the   receiver   dev ide   that   signal    :,. (t J   was  trans 
01 Ited   1J ,,..     ,,, » .     ,. 

iii.it    . (. 

Hut   with   f1xcd  \a lues   o» 
'1 

and 

1»   . i', 

m.    r /-■/ 

< 1 I 

I«   i r.::-1 

1 unctions  of   :!lti   are mutualIv   in- 
1 

dependent   (inasmuch   as   the   interference   sn   the   different    »ranches   is   considered 

independent).     lurthermore,   each   :     depend>  onl\   on 
superscript,     I he ret ore 

11 1 
and 

(1 1 
Kith   t he   sane 

II M\ *••    I'      •    I'. . rv. 

ft   "'-^ -•(.•.;.•,. ,."'. »>;') 
• >■• 

s s S - 



fr»n«.iplc   th.it   »i^ntl   ;.(tj   »i»  lrinvolt!.J   in  \Ur   fol lr>*»nc   font 

V    nit   In .1; . •, »»    f. » 

0. .     ' 
V f  •»   In . (/.;•,   n". I«' • 

I       . m     > / I 

VwworJ;ng  to   (3   4S.i; 

t  ■«   in . 1. 1»      i.   i     (n '. 

ihrrr   '«    J ^    1   .on-itint   whi»h   .Ji v >■   t>i'f    Jrprni)   vt\ 

^n!'*t 1 tut 1 r.»:   th»'   r »rre • ■. 1 < ti   1 -i   11.. .'"     HO   t 1 r»*!   tfir    Ir«. j « 1 -»n  pr 1 n. 1 • i< 

V1'    v1'. 
*   1.   .««. / /'; 

i    r   .m   iv t .\ i ■ irtrn .il   s\«.tcr   when   i I      ', • •    1J 1   1   we   .bt n r 
r 

v u 

t     1.     . m   1 / I 

It   1^   c.isv   to   vorTitnivt   .i  tli ; 1 "i 1 on   s\ •.!(•-   thiih   : ^   v.illcil   1   Micr,itii>n   •.\^tl■ 
! r^n   t h 1 ••   f'Tinviplr.      Vs  1» is   ■•hi>*«i    in   (haptn    1'..   the   ^.»liir1 Tnr   '> •• lut'* 

proportional   tc   then»)   r.i\   be   .ä<ri\<-;l  t-,   ncm*     f   .1   ^u.iJr.itur«-   ,i\strc    T   T..it.hrvl 
tillers  plus   envelope  JclcctfT^.      ii^üic   ti.-i   ihi-w*    »  ilevi*|oii   "-vsJer   »• 1 t h  r.atkhr.l 
{:lttT>>   in  Jwple»   reteplmn. 

In  the  p.irl 1 ru 1 .ir  cusc   1 :   Juple»   reieption  .-:    u t . •. ■■   inten.il  htn^r* 
«ißr.;ils   the  decision   s>sti-  n,i)   b«-   «-orruh.it   iSifterent.     Incmi.i5rt>     (-..'9>   rr.vi.t-. 
to  the   folloving   rule  for   rciordinj;   syrbo'   y. 

»;'■ -M; ,-V     \' ■. 
•  '•'11 

wh^h  r..i\   l>e   t r.insf c rued   .i"-   t. 1 IOK«. 

V'"   -;'"■ ; \   ' ~v' '     " (f,  rsoi 

it   is   ensy   to   sec  that   in  ord^r  to  iulfill   ibis   ire.ualit\    it   is   nccessar\ 
1 \) 2 f 11 T 1«.' I " 

and  sufficient   that   one  of  the   tv,o  vlifferences   (\ -   k^        1    uul   (\ vU)2j 

.vV.». 
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Ihrr,   The   dvciMi'ii   pritui; :•■   ^an   be   r'-v« n T t en   in thi-   f'i Ilowin»;   irrr.   fcr   rr^rpti ■:•. 
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Ihr   \»ji».ir«   r..itri»   ir   t fi<   » .m-  imürr   w on» i Jcrai ton »n^l   b-   \       1   .m«!   th.   r.itn 
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•.   I. 

whcri»   '    .    - i^   Hu-   Jronrln    »\-nboI:    m.!  V m    thr   - m J f i . im!'   < '. 
r. 0 whrr   r   * 1 < 

würrcl.itiun  uf   ihc  i^a.itlr'if urr   kocj'oncnl »   ul   the   l ran*r. i \»i nn  >.orl If 11 »env *   i    ttu!   i 
of   reception I'r.jnc'u1*  vlctcrsi nrd h\   fi>r~ul.i   {t.l 

It    i»   CMS   Si-   M-<    Th.it   whiT,   r   *        r.itn»   k>        i.    t'ui I   wh<-n   i 1 

; ij   ..ru!  In   MU.r»«"i\c   fiiulink:   .>f   t »u-   indct rmin.inc>cs   i r.   (6.>|i    it   i^   ;•■•<■)» li 
t.«  olt.nri   the  JutriHiUon  of in   the   t>r-  oi   ,i   ,     Ji st r ibit i .>r.  ».itV.   .'i.1 .Irurre!« 

t   : ree.!<<r 

»•. ^ i 

Ihr  prot-ability of   «nvorreit   reception  no»,   van he   f c iiml   in   li^ht   nt     ' . ;1 
ITUI   (b.Ä'i   I rtra  the  expressn-n 

•"■.•...n{' r.)  *■ 
\.i./ ,<\. 

r 
f 

h\   vh.ii^i^K  ^'   order . f   sumn.it int  .itui   mtepr.it in>:  .»rul  then   intctr.it inp 
with   resp'.-ct   to      ,    uiJ we   obtain 

he  will   rcr.md  the   reader   that   t r insr.i •>< i on  of  sicnal   : . (t)   is  bein^;   discussed. 
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.•nur'   in   ihr   rr.fi v i n^ I'r.ifuKr«,  b»   «»>l* ins   i'c..».'i   m   Jiph?   «>f   («•.»»    whrn 

r   -       ».»•   t«»uj   th.it        ,   -   1   •   h"   for   .ill   t        I.."..      .'.'       •'»   MI»-«! i f ut I nt 
» 1 V, i I 

m     f>.»Sj   .ir..J   »nit« r «t i \r I«    rvtiaMint   th«-   mJr TrS'Win.inv i r<   f i«jn«!   »n   it.   it    t ^ 
pi>»«lblc   t«'   ! i n»l  thr   ti'lKr».«nt  oitj'rf\« i <■«   tor   thr  |'ri)l*.ib i 1 11 >   ol   rrr >r 

■v 

.»    ■ ll    • 

< t . *.»• 

In   the   ij»c   ot   Jupir*   rrv'^ttcn   it   bm.m   «.itn.il»   wr   f i n»l b\    «ub^T t tut I nj; 
>J   •   .'   in  r\prr«»ion   !••   >fci   th.it 

>■      i    I 

lor^i»].»   U>. .*l» I   r..i\   br   i cj-rc »«■ nt <•>!   in   r»ir«-   »oJucnirr.-    fort»  !'»   u'«inj;   the 
not .it j on   I    -   g   -   i    -   1 

it>   %h 

r 

«hcic   I'     -    !   h"   •   .   -i^trr   r»pr<'i •-1 'ii   I'<.1".I     i >■   the   ;-r.>!<.if'i 11 t %    '!   rrrrr   ir 

* i nc Ic -1 ransei »s J on optirnr   mv ••hi-rrnt   r«»rplion   it   h"   ■   h*. 
*• * C '' 

Mien h"        1  *•<   r.i\   .i*»urr    h*   •   I    /   i"     •   .' 1.    »nil   t ikmc   Ht^  .»c»:r«int 

the  w<-1 1-I M.>hn   Urnflitv 

V r *  . r 

Jcnvc   .i   sjiapl»   .ipprci ir ,it i or,   it   error  prob.ibi 111» 

'       r 
c 

hiRurc   6. f-   represents   the   dependence    't   trror  probabilit)   on   h*   in  Mn-irv 

systens   in   duplex,   triple«,   .md  i)u.idrviple>   reception. 

I rror   probability   . s   thus   .ippro» ir..it elv   ir.ersrU   proport ion.i.1   to   signal 
pofcer   \r\  decree  of  Q. 

In   reception with   spaced  .tntennas   üben  h     -   b     an   increase   in  branch 

nunber Q decreases   the  probability   error.      In   frequence   or  tine  dsvrrsity   the 
probability  of  error  first   decreases  vhen Q   is   increased,  but   then   increases 
because  of  the  d<crease   m  h   . 

.;!;. 
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riqurr  6.6.     Error   Probjbility   in  Qu.iJrdtic   Sumation 
• f   6<n.>ry   Orthooonol    SyMf"s    (Rdvl','9fl   FdJing). 

n.i-   .luthur  ot' fcork   (•]   fcivi-s  the  results  ot   cünj-uti-r  k-oriput .it i un  oi   the 
; ; .   .1;   nusbcr  cf branches  tor  tjc-v or  trcquvru)   Jncrsit*   ui-h  the .»• «umpt um 

thit        -    1.      \hi*   ujitm.il   v.iluc   ut    ;   i«.   hi^hi-r,   the  ^if.itrt      s   t.n-  p.'W^r   of 
t h 4- »11: n J •, 

v : ou* 1»   i«h'-n 
.Is v.lttJ. 

Ihus .   t-jr h 1U  .mil   r'or h. \uo ■•< .>o. 'ib 

1   tht-  iiptjn.il   nunl'er  ol   br;in»Mhes   will  W   Ic*«.   than   th.jt    i:-.- 

Lnt » 1   nrn».   he  ha\t' hocn  convenird with   res ist ^'«LI
-
   tu   i lit ?.rl iTc-rui'   M»   optm.-iJ 

incoherent   recrptii>n,   .isMicin»;  no cot relation   a'-t-ng   itu"   I ransru «-Mun   coi-ffjc u nt; 
in  The-  Jifferent   branches.     In   fait,   then'   aluavs   i,   >.orc   coiTf Lit i on  wh i v h   ts 
measured  V»   The   coet'f 1», tent   i»f  o.itu.i!   correlation  betxet»«!   the   o^.uirsti.    voi'-jv • 
nenl*   K       .is   JetereinrJ   froc   lumula   i(.I). 

i; 

\s   a   result   uj   th;s   there   i •-   .i  correlation  betveen   the  x.ilia".   of  '. 

..nvl   \ in   rece I iK"a I   r uhich   can be  .lf>i. r ibeii  !i   the  cor r«* d^t u»n 

».oef f ic lent ■»   of   their  i|U,idral i..   cotpopent"1    IN   Jet<,','-i I tuvl   '( ru^   farr.uia   't..:-.:   . 

Principle   to.J9    ^J"'   i>btaineJ wit'i   thr   is^uctpt i on  cl   prev i IHI> I »■  unJ noun 

\a lues   o! ( i and 
I I 

1'   i ••    111 »Kit her  n.ttur.al   'hat   with   a   previous!*'   known 

;u;nt   .11 st nbut i on v)!   the*     values   ;t   kuuld  hi   possiMv  without   i',irT i .u 1 ir 
uifficulty   by   avera^in^   to  u'tatn   the   conditional   probdbilit)   ot   signa.i'«   l"t 
cencd,   to  realize  a  decision principle   optir.al   in  this   case,   .uiii  theroby   to 
.oTehha?   improve  the   resistance  to  interference   in  rccep'ion,     !(oi»e\eri   ^.uj^l    ,i 
deter-, i nat i on  vt   the  optir^i]   decision   systera   as   tar  as  practical   value   is   con- 
cerned does  not   go bevond  the  fraiT.cworK   of mathrraat ica|   equations.     In   fact,   i! 

coherent   reception  is  inpoNsiblc.   i.e..   . and  . cannot  be  predicted,   then 
c        s 

it i s also mpossible in practice to predict the \a'ii<'>; of K  and ^e cannot talk 
i ' 

serirusly of using  these  values   ir   optinal   processing. 

Based   on  what   has  been   s.ud,   how   the   existence  of   correlaV'ion  between 
t r.iiis-1 ss icn  coefficients   i ",  different   "'ranches  of diversity   reception  aflcct- 
•hc   probability  of  error   m  an   incoherent   decision  s>sten designed   in  accor 
d.ince  w;th   (0.J3)   ((']   is   rf practical   inportancc. 

VM 
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Vic will   solve  this problcn  lor tlit"  cu.so ut' j'.i'c.itrst  pi*actical   interest 
when  there   is  duplex  reception  oi' lunary  signals  orthogonal   in  the   intensified 
sense   in  an  act ive-interval   .system.     Ihe  pruhahility ot   error  i'i  this  case   is 
characterized hy   a  general   t'ormnla   (0.3.'-!   for i,'  =   J.     IVe will   find   the  eigen- 
values hv   solving   10.5J)   which   t'or  the   case  under  consideration   can  he  put 

in   tlie   form 

A' h 

uhefe   K 
U 

K   • 

Si.'i\ mi!  t h i .s wt-  find 

',,     I  , /MI  ; A'.) 

'-•,      I   •  'ijl      A'i 

Mit-st i tut mg   u>,5yi   in   \u.'S'.^   after  transformation we obtain 

•I'l   I ' £')•'!'■■;      .    ■ 

l\'ll A'j)     ;      I'"     ;     ^| 

it;  the   case     f ancorre hit id  t r.instni ss i on   coefficients  when 

whicii  coincides  with   th«   jM"e\;ousiy   obtained  formula   (0.37). 

! f  K.,  =   1 ..   then 

/' 
i    r*   ■■ 1 

0  (■■ I 1)! 

((>. 39 ) 

(e..4ü) 

(O.-lOa) 

lur   irr.,»Il   probal i 1 11 ics   of   error  when   h^(l   -   R   I 

.;se  inst(7ad  of   (J-i.-Ui1   the apj'roÄiinate  expression 

A, (I    ■/?, , 

(0.4UbJ 

, it is possible to 

(,h.4ücj 

I i gu're (■•■." sl-.c-s the dependence of probal'ility of error in the  .se of 

different values of R".  As indicate.1 above, the total coefficient of mutual 

corn lation of the flictuating part of the transmission coefficients is R. = R". 

As can be seen fror, the figure, when R4. ■ 0. d, the existence of correlation has 

.ilmost no effect on the effectiveness of duplex diversity reception,  i.ven when 
R. = U.S dupiex reception provides for a power gain on the order of iü db in 

comparison with single-transmission reception and only when R.  U.S is the 

effectiveness of duplex rcieption significantly reduced. 

- 3:5 - 
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Thus,   the existence of correlation has   a  noticeabJe effect  on  duplex   re- 
ception  only when  R     if greater  than 0.7-Ü.S.     Therefore,   for an  approximate 

evaluation of the probability of error  in  the  case of diversity reception   it   is 
possible  to  ignore  the  con-elation between  transmission  coefficients   in  different 
branches   if the  coefficient  of correlation  is  not  very  great. 

In  actual   diversity  reception  systems  the magnitudes  of U    usually  do  not 

exceed  (J.o  although  they very   rarely  arc   less   than  0.2   [1J.     The  results  ob- 
tained shew  that   further decrease   in  the  coefficient  of  correlation  by  greatly 
increasing  the  spatial   diversity  of the  antennas  or partial  separation does  not 
vield  a  significant   ''ain. 

i0 

'U ' 

w ' 

w ' 

Figure   6.7-     Probability  of   Error   in   the  Case  of 
Duplex   Reception  of   Binary  Orthogonal   Signals  with 
Account   Taken  of   the   Fading   Correlation. 

6.'t.      'lonoptinal   Methods   of   Diversity   Reception 

Radio  communications  practice with  diversity   recejtion most  often  uses   in- 
coherent   decision  systems whicl   differ  from optimum.     There   are many  variants  o! 
these  systems.     knowing  the  probability  distribution  of the   transmission   co- 
efficients  wt   can   in  principle  compute  the eiror probability  for any  system  and 
compare   it   with   the  optimum system.     Here we will   limit   ourselves  to  a   few 
examples  which  have   to do with   active-interval   systems  orthogonal   in  the   inten- 
sified  sense.     We  will   consider   the   fading   i'1   the   different   receiving  branches 
to be  uncorre1 at ed. 

Maximum  Likelihood   Selection   Systen 

As   applicable   to  hinan'  svstems   this   system   [ligurt   b.5i]   is  based  on   the 
fact   that   each   dement   is   received   in   a  branch   for which   the  difference 

V: -   \\ is  maximm,     This  difference   is  proportional   to  the   logarithm 

of  the   likelihood   ratio,   from which   the  system   also  gets   its   name. 

It has already been pointed out that in duplex reception this system is 
completely equivalent to that of i|U,ulratic addition and is therefore optimum. 
When '.i       2  this   system differs   from  the  optimum. 

3.1 o 
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We will use the notation 

". 
/■ »../ 

{V Vf). 

to  calculate  the probability of error.     It   is  easy  to show  that   in  the  transmis- 
sion  of svmbol   v,   the   random variables   u.   have   :he   same  nrobabilitv  densltv: 

'1 1 r . . 

when   u <C H 

(b. n i 

i ■' f *■ . •  11 I 

An error in signal element reception occurs in one of Q incompatible twnt:- 
which are that the value of u. in the i-th branch is negative and exceeds in 

absolute value the magnitude of u in the other (Q - Ij branches. The probability 
of such an event is . „      ,, , 

r   i c 
j -•((',) i j ^(ii) tin 

Consequently  the pro! ability of error  is 
n     r u, 

/w, 

.1 I 

,/// 

i-'rom considerations of symmetry it is obvious that error probability wil 
also be the same during transmission of symbol y,.  Substituting expression 

(6.41) here and changing the notation of the variables we find 

o       r ■ r ,„■■.  ,   r   -co' n . 
■2h.  -j Ij'-'  J   J    - '  J 

■< — X.     I u 

'V- i 

tlX 

■\>''-. 

- - i' 

^ 

J   i 

</.v. 

This integral is easily computed for any value of Q.  Its expression is 
not quoted in the general form because of its awkwardness. When Q = 2 the error 
probability agrees with expression (fa.37), which corroborates th^ optimality 
of the selection network for duplex reception in a binary system.  It follows 
for Q = 3 from expression (fa.-12) that 

2.^.; . ruh] i :w. 

To compare this system with the optimum one in triplex reception we will 
calculate p for Q = 3 from expression (fa.3fa): 

n. II \        '     / 

\"><\  t ^h]   ( If, 
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When h"        1   in   the   optimuir  >;ysti'ni  > t   ijii.ulrrit i v   .uMi t ion p •   lO.'h   ,   wnic 

tor  t )u- mciMmun  1 ikol ihoüil  s.-itviiin   ■-\'~t(T, fi 'h . .     I'UUIT   11" ■■   i r.   t f-.t 

Si'U'Ction   syston  .1^   i-.-nn.iri-i!  to   th-    optinum  ssstoir   1 ■-   Ü.J  Jl .      l?'.iri-t"< i<    ;ri 
ti"\rli'\   roception  t lu-  maximum   IikcJiho.ul  •Jclrction   >;y<tim  is   ^v.irrclv   ir\ti-ri(' 
to  the  opt 1 mum. 

I'.r.t 

I'M 

iv. n. x) 
s. <-, 

. moil I     I _;, 

 1 

1 v 1.1 11 

!v. :>ü)ri 

I   ;:,. Ui     ||  .-ut. t     , 
'    '        . i    I i 

L 
Figure   6.8.     Mfiximur  Power   Selection   System. 

Maxirrtin   Po^.cr   Selection   Syslen' 

1
'IU-  ot   tiie  "'.i-'st   u ulespi I'.K:   s><to;r.s    >t'  divcrsit>'   receptioi:   1-   the   seK   ri'-i, 

svst":;:   u   th   respect   to maximum  power   (I-igure  b.fr).     Here  each  hraiu-h   has   its 
owr,   lecision  s>.-"ten   [the  same  as   in  single-transmission   reception),   but   the 
final   de   1   ion   is  dctermi neJ  fror-  the branch   in which,  the power of  the   recencu 
signal   .•   greater  than   in  ttie  others.      liiere  are  many  vaiieties   of  tlie^e  ss'stems 
which  .liffer  in  the  method  of comparing  signal   powers   in  the  branches   and   in   tho 
method     :   switchinr   the branclie: .     t\e  will  not   pause  over  these.     ihc  haMv. 
aide r 1 v 1 ,:g   idea    if  thi'SO  s>'Stems   ; ■■   that   during   fading   the  most   reliable    le- 
.•ision   can be  made   in   the branch   in  which  transmission  coefficient       assumes     is 
greatest  value    .:   .1  gicen  moment.     it   is,  however,   impossible   to get   a  direct 
"'.easurement   ; t   the   transmission   coefficient   because  of  noise.     Therefore   this 
"leas;;:'    ent   1      replaced  by  that   of  the  power of the   incoming  signals   1 1 r.  conjunc 
t i on  is 1 -;.   noi se 1 . 

I CJ  estimate   the   noise   resistance   of such   a   circuit   we will   calculate   the 
error probabiiin    in  duplex  reception  of binary   signals. 

U'e will   1    timatc   the  power  of   the   incoming  signal   from   the   sum  of V"  +   V~, 

If  symbol   y    was   transmitted,   then   an  error may  occur as  a  result  of one of  two 

incompatible  events: 

I      V V'"' >\<:>' aiul nuireovcr ■ •fl)' 

or 
2J    r('' i.v'" ..v (i)'  1      o'  and moreover  H 1   ' , r1^', 



Jl't  HHVl     .is 

/»   '-•••{v;     \'\ r ■ . i"   » 

li't   us   iifsi^n.i:. 

i< •, 

V"      t. 

'•:') :»..■:' 

.uul  tiiul  thi-  prob;ibilit\   ti,,it 

b.ib i 1 11 \-   o\   '. he   i IU'UU;I 1 i t \   \ U) 

\   whi^h  o|>\ i   iisl\   .j^rtH-s  with   the   in 

i hr  i'roli.'ih i i i t \   lim 

I t li-S   nl .irJ y:.t\   In-   iltTl \ dl   t I' 
l l 

•-   (';,) {; l-M-f- : 

- -   -;• 

i 0 

t. II 

,;t 
tin1 subscript.^  "♦" am 
n ate   ^ign..;« I \ ,   whvncv 

"   11.'i; i--pi ii'l  to   ti."  i'Vi'senct'  !■;■   il'^ciici" ol   tho   .ijipro 

»        ♦ ■ 

PC:,   i   v     *'      f-U)  f ! ', 

h.   |    1 
"xn' 

Substituting hfiv  the v.ilii" k  = 

(Mt:    ;    I,.-'       6,    :    T.,1 

t 

V .■(1_.   ,    I | 

•  , ,   Wf   f I lui 

I ex ,.(->;-)- 
(b.-)? 

— -     ('VP'   — -■   - 
h: [ ■.'(''.'   I) 

That we ::iay find the probability written in the right side of expression 
((j.45) expression ((\.4Sj must he averaged with respect, to all the values of 

and - which satisfy conditian '.. ■ ■ ,  By doubling this probability wc find 
i 

error   prob-ib i 1 i t\' 

.1 J    "('■j-  I) \ 
(1     p, \ 

'l\   ■   'I   J 

5.19- 
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•   ' f \ ..'•     .1, 
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(V ■ l.i •       ■    «I 

(«. . 4() l 

li^urc ('.'.'   iwui\i-  J '   i'i'prcst'iit s  this   ro 1 at i unship.     (.Dtnt'.irinj;   it   to  iur\r 
1   pli'ltrd   t'run  torr..i;i   i o. ." i   icjr ^n.uli.itu   .uli.lit.un  wc  m.i\   s.itisl'.   i  n-clw- 
th.it   tlu-  J111 ri riiv. f  I i twi-i-n   tlu-tn   is  not   vr ry   s i ^ni 11 v.'aiit. 

It   h"        1,   tlu      in quadratic  aJüition p        v h , ■   whil«'   in  niaxtmntn pum-r 

<c 1c111on p  =   13/311,,   i.e.,   tlu-  power  ^.nn   in  the  maximum power  selection  net- 

work   (.as   compared   to   the  optimum  system  ot'   incoherent   a-üditionl    is   no more-   than 
Ü.S  db. 

General   Comparison   System 

In  a general   comparisjn  network   (ligure  0.10.1   incoherent   i'i\ersil>   reception 

is  accomplished  as   follows.     Values  ol" \ are   lormed   in  each  branch bv   ;uad- 
r 

rature   reception   or  v\ i t h  matched   filters.     All   ot   these  values   are   compared   to 
each  other   in  a   single   comparator  an I  the  decision   is  made   in   accord v.ith   the 

subscript  ol'  the nia.\inium value  of  '. 
' r 

Let   us,   as   in   the  preceding  case,   pass   from   the  values   of  \ to   those 

c 7'*;/:"" •• 
formula   (.b. 44j . 

1, .Q'  whose probabilities densities are expressed b 

Correct reception during transmission ot' some symbol y. occurs when one of 

the Q incompatible and equiprobable events which consist in some value of 

[i = 1 QJ exceeding each of 'he other (niQ - 1) values of ■' _  also 
occurs. 

The probability of  correct   reception  therefore   is 

1 -■/'   QJ^,(.V) JU', Vl\dll 1- |-'J- 
Q f x \ 

- -      exp   —     ■   ,-   —   1 
2('ig t i)      l     2t'1,;, : i) y 

(/.V 

X h. •-'.tV, ' i) 
i'ii 

x 
rj,x 

-3S0- 
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■TV ■•«'■.■ "/f'    i 

■,., • (I 

y     V'V^  «r-< ,^  < 

I 
I 

If,',      .)(•*(' 

whi k"  prol'aJuiitv  of  orror   is 
c  s (■• 

/»  ^I-Q^    J]   ("1^<-,^ „v A 
4    J        n . U 

A 

(t..-r i 

I his (.'tror prob.ib i 111>-  is,  ot" course,   greater than  in  the cast.1 of the op- 
timum  \vst(.'m  of quadratic   addition   (0.3SJ,   hut   computations   show  that   the   di!'- 
t'erence between  these  probabilities   is  very   insignificant. 

Figure  6.9.     Probability  of   Error   in   Orthogonal 
Binary   Systems   for   Different   Duplex   Reception 
Networks:    1,   Quadratic  addition;   2,   Maximum  power 
selection;   3,   General   comparison. 

in  the  particular case  oi" duplex  reception   in  a  comparison network  we will, 
by  substituting  Q  -   2  in  expression   (6.47),   derive 

■'I (     If   *'-■ (nhi •   n   I   \)("h, |  n  t  '2) 
(6.48] 
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With  high   rcviplion   t'jJclit»   when  h*  /    1,   lorrml.»   iij..'<-li   .ill.iu-   .i   sir.plr 
.»ssT.j't < t i v.   roprrsont .it i mi 

3 .'I 
r     A. M..;.:. i 

i un.|  i; ,ng   this   n-M.l;   witli i. >~     ui    MI-   th.it   thv   power  >:.iin   i ti   5lu'   ti ii 
-itii>ti   J rus   tftiaJr.it u   .iilili t i on   t linear  ilu«-,  tut   vvvi-i-d  Ü.J  ..!•.     Ihus.   tin- 
•»irplvr   s'.stiT   ^i   linrar   .i.liliti>>i hi--   pr.i* t i. .i 1 I \   th«."   •■ .tr.<-   res j si .HUT   TO   int   • 
!r!f!Kr    .is    .Hi   optimal    s\sllr, 

w    sunnari:i   tin    «otulusi ,tis   ,it   Tt-.is   «.fi t urn  wi-   ~ .t\   aM'irr.  that   all   pr.i.- 
ttcail)   iisafaU1 methods  >!   iliversit)   rcscptiuti  pruv jik-   i  nuiso  ro s i «^ I .itui-  whi.'i 
differs   little   t run  ['.'tent t .it .      Iherefore   it    : >-   inj'oss ib le   Ti    »let    an   perv.e} ! il 1« 
noi-.e   resist.uive   ^.u!    lv   tlve   use   i.t   .m*   IH-K   IU tui,r» S   ot    diversit)    !e»eptiijn. 
It   should  IK'.,   huv.e\er,   be   lor^itter   tha;    all   T lu-   results   derr.e.!    ire   ap| lu.il'l« 
to   actual    nisi ntrriet. t at ii'i    .-r.j\     MI   I. v'tuli t I on   t!..it    ;l   .uttially   opiTates    . n   v or 
torroitj   hJth   the   iKv . s i  .n   ; t : IK i ;■ U-•-   studied.      Ihe   n^isi    i rs i •, t .itu c   nt   .utu.il 
equipment   for   Ji.et-itv   ti,v;ti   ti   .s   ■. n   ! a. T   otter,   wonsiderall)   pi>ort r   than 
theiiret 11. a I   hevausi    o!   d i ■ v r^e tu es   t fur   the   d< ,. i s i on   j'r i no , ;■ le ,      ihese   di\ii 
fences    iri    .ausv-.l   i;   j   utiiiilar  t-«   .IT   ,irp 111 i oat i on  differential   m   Th«    uiwi 
sit\    reoei\in>;  l-r.uu l.i ■-.      iurthet   .'. i •>,,• is - i on     t   T ". i ^   oui-stioli   roo1-   I-ONOI.!   !'< 
bounds   ot   tin s  wot»    [ 1] . 

o . 5 •      D i s c r o t e   Ajd i t • i •" 

in   sir i-   . .isf s   it    is   y o;-.. ( t.; <;i!   ! <     . ■ r   t' •    s in-p 1 ■  ,   l hmi^h   I a1)   ! i. "   .'p t ir.vip , 
-ethod  ot   Ji.crsit\   re.epti.f  uh.Ji     •-   !■,-••.;  .:.   tl-.e  ut i 11 ; a! i i-n  V»   r.u1\  !-ran.h 
.;   an   independent   devi-in:-   s.>,;c-   w'.i^h   redu   is   a    lovisj.r   ti.   tk'terrnung 
•l'io   jrolabie   ! ransr.; i ti .1   - ■.      , ;   ir.r   th<    ■»»;n 11   if.    i   >;!;<:   'r.ituh        ; le   tin.il 
,ie.;s.(,i'   is   r,.i.li    I ror     i   .   r;,ir;s,n   ■!    the   ";-.irTi    ..',.i:"   Ji'iisinr.s   :i   j.',(•-:   if. 
eioh   of   the   Ir.itKtii-.     ITH    tietthir   the   Jiffrrem».   i ;i   itlelihood   ■-!   the   p ir 
tutilar   'lesisivins   nor   tJu    j.-uci   .h t f erenf i a 1»   between   tf1.«'   r>vnr.e.i   sj^r.al^    tre 
taken   into   k ons i di-rat i'"f ,    i-.   the*   -<-'.v   . n    i   s, ].    ti   (,   ■-•,•:.;•.      -.r.i    .ii;   f.« 
i ranches   are   ^ ons i.;, re.I   t ijua 1 i >    r i >:ht    ' it iu;v  s.-t-ci   is  th 
which   is   registered   ir   T;.i    greatest   Tujr.l-i-i      t   '■ r .u. J-.es .      I' js   r.«.-th<«d   o'j   Jli\er 
s 11 v-   reception   is   especi.dl.    . ■ru t si i cr.t   in   !i-<    ■vrr-.O'it   di.c-f-K"«    re.ipfs   n   'i 
c inse   it   requires   > p. I \    t'.it   ,!|.   rrt''      iluos   he   rerv-brre.). 

Ucnerallv   spe ü ntt.   ' ■. i .   dtkisiit-,  pnii.ii^U      r-   !<  ..1   t <    indeter"'ir.ano   . t 
twp  or more   different    s.vnf (<•>; i s; c r'''1   in   the   saifse   nuralnM raiu!"'! s 
I n   the   jsirt i cu 1 .ir  » a ->. h:A»e\'r,   where   the   s   •. t IT   i ■■   l-ir.r^,  whii«1   i*\r  tnumi"er 
of  branches   is   odd   this   i ndr* err i nano   t annot   .in so.      iv,i'   sh.nl I   i-onpiri"   Tvi    nr.-i 
resistance   of   thi-   r-th >J   .-s   ilis.reti    .I.MI 

particulat   ^ ise. 
,.ind   11 ~ i t   *v i r^e J1.1 



It   thi-  number  ot"  rociMvinn branches   is  (J       Jq       1.   then i-riur  pri'hdl'i 111 > 
l< equals  the  probability  that   .m erroneous   S>TI1>U1   has  beer   n^istereJ   in ^  ui 
ntire branches.     ll   the   error probabjht>   in  one  branch   i^    lenoted bv  P       then 

I ' 

r    y<\, ./-It'    /M • • ■ ((■.:>(■ 

Ibis   t'orriiila may  be   interpreted   .i^   follows.     i et   us   assuoe   that   .1   scries 
.<f"  sume  experiments  or other  is  carried  out  with   1 probabi lit)'    i|    .uicessful 
issue  p     in  each   test,      Ilu-   series   consists  ol   -.i        ]   tests.     let   us   «tiimlate 

that   event   \  aas   occurred   it   there  have  been M   or  mure  positive    uuoru-    in 
this   series.      Ihen,   oluiously,   the  pr«)babilit>   of   occurrence   it   event   \  w 1 ! 1 
be  expressed In   the  binomial   1,1»« 

P( \\    v»•   ,' 11   /'.I 
•   « 

which   coincides  with  expression   (('..'>«'' 

Hut   by  .1  somewhat   ditjerent   line  ot   reasoning   another  i-ipre** ii«n  rav be 
derned   for Pf\).     In  actualit),   in  ordei   to delercjne   th.if   event   ^   '..is 
happened   it   i^  not   .it   all   obliR-'tory   to  i.irr''   the   scries     (   ti-^tv   10  11 ••   con- 
clu«ion.      It   suffices   to   continue   the   tests  utit 1 1   we    ..i\r  wt'tained ^  posatave 
outcomes,   and   it   ".»>   then  be   assorted   that   e'. ert   V  Vis     i^urred   hrcai'se  a» * 
siivv.-.-edin^   tests   i.jntvot   chance   this   t.ut.      'n 1.   it   ..^        I   tests   h.i\e  I^en  per- 
f  'rru-J   and   .1  positive   uut^ore   h.i-.   n   V      ..lirr'.l    ,   11 r«    rue.!  we   Jra<»   The   . .'tn In- 
s 1 tun  that   e\ent   \  has   not   occufred. 

r r   this   piMiit lew   WII    w 1-] i   di terrific   th«"   r ru! .it'1 I 1', ^    thi?    'hi       vCi.i 
refK e      I   "■■en'.    \   has   leer,   .isceffa l m ,!    itter   the   r   th   T.st.      i'h 3 •■   -e.tr.s    that    ir 
t1'.'    pre. n'lS l fit    T 1       tes»s    th« re   w< r»        , ;      vosi'i .,     outs  <E.f       »Ti.|   !' c   -    Mi 
fn-st      ils,.    ,:.e.e     i   |'i>siTlie    en.^    line Ihe    ;■ r. >•> >f  ;  , ; t .        '.    this    i ■• 

»! " 1 -^ ,■   i'     r.1"" 

I \ ent    \   -.sv    he     is , e r t .11 Tie.1   no   s    one-t    Ihtri    "■".'/    ,   ! d   tr.iil !Ker>-t   Te   The 
\-t i-> i\ \\\\\     it   Che   L'V . iirrenv c    -f    ID   «-vent   -a%   he   ;■<■■ f se.tit cui   as   tne   sur   .t   the 
frobab i 1 i T i es   o{   conSirrmu  e\ent   '>    iltec   ••«   r   th   tn.J,   t ■! • n  with   respect 
t        1 ! 1    ■ a 1 ues     -I    n    { r ■'•"    r >1   t e   r . v' 1 ,    i  , e . , 
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-   I 
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:■ r q .    " ■    '■ 
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I *jirvs*»'m«.   »or  the  proS.ibiltl\   ot   rrror   in  thr   IMSC  ot   iom-latjon  laJnu: 
.«nJ -J.       ;   «r«-  obt.unrJ   in   [t>.   9,   I!.   L*.   !'• 1   .ind   sn -.»rn   OIIH-*- worVs.     In   (ilj 
t ftr   res i st .H.VT  to   int frforrnv t-   i »i  thr   I.IM-   i».f   Jnrrsilv   rrcrpt ion i>l   nonortho 
^cn.il   Mcn.sl«   i •>    iliu  Jotrmi r.<J. 

Vtlmtj'n  «houlJ l»r  Jr.iwn  to  ?hc  ta..?   th-it   t,,<-  •,u«,t !H.scr.t   of aiutiial   ior- 
rclJitjnn  o{   ttio   N.ivtcieh   \.'iluf>.   (j-ft   .is   TIM-   s ort) I >, irnt   ol   JiitocorJV 1 at ion   ot 
.»  R^yh'J^h  prorc-,* i   i^   .i  n.T  fH-u.i5 ; v r   \.ilu< ,     Hu-r«"!', rr ,   ditt-rsit)   rr i'cp t i i>n 
in  the   k.isr  of  Kvittctgh   fading   is  rmst   cj u-t.'. i •. «■ when   ihc   i.iuin^   in  thi-  (ranchrs 
is  mitualS)   nn«. r-rrclat cd.     In   the   ,,rii<T.i!   >.i^(   wh« n  the   i'.uJsni:   i'•  not   fiayieigh 
* ncg.itnt-  f.iiitn^  i-Tfcäat inn  i *  j'sis^iM«-.     i»}r\ i tx-s ly ,   Ji .'rrsv ?;..   re < ep 11 mi   in 
ihn-   i. JIM'   ot   ncK-itnclj   utrrc 1 atcd  !.t>hnK   is  nvr«-   r f fci.'t s Vf   tt».»'.   it-,  the   >. .i">c  of 
l Pulcpcndcnl   t.uiir. t   in l» r.m ;."♦»«• s . 

Unf jrüwnat r ly ,   .in   jn^K«)«   .'t   Ji\cr»it]i   ii . vj-t; v>n   in   the   . .i^c  oj   . urrr 1 :«t» ^ 
I .i.I.i ni; khs.'h   i*  no!   K.fk'u i ^h  i-ti5.ul^   cre.iV  lijlfiaitt)    in.'isn.iu'h   ns   -i  Btultj- 
.1»ren-»; i in  of  ».on'f < 11.1 rnt.»    ■'.   S r.üiT** i ssi on   in  thj«   ..ist-   is   not   unarslM pious U 
J «■ t e rn, ä tu\i h\ two nottents th<- nmiHs ./MUIK-.I foj- Juple.x rccrpt ion in the 
.UI.JI baT. i.h.jnr/eJ r.v!1»-; ■ 5*1- .^J IIM' sexeral genera 11 :.»t 1 otlS of then «i 1 ! 
'v   ■'.>'■ 1 1 shcl   m  hi ri    [ .1 j , 

n • V 

s.      , sec   svvTii'n  i , .'<       iruohd-rent   .li.trsit.   rvn-ptiun   in   .1  i>in.irj   W^' 
»vsti-r-   ».»n  )i<-  \ i eked  iroir   t h*-   p.siti.n   sf?   tojrtl!   in i h-ij'tt-r   I'.,   i.-. ..   h.is»-ii 

n   t h<    t ,. '■   that    ,■!   .!< . : ■- 1 
1 n: «■ r ■• 1« 
\iv * c   .IT. 1  t hr 
mt«- F'H .»I     f   • 
.>! '•      iW t rrr-s r- .1   ?-\    ! 

r-  ■vhf.!  f!-.r';nii:h   .m  .tn.il>'s?s   - t   .-i   sj^n.»)'   m  the 
. i'-'    the   siiifviis   .ij-,   .■ r }!..•<, ot .1!,   :t'i   the   mTens t <; 1 e. 

•    1   ■■.,.v.i.   ■ i'-»T'    .!-,>,K:   ,ils,.   (.-C   ^«tirri'-w-d  o\ev   »  >lcuM«, 
I'-rr.-;    rv.    f    I     m   »•I"*'      .v?f'   the   ;• roK«'-1 ! 1 t v    ,;    .iv.-)!    is 

re. ; »s     i , "M. 1 . - 

. rr'»-^   of   HP'   >■;,:••..>   , ^   , on«;,), r« .1   . 

v   sis'.i-r   ,111,;   'ht    ess Stenge   ot   fading 

!<■: .1 i I 

[M vefs 11 v   r-r - 

; ]   siuä   !"■ I , 

J.      ' v<''    -<■, ! 1 •'■   > . > r" . 1 1     ( . • *     t i r   •• iv 1 .■ i ^h   ,1 .iJt; 1;.   ,i^   shot, 11   in 
i, ;'• J .   »u-Jd*   not   on 1     ii    tVc ..»s.      t   iiu ,-"»■ r--"t   .li.-rsit-,   revepti^n  •'>   the 
s:fth«xi   .-'}   .r.i.i.iT i* 1, f     i.Jl'.V. v.   ' ■;'    1 r.   tVe   .  ."■      :   optirai   Lchcre.it   il;\ersit> 
rrvcpt --ir,  - I   ! incurs   ■-1 >:••.«; >■ ; ;   :■ ,   ■ •.    m-.irf^; ■   ,1  ' -.«'.in   t ie   pro*1,/'' 1 11 f^   of 

•■ r r o r   1 . r   «i n ^ 1 *' • l r 
.1 ; , '■ T s ; f 1.    fc   ep{ J f r 

.»''. "•:" i ■■ ■■• ,    • h.-T. r-'   r> , • ; t 1    f. ••,-\ > I ! I «. ,11 11 r 

it? .11 

^ f'1 - r . T ; " '■ 

'. T^du^vd 171 ! 'v v. «t .ire 
. •< 1 jr s    ■•■!    t hr    r 4t j       t< t'wi 

•ror   1r 

T s i t*   brasivhc 

"•,1   !i;r<s^j  .ns   },T   the   ;T'0^ ah 1 11 t ■• 
,iiri'J    ir.Ji r   t'u      upp. s;tjon   that   thr    utr.i^e 
••. 1 , ■" «i,   ;    «.er    ird   spev'ral   •.   ;«<■   .lir.^!T\    in    ill    1; 

s .tr.4-   .»:• .J  ■■«jii,il   ! ■  ('.".,      In   si",, r.ij   i..jse%   this   does   not ., 

tisAT  plavc.     Ihv   u.ptißal   s   <. •, r     f   ir.^i>hcrer.t   di.«rsit»   reception whm   m  the 
i^.-th  Ji'i.ersit>   f ranoh  ti-,'    r it .     '<■•>..IT  *!.<    «-i^r,.!!   power  ,u:d  The  spectral  n^i^-e 

dm^its    is   e\iu.»l   ?,    h" ' <i 

t a lived   in   1 «j 

,,i    md   t*!'   \.i!iiev-   ot   h      »re   unlrcur,   ts   ob 

!he   probab11j ■!   <T rer ,i^e  of   dupJes   noeption   1,1   thi' 
»ysteffi   amd  with   V,i\]ri^h   faJ^t   is   enuiä   t 



2l\ f Aj ( ^''I'I"- 
f().bl) 

If, howrvor, the values of h arc unknown, then the quadrature addition 
'I 

systems remain.-, aptimal (in the sense of the generalized criterion of maximal 
likelihood).  Die probability of error in this case is [12J 

r   VV   ,v ,.. • 
* i 

'ijH'ci f i caJ ly, fur duplex reception from this formula we have 

(0.621 

(b.fa2al 

In tiie deiivation of these formulas it was assumed that the spectral 
noise density in all brandies is the same and the power of the signals differs. 

\ comi.tr i MMI of (l>.(.>2al and (6.Oil shows that when h ?n h    ■•   1   and t., >  1 

'o'ti   these  formulas   coincide  asympt ot UMI ly : 

/■ -,|),_- (t.oa.; 

sometimes use is r.ade uf the method ot' diversity reception with coherent 
iddition of signals and subsequen' incoherent rectification [19],  Kith respect 
to resistance to interference it occupies an intermediate position between op- 
timal coherent diversity reception and quadrature addition.  The probability of 
error in the general vase when the averare values of the ratio between signal 

power and spectral noise density h" in the different branches is not the same 

as sho^n in I 191 ,   is 

P      - 77  " ' " 

n (- i v (0.63) 

\s already indicated, the probability of error in actual diversity recep- 
tion systems is greater than a theoretical system mainly due to the dissimilar 
amplification factors in the diversity branches.  In the case of Rayleigh fading 
and duplex reception using a quadrature addition system and also a maximal 
power selectun system the dependence of the probability of error on the asym- 
metry of amplification factors is cemputtd in [12].  It. is interesting to note 
that th" quadrature addition '.yster is r.uch less sensitive to asymmetry than the 
naximal power selection system. 

.vV>- 



(>.    Carrying > .ip.u :*>   ■>!   i »h.mncl  v» 11 M   -p.iofil  rfv."i'pi ion.     Ihi'  '.p.urii 
ri'Ci'pt i on  allows   larurr  .ri.uititic-    '•'   inl'iTniatinn  t > hv  ik-nvnl   iron  tin- 
signal   thai    i .'ul i \ ulu.i 1   ri-ci'i't ion.      IhiTi'f'on    it    I--   iio-.-i'iU-  to  •■.i\   that   f In- 
iiKToasi'J  carryinf!  oap.i^it^   ot   the  ihamu'l   ■• •  ilui*  to  the  ut i 1 i :at ton  ot' 
spavoil  nv i-pt ion . 

In  case  et'  opt i muni  kohrrvnt   ail.lit ion,   it   i ••  pos*i»>li'  to i-stim.iti    thf 
carrying  capacity  on  tin-  hasts  oi'  !'<•   Bpivnnan  thi,or>   (•'!.  i«hich     i--   that 
tJu-   rosultant   ritii1  ol'   thr   si^n.ij   pi'm-r   to   'he   noi1-»-  pomT   - •-   «•mill   t-    thi 
sun. ot"  th--  k crrespuiulin);   r.in.<s   in ' IM- 

thi-n 

.,.    ^'v     Q      *■ 

i!   ,il 1   IT IIU h<'    in-   iilmt UM i . 

'•.(-1 

My    -:   (reception on ihe   -i ac<-I anti-nna    the  r.itio  uur'-a-i^  '■     i  f.i.'   t 
o\   Q.      it   "ihoulJ  he nent loneJ  th.it   ;'■•■   s.i-,.-   result   couKI  'M-   »hlainnl  '•.   •.i«-"^ 
a  single   antenna  wliosr   irea   i ••   ri|ii.il   '.o  thv   Mir    •!   flu-   area",   of   ill   sfaceil 
antennas.     If  faJtnR   is   ahsonl,   thi-n   in  thi .   ..isr   it   i ••  f^siMc  r .>  tin.!  :'■.• 
«pacinK  capacity hv  substituting  t1'-   juant.t*    .'l      for  V     in  Shannons   tomuli 

i c 
(s.^-P,   with   I'     unilerst I'OJ   to ' c   fie   ;<>v»«-i     •!   the   ■-uvi.r,    in   IMU-  'T.IM.I    ot' 

the   receiver. 

By  the   fading  Kaylrighs,   if ; h<-   lattrr   is   riKi>!lv   correlate»!   in   ill 
hr.mchos,   it   is  possible  to  finJ ?vv   •VUT-.,:  caricilv '••   »•.i^   ol   ".•i1"-1-. • it ;"..: 
V     for  QP     m  formula     .'•.''.'■   .     if,   '.>*•«•-. t-r,   tailmj;   i *■  not   corn-late.I   m  the 

c 
tranche«,   then,   as   it   ~.is   nott-il   in   tontnote   1.    ir.irt   fron   the   ••tni.fur«    the 

'■r h.is   in  .i  reJuceJ   spui-   u >) ,|ispcrseil  iiu.mt 11 ii">  h .in.!   hi trr.it 

sij'vni f u mv e  the   ) con.! i t inn,>    •!   reception  approach   i  .'n.lition   in  t*u   .'-. mm ! 
without   fading   i--   in  the  .arr^int  cifacilv >    *.'* !     '^   •••i'".! :: uM ••;:   .'I"     for 

1   iron    (..(.1      it   follows   that   rrMiitiru:   value  h     i inci 'Ms.-.i. 
an.l by       1   it   .linini-hc--  with  the   itureast"   ;.     In  these  comlitions   'hv   «.paci-.l 
reception  pemits   the  . irrvm»;  capacit»   to   increase  nnh   Xr   ic  ount   for  the 
decreased  dispersion  h   .      then with  .i   conversion   on  the   ..ir.i-   rrMiItin^  ;-,'wer 
of the  signal   the   spacing  cap.icitv   i ••   approa  ne.! with   the   men i  >■  of ',.   t rom 
'S.85   to  .^.84^.        \s  we   .ilrea.l\   covoreil,   the  m.iximum  difference  hetwern  v.ii-.ies 
in  these   tenr-   cannot   exceed   1" 

In   [lb]   the  .mthor  computed  ihe   carrying  capac.y      i  the  case  of   li\er-.f\ 
reception   i',  the  absence  of  fading hut   allowing   for  the  correlation  of   interference 
in  the   diversity  hranches.      In   (I"!   the  author  determines   the   cirfint'  caruci'x 
of a  channel   formed hy  stlccting  tt.e  branch  with  the  maximum  transmission 
coefficient  in   the   .ase  of  Kayleigl.   fading.     Such   a  system   i ••   not   physicalh 
realizable  since  the  existence of  interference   foes  not   permit   measuring 
exactly  the   coefficients  of  transmi   sjon hue   it  may  serve  approximately  a^   ,i 
mathematical  model   of a  system  for  selecting  dased on maximum power.     lor  the 
carrying capacity the   following expression   i-  obtained: 

ÜHhÜ iTliMMtetMiMMi -■—■■■- - - —   - ■■ 
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0 

t   I 

%1 ,      f   r'-\.   (      /'. Nfnaiural   electrons I 

whoff   I'       is   tin-   average  ■ i^n.i!   puHi.-f   .11  uiu1   ' iMiich,     Khon Q       1   tin - 
^ 1 

i-xpruss 1 on  cm n>." i Jos  \\\xh   1 J. ^ •     and  «ith   an   irvcreasL'   in ij   it   appro.u'lic- 
tho  «.arrying  tapaoi ty   ci   -i  J!I.II.:.'-1  vothont   I'adiny  uith  a  ■-1^11,il   puwi'i-  nt'  1 

'.he carry 1 n^ /.ip iv 11> oi ; 
i;a;is--: m* fading ^;tl\oul ri'ti-f' 
wr' [ 1 •< I 1- t !'.i- up; w 1 im ! c: 
:!i .:; ag^fi-y; it v cl iv ••! v<.-a •• , 
-i t 1 r.i   ■■ ; gna 1   A 1 t li   '. ar lit 1 Jii ■ 

1 -   Til'.''    p   1% i' 1 . 

T - ; t'■   ri-V(.-pt 1 un   in   t :u-   i.'ai   ol   l''a>'li'1 gh   and 
t  ■   .m   addit icii   ••\''-11'!;! ua-»   oa Uu ! at i-J   in 

it'/     t   t I'.m-"i: < ■-1 [■:;   ut   tilt;   1 nl'or'i.il ; HI   cont .1: I.I' 
. ".   ill   I' rartciu'     .N 111    ri-sptv t   t o   it rair 

If   t ran-:".: t 1 •.■.!   •: j'.ii.i '   K1''1-''1 

ni'-'-i.in   l.id;r;g   .     a:.   1; ; : - • . ".r, 11;:     ■;   : I.!IV,J;   '■•'.K,'<;n^  .1  yjrnt'r.i 1 i rod 
R.iyleigh   li^tni..'   un ■••-'•■    . .0   ii-vtui ir  ^umponont   ;s   rolativcl«    l.irgo. 
[11  ! V. 1 •-     M^I'   iho   int orl'Toiii:«'  «.i-     on-idcroi!   to  In-  normal   hut   not   noco1- 

^■orrc i at 1 oi;  ot   t ransn; ss 1 on  cool t 1 c tont •> 
an.I   11 so   iiu .,•. r oro:iv m  ; M"   1 ran.'In"    ■< r- i.'on^ 1 doroii. 

v  1 

^MUM^B^M ^ ^    A  .^v. ^   .L.,-..^^^.^.. ,. ..^^ ■■-_.. ^^.■.         ,    ^^JgJa^t^^i^Mtf^^klA 



pjrr^yr^f^-T.T^-   , L   (  ,.,, „   »fPf;TW'»r^..r-TMn''«T-."-F-V-r.--n./..i^.L.>W?n..iy).|^..| 
»"^Tn^^^iw^F^p^n^V^iMI^VJT^^'H^^TW'VWI^WTW^flilTTVTTr ^i 

BIBLIOGRAPHY 

I'.ri sdah1,   H.   I..,  .1.   f..   Morris  and 1'.   S.   Palmer,   "Fading of l,un^-Ui st ancr  Isiulicj 
Signals   and  a (.'ompar i son ot" Space  and  Polarization  Diversity  Reception   in 
the  (--IS Mc  Kan^e,"   I'll:!:,   Pt .   B, nNo.   13,   195". 

lireniuin,   P.   (i. ,   "On   the  Maximum Si gna 1 - To-N'oi se  Ratio  Realizaiilo   from Several 
Noisy  Signals,"  PIK! ,   Nu.   10,   WSh. 

luidleton,   P.,   .'.'•   '•'.'.'."     ' .••.•■'.•''"'.• .'^.i,.-«   ••    ('.■';..(  ;•.•;..;;.'   [Introduction   to 
statistical   (.'ommuni cat i on   I'lieory],   Vol.   II,   "Sovetskoye   radio"  Press,   19bJ. 

'uulrunoc,   I.   S.   and   I.   vl.   link,   '•."■   ■'.•••  ;      '.••.". ■'.■•'   ."    : ,'hcii''  ',■   ; 
■  ..■■,•.'.'•     '■ .•■      ,•• .•';••   ['f ransmi ss i on  of Discrete Messages Over  Parallel 
ihannels],   "Sovet skin'e   railio"  Press   (in print). 

Pierce,   "I Penret i ca 1   Limitation^  on   Ireqiu'ticy  and Time  üi\a-rsit\-   for  lading 
Rinan   1 ransmi ssi ons ,"   I HI    Irans.,   t'S-9,  No,   J,   I'.K 1. 

•re",   N. .   '..   and  s.     trin,   "Multiple  Diversity  with  Noni ruiependent   lading," 
111.   N. .   1 ,   I'.ieO. 

in,   i-.   R. , •'•■■••■    ■       ."     ■     .••.•'.••'••.,••        .".•:'   •...'.■   [l heoret i ca 1 
indamental        i     tati-^tu-.l   Rad:.'   , ••chnu 1 ogv | ,   \ol.   I,   "Sovi'tskoye   radin" 

r i n ■':.'■       rrut it i   n   .1   I i'ror   Rates   lor   nlecti\el\   I   idiiu:   ''alt; 
■ itli   ' ;..ii; i    , .   uf  N.it .   Mev t re ' v w , iy:>9, 

■• :   r.     t   i      . M-t. 

.  l\ rl  .1 tv   R«-, . ;  t i   •!! 

■r   I- idin  ill nan- 1 - I .   "   '. \ a. "'   Vvc--- .    19h9. 

I . t ■ i; t i 11   !• i >. i s t nice   t,    I tit «-rteienci    in   t hr  i a--,   ( t 
:-.i.t.    Int-'i-.i! i.>ti] ,   Kadi   tfkhniLi,   Nc    '•.   i i'M . 

;:.:..   i..    1 . ,   "Dr.  i ipt ir..i 1   l'i \ er»-: t \    U-< ept 1 oil , ' 
196:. rs-io. No.   i.  i'.'(-:. 

ran-.,   II    ".   Nn.    ;. 

i IU ,    I  •   v!.    and    I .     • .     uulr r, 'X , .••■••     ..•■•••.••'       .■ ".  '        .■::.- 
■   .■   ■ > : ■■      •• ;   (Hes i st .mce   ti    I nt "rt froncr   in  'Uiv  '■t('th"d     t   la •. ri'-11 \ 
l'v rp; i i.n | ,   Radi ot eKhm ki,   '.o.   -,   I'.iM.. 

I.-Ury,   A, \'.% 

: "v f i \ c r   ar.d   I IK - 'he n n 
'■lu 11 i . hannel ,"   I rans . 

i.   PiTt «•rnanc   t'or   thi1   \dapti\e  i   'hcrent   Mu 11 i 
v1u I; i rcce i \ '• r i 'pe rat i nc   1 h iviu;!1.   !•' u I an   i ail i r,; 

111,   Conn .     \ -t . .   \o .1,1 9tvl. 

;i.     \.c\cr.   II.   I-.,   "Phase-Shi ft   Keying   in   lading  ihannels."  Pill,   I't .   R,   No.    U, 
i'.i'.o. 

khvorust enl i). N. P .,.".';,''.•" "■.••;.■ ■ ■ •".■.' ■• " .'■• ■ ;'.'    .■■.■••■ 
,•■.■• ;  ■ [Statistical I'heorv ot' Dcmoculation of Discrete signals] 
Press, 19bK. 

s\ V.l. 

362- 

HUM   mi1-' tä I -'^flAtaiHfaVii>T— ■■ -■ ■ 



■'rvvfi-r'^'—'-r v'nvmv.*mTir*™*l*'Wr,t*u'v*l'n'^Bvmwwm'!vjHwy'Wvinm*^W'V*W*™^ 

lb,    iH'seyevich,   1.  A.   and M.  S.   I'insker,  t-'kri'Otit ' : i. I'tJu^i..'   ;.y.j' ma;!':''3   :r - 
rui'hi.tuu  tst\HicLtiust ' ':>u\; r:it^ .\-:<  o:''!,r::,   ■   tT'i'ini-.  ;.   nyt-V''r<   '*»;.•;.>.   - 
. : < i\!ir!'Kjj.   pvcvi vatX'Oaiüu-t   [Kate  ot" Transmission ol'  Information, 
Carrying Capacity  of Muitlpath System,   and  Reception by  tht   Linear- 
Operator Conversion Method],  Radiotekhnika, No.   3,   1959. 

17.     Nemirovskiy,   A.   S.,       y}\ finiknou  ;;; l^
,...; >.  $1:   <",no-joluahc:\\ii.   ■■'UKU'.-L  : r' 

i\:::'., ,\ 'J.. '■: /.".'_;«L"'.I'  S? .;;',',:'.•.:■. rrr;   [Carrying Capacity of Multib'.air, Cliannel 
in   the  Case  of  Diversity  Reception with Automatic  Select ionJ,   RadioteHinika, 
No.   9,   1.90J. 

IS.     Hvseyevich,   I.   A.,   : r ; a,---»;,;:.,;,•;. ;•   ;>;, ^ ;''•.>.,.■;,(•..'  _.   ,■;■,•;.•■.   [Carr.   : ,; 
Capacity of Multipath System],   in  the  collection:   Problems  of   infon: itiun 
liMnsmission,   Issue  No.   14,   1963. 

19.      \i)Jronov,   1.   S.,        : . :, >.lc \i. ''. _.   :   ••.. -^   .<.•:,,.-"',■.•.." '      .'.  ,;     .•;    .■   •  .•   •■ ;:- 
• ,•■ ■ >. (.'.   ;.".''_.. ••:.; .[Potential  Resistance  to   Interference  of One Methuil of 

Divorsit.,   Reception],   Radiotckhni ka,  No.   6,   190-1. 

,'Ü, Andronox , 1. S. and I.. M. link, .;. \ ; r ..■ , ; ■;•.>.-•. •.''.■''''■'■'' •'■'' •■'•"•" 
,■'.•.■.>,.•.■,».>,..• : t1:'•.■.":.: [On Ivaluating the l.f feet i veness of I'iversity Re- 
ception   Systems],   Kadi otekhnika.   No.    1,    190.S. 

-36>/? 

i—■  i tHWitiMirtniAiMiwahwi UAir • rr r 



ovi W.W i^nnpQPfigwvniif i'ifwpi1 ""?rewjwwBn WJBBI 

CHAPTER  VI I 

CHANNELS  WITH   PARAMETERS   DEPENDING  ON   FREQUENCY  AND WITH 

FAST   FADING 

7.1.     General   Descriplion   of   a   Linear   Communication   Channel 

The preceding chapters  have discussed   die  conditions   for transmitting 
signals   in  channels whose  parameters  di1 not   depend  on   froquency.     In  all   these 
channels  noise   resistance,   as we  have  seen,   dees  not  depend  on  the   fine  struc- 
ture of the  signals,   in  particular on  their base  2FV and other spectral 
characteristics,  hut   is   determined  only  hy   the   signal   power  and   the  pairwise 
"scalar products"  uf  the   signals,     for exampl>-,   for  all   act i ve-i nten'a 1   sv'stems 
orthogonal   in   the   intensified   sense   the   probabilities   of  error an.   identical 
if  the   code  hast-  and  signal   element   power  are   the   same.      In  particular,   the 
rate of   information  transmission   in  these  channels  may  be  made  arbitrarily 
great   at   a  given error probability by  decreasing  the  element' length  and  pro- 
portionally   increasing   signal   power  because   this   retains   the   ratio  of  signal 
element   power   to spectral   noise   density. 

This and the succeeding chapters will study channels in which additive 
noise or distortion depends on frequency. Iht reception conditions in such 
channels depend both on the general power characteristics of the signal and 
on   11 s   spect rum. 

A   channel   with   selective   fading   i ■,   as   has   already   been   noted   in  (.'hapti-r \. 
characterized  by  the   signal   coming   to   t hi'   recnving   unit    ner  several   paths 
with   travel   differentials   of     t     commen-oirate  w. t li   the   value   I   i   or  exceeding 

i 

it,  where   1    is   the  nominal   signal   frequency  Kind,     If,   furthermore,   the  values 
of   't.   are  commensurate  with  signal   element    length   I.   then multipath  pnpi 

gatiun   causes   both   selective   fading   and   imp.'   iti'M   > t   adjacent   signals   on   each 
other   [echoing. . 

If   ZI'T ,   the base  of   the   system,   is   ;>,■  m.ore   tlian   several   units,   the   values 
of   I   1    and   1   are   of   the   same   order,      lluret'ore   in   these   si^n.-ils   the   values   ef 
't     are  cor.mensurat e  with   1   I   onl\   when   the\    i;a     dose   11.    1   and  the  nhenort non 

i 

of  selective   fading   is   .ijways  obser\ed  togethei   with   the  echo-phenenenon,     hin n 
base   JI"I   is   large   cases   are  possil ;•■  '.»here     '     is   commensurate  with   1   1 ,   bu' 

subst ant i a 1 I>    less   than   1.      In   these  >.ases   selective   failing  occurs  without 
perceptible   imposition  ot   adiacent   signal   elements. 

The   interference  of   the   components   of  the   incoming  beams   and   the   imposi- 
tion  of  the   adjacent   signal   elements   hinder   reception.     On   the  other  hand, 
each   arriving  beam  carries   information   about   the message  which   is  being   tran- 
mitted,   which,   generally   speaking,   should   increase   the   possibility  of   . i 1 iab Iv 
distinguishing signals,   as   compared with  the   conditions   in  a  single-path   channel 

.vo 
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Up unti] relatively recently selective fading and echoing were regarded 
only as factors impeding communications and reducing carrying capacity and 
reception fidelity.  In designing communication systems for multipath channels 
every effort was bent toward overcoming the effect of the arriving beams, ex- 
cept the first (.or the most powerful) and toward approximating reception 
conditions in a "single-beam" channel (i.e., channel with general fading). 
Not a few clever ideas were proposed for this purpose, many ol" which have not 
lost their practical value even today. The chief ones will be described 
be low. 

(if late years (beginning about 1957J the approach to mu1tibeam channels 
has drastically changed.  Instead of combatting the multibeam nature of the 
signal efforts are made to utilize to some degree the information carried by 
each beam and to secure greater "fidelity (or carrying capacity] in multibeam 
than in the single-beam channel. 

it should not be thought that multibeam propagation is found only in 
radio channels. Multiple reflections, although less clearly expressed, are 
also found in wire channels, for example, as a consequence of nonuniform cable. 
Apparently they will also he inevitable in future waveguide channels. 

Channel Models 

Ihe most general description of passage of a signal through a linear 
channel is provided by a random impulse transfer function1 ll(t,;) which ex- 
presses the value of reaction at a channel output at instant t if at instant 
t - ■ a single impulse (delta-function! is delivered to the channel input 
i 1- igure 7. 1J . 

lit} "(t.n 

"(t) 

H±>^ 
Figure 7.1-  Genera! Diagram of a 
Channel with Frequency-Dependent 
Variable Parameters. 

i)n tin" basis of physical practicability any realization of a transfei 
function satisfies the condition 

//(.', T) 0 when t' 

since the reaction at the output cannot occur any sooner than the action at the 

'These are other forms for expressing a channel impulse transfei' function 
11 -i],  The expression used here is the most convenient. 
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input.  If a signal :(t3 arrives at a cliannel injjut, the signal at the uutput 
(without considering additive interference) is equal to 

?'(0-- -J \nu.'.)s{l-'.)il-.. {7.2) 

Inasmuch as tl(t,tj is a random function, then z'(.tj, with an unchanging 
realization of -(t), will also be a random function, even in Che absence of 
additive interference.  Therefore, the probability of error in such a channel 
with a reduction in interference spectral density, generally speaking, does 
not approach zero. 

For a.,  realization of lilt - ; 1 it is possible with an unchanging value 
of t to define the instantaneous transfer function as a Fourier transform 
wi th respect to .: 

(7.3, 

Here the lower limit of integration is zero in accordance with (7.1). 

We will note that Y(j^,tj does not have such a simple physical meaning 
as the transfer function V(J.,) of a circuit with constant parameters which 
amounts to a ratio between complex amplitudes constituting, u;th an angular 
frequency of „ at the output and input circuits in a steady state.  In a 
system with variable parameters a steady state, strictly spei.i.ing, generally 
does not occur.  Therefore, it cannot be considered that the spectrum of a 
signal at the output of the chaniK 1 is equal '"o S (i.lV(i.,ti, where S ( u,! 

s the ^Dectrum of realization if signal z (t1 at channel input. 
r ' 

"■.'evi i the less,   V(_u,t)   can  be  considered   as   a  complex   signal   at   the  ci.innel 

output when an analytic monochromatic signal at a frequency of ■ and a single 
amplitude of zltj = exp(j.tl is delivered to the input. indeed, substituting 
this  value  of   z(t|   in   (7.2)   we  obtain 

z' (I)      \ //(/, -.)i.\|M/"'     ;u)-),/- 

cxp (; "0 [ // (/, -) 'xp (    h') (I-     z {!} y (/'«. ') 

(7.4) 

For an  actual   monochromatic   input  signal   z(t)   -  cost.t   +   :J   this means   that   the 
output  signal   is  equal   to 

■(o 

where 

or. (ml -| v KV V (K t]-\ sin h: ; ?) Im >' (/">. 0 

Im )■(<•>   '1 
•HO     arc!« ,u ,,,,,. „ • 
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Here it is important to note that the output signal will nut be monochromatic 
inasmuch as it is modulated in amplitude and phase. 

lor the purpose of obtaining surveyable results, we will have to limit 
somewhat the generality of our observations by introducing certain conditions 
which satisfy, for all practical purposes, all communication channels in 
actual use.  First of all we will consider ll(t,u), as functior t (with a fixed 
;,), a stationary process.  Then Y(ju),tJ (with a fixed .,) is also a stationary 
process and its correlation function with respect to t 

A', (/». I,, l,)      )  I/M, /,i )•• i;,,, t.)  . A') (/„,, 0) 

dej^ends (not considering ...I only on the difference t, - t  = ". 

The l-'ourier transfonn of Kv(j',.") with respect to the variable ■ is 

l'f/"'. jilj ', Ri  (/u,, fj)rxp(. -/(2^,/fj (-.5 

defines the spectral power density of fluctuations in the transfer function for 
components of the signal at frequency u . 

We will further assume that a channel has a limited memory, i.e., that 
there is an interval of time L durinj. which the transfer function is almost 
completely damped, or, in other words, for any value of t when i _ I. 

H(t,  i)/0. 

We will  expand ll(t,..)  with   respect  to the  variable 
over  the   interval   0  •    ;   ■   L: 

wher 

// C '-)    M'H-J]K»(Oc..s/.u,. 

-I |ir<,(/)siiiai^i.  o-.x•../., 

,0 ''1 //(/, -.)</-.; 

(7.6) 

into  a  Fourier series 

(7.7) 

K* (')--/V.» 
I. 

(0    vj//^ X)CNII(   jmr.\,!-. 

Substituting (7.7J in (7.2) and considering the limits of change of i, 
we obtain the following expression for a signal at a channel output; 

/ 

(7.8) 
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:';..■■   i-esi.lt   i'i-M-nii ts   .;:■•   t.    i-oii^tnuM   ;i  iiiodcJ   ut'   tlie  channel   slunvi;   i ti 
liC^:--    ~.-.     ^i.ci'.-il   .■ft:   is   liltrnvi  'y,   ("iltrrs   wii.li   constant   par.-unottTS   an.I 
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■    mi i nilt   but    T act i ca ;   pu! pi.'"i.,,~   k alwa.-s   be   ,1L limited  bv   a   finite 
,'i;.;   iha!    the   ;    v.er   .■('   the   ir.put   signal   is   cutside   a   certain 

oI    , tu    ■ lout 

> h 
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i ;it iTi •, IVIUV '   ,,ii.,l   nuiti.i  i U-ii-.-i.ts   Jet (.•IT;; ni n^;   tin."   . oi.-t .int   1 i i-qiuru >•    listtrti 
Ot    t iu-   S 1 ^!M 1    .i re   Si'IM r.it rJ . 

on^lruLt   unuthiT  tim-li'l   nt   thf   ^.u;;/   Lliamu-J   uc  ui!l   mtnuhin    tin.-   ulJ i 
t i otia 1   .issuiii;,t i ■,!i   I. hat   >i   v h ni!.- ■ I   lia> ,   lor   all   pi a., t > ca 1   ; ii;i" 'sc 
pas-ibaiul,    i . i'. ,   thtTt'   is   a   nia^r. i tudi' su.-t-,   that   !\ r   aiu   !   an.I 

i ■ i t c 

>C... /)   n i".ID I 

Dl'   ^i-i.rso,   M ad 111 «als   i".10i   and   (".9!   '.-(int radi ct     [/     uicthtT   ma-iMK'h   as   two 
tiiii'ii'ns   linked bv  a  I'otir'tT  t rans I'urr;  caiinut   both  hv   t'initc.     1 iirth'-nnorr, 
■.■;,pi oss i or.   i.". lüj   coiitraiii cts   the  conditiun  of physical   rea 11 zab i 1 11-.   rxjn't'ssed 
in   (".1).     IturefoiT,  we   introduce   (.".&'   :ind   ("".ID    as  appruxmiate  equa 1 i t ies, 
as.i'.tlii, IV-'   that   the\'   can  he  met   wi'h   an\ lie ■■ . red  a ecu i ac\    i 

IIKl ■i r lect'.'d.     The   latter  holds   for  all   actual   channel: 

they  have   losses  as  a  consequence  of which  the  transfer  function  !• 
v.ith  an   increase   in   ■,   and   inertness,   as   a  consequence  of which,   v« 
cientlc   larye       ,   the modulus  .M'  the   transfer  funcfiun    Vfj   ,'I 
s ;M 1 I   as   des i red. 

nt 1;.    Iari;e 
lasmuch  as 

•comes   damped 
th   stiffi 

of  course,   the  channel   models   obtained   in   this   way  will   als -  bo  apprj.x i- 
i ate.     However,   they  can  be made   precise  bv  a   limiting;   transition,   assumiiij; 
: ha t   i.  and  ,   , approach   infinit y . 

\IK!   SO,   assuming;   that   condition   I~.1L
1 met , s  m iss i h 1 e   to   reuresen t. 

transfer  function  ll(t,:j   in   the   form  of   .  Kotelnb 
».as,able (see,   for  extimple,    [111: 

o-ri (.•■-   wi th ■ect   to 

idi. -.) y a' 
•-In ?. f ■ 

where 
:kj 

(t i   -- l!( t ,k ■ ,) ;   and 
u u 

I f   end : t i on 
;ual   to   I.   ■ ,,. 

'. D !    is   a 1 so  met ,   the  upper   limit    in   t 

id-,   11 >i   tiic   ieries   rei^resenL ■;   a   rando::;   function  of  tr t i 

multiplied   ;>s   the   transfer   ("unction   ot'    in   idea!   (pi i . '- . i . i i i .:able'   pi 
response   filter of   lower   frequencies  with   a   limiting  anr.'alar   l"rei.|ueiK'y   of .. , 

shifted   in   time bv  !-■    .     This   pcrtnits   formal   representation  ot   the   channel   cir- 

cuit   in  the   form oi' a  delay   line  by   line  I. whi:h passes   f re-quenc i es 

w i th   t ap.s   eve rv IT.e   voltages taken   from a  tap  are  mullii lied  bv IK.' , . 

are   then   siiinn.ated  and  the  additive   interference  added   i.bi^un    "..■''.     Tlais ,   a 
.hannel   model   is   obtained   in  accordance with  which   the   signal   passes   fiajm chain 
inj ut   to  out|iut   alont;   various   paths   '"beaiiis"!   havinr   different   f ime-de))<-nd''iit 

cnclficicnts  of transmission  ..       (t ) .     he will  call   such  a  mode!    i  FT'II i t ibeam 
propagation  model.      Its   advantage   in   comparison  with   the  general   cireutt 
M-i^ure   7.1)   is   liial   in   each   separate  beam   the  coefficient "of  transmission 

ind 
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Jcpoiids   otil)   on  time anJ  not   un  frequency.     I he  frequency  dependence  (neu! 
only   in   the  result   of   interference   incurred   in  summatin^  the l'e;uiis. 

Delay   1 ine 

I»     1-! 

■} 

Figure 7.3-  Model of Multibeam Propagation. 

Both ot" these models represent X\:v  samt' chaniic ] and therefore can he, uit;. 
equal ri^lt, used for analysis.  Moth of them describe the processes in a 
channel w th the same approximation (increa>in^ with an increase in I. and . ,J . 

In some cases it is more convenient to use one model and in other cases the other 
and this is determined mainly by tlie nature of the signal used. . In deriving 
these motels we base ourselves only on a phenomenulogi cal description ot' a 
channel using transfer function il(t,:) without drawing on any physical ideas 
about actual processes occurring in a channel.  In other words, the channel 
is considered a "black box" which we may, with equal right, consider met by the 
diagram in I'-'igure 7.2 or ligurv ~. 3. 

If we were to speak of the physical essence of the passage of a signal in 
a channel, it would be very little like any of the models obtained. 

It is easy to see that in meeting conditions 1.7.6) and "".lOj each of the 
models has Jl. (.. ,,)/J- - 2(..,]/... branches. With an improvement in the approxi- 

mation (by increasing the calculated values of 1. and ...J this number grows and 

this makes analysis difficult.  In some cases it is possible- to greatly de- 
crease the number of branches.  One of these cases is that when we may consider 
that a channel passes frequencies only within limits from 

a u, 

where  „        is  a certain  average  freuuencv  divisible  bv   '.U.     Dbviouslv,   it   is av h \ . 

possible   i •)   the model   shown   in  Figure  7.2   (if only   in  the   first   approximation! 
less   than .-       -        '2   and   the   total   number 

a\ 
to  exclude  branches  with   irequencie; 

of branches  proves  to be  equal   te 

'.7 -It! 

which yields a great reduction if JAD^O, 

Similarly, it is possible to reduce the number of branches in the model of 
l-'iguro 7.3.  For this purpose we represent the transier function by its enve- 
lope and the instantaneous phase by the variable ;: 

3fa9- 
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(-. 1, 

.t,r)   is  thf  (.•inrlopf  ut"   ttu'   transt'er  l'unftion;   .    ''t ,       i ■-   ; t 

i n 11 i ,i 1   phasr ;   unJ 

G(/. -A   ma -.  ■; (/. -i. 

It   can  be  shown  that  11,(1,0   'nui II,(t,   J   arc   linkfil by  a  lii Ibcrt   transform   nu 

their  spectrum   is  concentrated   in  a  hand   from 0  to   '   /J, 

We  will   represent   li.lt,   )   and II , (t , . I   in   the   form  of  a   Kotclnikov   series 
and  obtain 

t    u 
>9c.     '■,) 
-'r.      »   ,) 

Sill '" 

where 

We will note that 

—   - c is (i) 

represents   a  transfer  function  of an   ideal  hand  filter with  an  average  fre- 
quency  of   .,       and  a  passband  of shifted-by   interval   k,.     The   function  con 

av 
Jugate with it which is obtained by shifting the phases of all spectral com 
ponents through 90° (the (iilbert transform] will be 

•v-'r- A-,) ' 
siliu, -. 

In light of the possibility of rearranging the linear elements of the cir- 
cuit we obtain the channel model shown in Figure /.-l. In this model the number 
of branches (degrees of freedom) is also equal to 
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WH-f   ;'■■   Signal   Hjs   j  Li^itt'd   Sp<'Ltru". 

o<    f-jj i   g 

li-   , .-fi ! ; . j rii: ■     «t   ; i u: ;;:, i    ■ : ,ii and       .    in   t !u    '-i-1 ivl i \ (.■   t ad 
, , L r. S K 

IM .- ■ ; k I 
.ii... .f ' .   ; n   ; .".i.'   ;:.,; 1 t i bc.n;:  nxuk" i   lii;:i!\-   in   all   tin nikidf 1    tn 

^naiuii 1   r.odt.' i s   . ,ins : J   i 
i!R isu ri   ü.".  ii.'U   r,i|' i.:! 
Ji1 111   .   Jl.üU- :■• ,   IM'   '■ : : 
.!>    ::   '    .!i, :i,.;c   :: .'t iv>   i;..' 

(.Jjndi'i   n--   iii    rivr i'. i n,'   signals   di'Pviul   in   Ian;-.' 
■M.'     vx-t;    .icnt.-   it   t ransiTii ss i on   t'han^c.      V>   in   pi'L1 

all   tadini.;   s lou   it   tin.'   ^o"' ; i i. u'l^t <   ot'   t ; ansi:: i s> 11 :; 
ivi-r   •-he   !-.,rn;th   ot'   i   si^nil      lenii-'nt   I   and   rapid   otlu-f 

■•• : n 'UCVLI ,   in   ,i     ■,a::;al   iv i t;.   : rrquctu';     h-; ;'ndi.':;l   pai";unct ei'.^   tduav   is   -^ ::.■- 
i: ;    in   coiiipantu   ti.v    fitc   ot   ladinii   not   ji;]}   with   llu    length   of  M^n.il   r I (■:;.(,'!; t 

i   : 'a',   a I       with   I hf   ":::■•:    rv"   •  i     i     'latliM' 1   ! . 

:    iv  i   --■ Tv t : ar,      t   ',' t'oCi'Sscs lie  nit i rch    i n   ' 
f.ir.^u  ..:'  an^u! ..   t re-amci e-   :'•:■.'■:   J   to      .    it-i  a.iiiditinn   i ". o     i-   ".et   exactly. 

(.'hanne 1 s   \-\\i .:]:   ^al i si \   ;':     i undi t i   n 

a re   usiia 1 1 v   ca 1 1 --d   i.ati 

I'ly  :' \ .'".Ml 

■y   I   .■i.anin'! ■   and  all   üthers  fate>:"r\   1!   channels, 

n   act'.ri I   v I atine l -■   ;■ ruv lu  n-'t   liax'e   .i  st fi ct h'   . i" i t rd   snoot run 
.'onsequont ly ,   al!   ohannels  I~ .-od  o.',   tins  dotinitinn  shoi; hi  he   '. ■ legated   to 
Category   11,   osjo ; i a I !;>■  r'w..^   the  niemury   ol   a   ohann-'1   i ■■   '.ot   aluavs   strict!)' 
limited.     lluwe'vOf,   Mruler  thc-se   conditions   K'O  wi 1!   a.-sign   ■.  channel   to Category   1 
i I'  the  time  of   ;prrel it ion  ot"  ..! U   prooesses   is much  greater   than  the   length  ct 
channel   raemorv  1, which   i ■  detciTiined  hv  am-   rcasonahl.1  r;cthod   (for oxam'.Wo. 

'I'ruceKSes   with   ,:     trie!.      lim.red   spectrun;  art   determined        ingular),   i.e. 
they  may  '»e   extrap-ol atod  with  as  much   accuracy   as   desired  cner   as   unxil 1   a 
sector  as  desired.     l-;a-ed  on  phvs i i a 1   cons i-.le rat i ons   it   is   clear   that    fadiru 

s   alwavs  undet i■:  ; i ,.eii 
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.11 v is 1 ^'ii   1 s   retiu 1 lev! . 

Ue   will   call   t.he  üienury   ot   .1   ctiannel   "short"   if   it   is   mueh   leS'    than   the 
length   ,'t'   .1  signal   elernent   1   atui   'n<:\v.   ;t    it   1 •-   ^uiur en--urate   i>ith   1   1 r   1; IT.!' 1 
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listed   channels  belong  to Lategsn    1.      Incidentally,   'ander  conditions   cf r.a: 
netic   stonns   the   rate  of  fading   in   shortwave   radio   channels   i:c   easi-s   gre.it 
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\s will IH- •ii-i-n   Iren uh.il tollous tor «.oriviTHciuc in obtainiriK the simplost 
dovision priiKip It's possiMf thi' Unnth of .1 si^ii.»! i-lcmenl should ho so sclcctfd 
that .1 channtl u 1 Hi sl>'w lading .md a short memory is furmed. Dhviüusly, in 

1 .iTi^ory II Ji.imu'ls this is imposs ib It-.  Ihis cj räumst ancc imposes important 
linulatiuns on tin uso  1 i atej;or\ II  h.imuls.  \s V . I. ^tlortn ['-) showed, 
the wMrryinK capacit) ■ t a i ato^ory 1 channel approaches infinity it the power 
of additive interference approaches :ero while the carrying capacity of a 
li.itojjury II channel under tlu'^i conditions remains finite. 

In isli.it follows we will consider m.unl) Category I channels. 

Several Ideas About an Optimal Decision Principle 

he will assume that all distributions of probabilities of ..(t) processes 
a] k 

in a selective lading model [or .   (.tj in a multibeam model) ai, known.  Then, 
in principle, i: is possible to apply the criterion of maximal likelihood so 
that, based on arriving signal ^'(t) a decision is reached as to which of the 
possible realizations of signal :(tj was transmitted.  However, because of the 
finite memory I. of the channel it Is impossible, generally speaking, to limit 
ourselves here to analysis of an arriving signal over interval T, inasmuch as 
each, element of a transmitted signal creates a reaction of duration I + I.. 
Iherefore, to extract complete information about one element of a signal, it 
is necessary to carry out an analysis over at least that same interval, 
lurthermore, it must be borne in mind that in the conposition of a received 
signal there JS simultaneously a reaction over several elements. 

It would be possible to extract the most complete information by analyzing 
a received signal immediately over a long interval of time and by reaching a 
decision about the entire sequence of symbols transmitted over this period of 
time.  However, such a method even in the simplest cases is exceedingly dif- 
ficult and therefore preference is given to element-by-clcment (sequential) 
reception which can be described in general terms as follows [5]. A segment 
of a received signal of duration T + I, is analyzed beginning from the instant 
of arrival of a new element.  For all expected realizations of this element 
of : ,(tj (r = l,...,m') the likelihood function 

is calculated in light of the distribution of probabilities of multiplicative 
and additive interference [u (t) and n(t)] and also in light of previously re- 

ceived decisions about symbols preceding the one in question. The latter is 
important inasmuch as z'(t) contains, along with a distorted signal element 
of z (t) and additive interference, components caused by N preceding elements 

of the signal where N is the least whole number which is greater than or equal 
to L/T. 
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\ Jtvi s. on   is   roaclioJ  dop^ndinj; on which  of the  realizations  of the  signal 
eloment   has   the  greatest   likelihood   function,   i.e.,   i,lt)   is   considered  re 
cened  if 

L [.•'(/l|--((Ml      liMX-'l.-'lMl-M/il (7.15) 

Such sequential reception is not optimal inasmuch as use is not made here 
of information about signal elements sent after completion of a given clement 
of ;.ltj and also forming components of the segment of :'(tj being analyzed 

from T *u I + I..  This information could be obtained by analyzing a longer seg- 
ment of the received signal. 

Until now we have assumed that all distributions of probabilities of ,. [tj 

are known.  In tha* case when they are not known and only certain limitations 
imposed on ■• .(.tj an known (for example, the frequency band in which the spec- 

trum of larl t ip 1 i cat i ve interference is lumped), it is possible to construct a 
principle based on a generalized criterion of maximal likelihood, i.e., to adopt 
a decision that signal element z,l.tj was transmitted if 

'"••xl-"'!" . ,<r.i '•"''', •:.■•'' > 

V.nul.-'in,. ,.., J-M/i, ,..,1. 
(7.1bJ 

With  this  criterion  the  decision princij le   is  that   first   an  evaluation of  func- 
tion  ",(t)   is based on   received  signal   :'(t1   and  then  the   likelihood  functions 

are  calculated.     The  same  algorithm  can  be   deducted   from  criterion   (7.15)   on 
tl   are   gaussian  processes   [61. the  condition   that   .   , (t)   an 

ck ■ sk 

In the general case such decision principles lead to exceedingly complex 
functional diagrams [5] which, however, are greatly simplified in certain cases 
for Category 1 channels if signals are properly selected.  This selection must 
provide for the simplest possible extraction of information about functions 

i-, it) when a selective fading model is used or .   (t ) when a multibeam model 

i s used. 

The  problem of  selecting  signals   can  be  explained   from  another point   of 
view.    A signal  passing through  a  channel   is  subjected  to various  transforma- 
tions  which  are both   reversible   and   irreversible.     In   the   case  of  irreversible 
transformations  there  is  a partial   loss  of the   information   contained  in ttie 
signal  about   the   transmitted  message.     In  the  models  presented multiplication 
by   random  functions  i.(t),   summation  of  the  output   voltages   in  branches,   and   the 
addition of additive noise  are   in  the general   case  irreversible  transformations. 
Nevertheless,   in  some particular cases   it   is  possible  to select  signals  so  that 
some of these  transformations   are made   reversible.     This   increases  the  amount 
of  information  obtained with  the  reception  of  a  signal   and,   consequently,   in- 
creases  communication   fidelity.     lor  example,   if each   realization  of a  signal 
consists  of a small  number of harmonic  components  separated by  a   large  frequency 
interval,   under  certain  conditions   the   received  signal   can  be  more  or   less 
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accurately  sopuratod   into  components  which have passed  through  separate brauche: 
in  a selective   fading model.     Thereby  summation of output  voltages  of brandies 
becomes   (at   least  partially]   a  reversible  operation.     furthermore,  with  such   i 
possibility  of separation  of branches,   the  amount   of   received   information   is 
greater  than  in  the  case «hen  a  signal   passes  only  along one  branch with multi- 
plicative   interference.     Similarl),   if  a  signal   amounts   to  short   impulses 
separated by  lung   intervals  of time,   then  a  received  signal   can be  separated 
into   components  arriving  along  various  branches   in   a multibeam model. 

In  subsequent  paragraphs we  will   consider various  particular  cases  of 
channels  and  certain methods  which  permit   constructing  relatively  simple de- 
cision principles. 

7.2.     Channel   with   Constant   Frequency-Dependent   Parameters 

The simplest case of a frequency-dependent channel is the channel 
constant parameters in which the transfer function litt,') does not dep 
and therefore can be designated li(i). Included in this case in the fi 
approximation may be channels in which il(t,ij changes very slowly with 
that  over  a communication period  which begins  at   instant  t   =  t     it   can 

assumed  that  il(.t,i}  * ll(t   ,:J.     Most   electric wire  uncommutable   channe 

also   long-wave  radio  channels   if a  communication period  is  sufficient 1 
and ultrashort wave   radio channels  between mobile  correspondents  when 
cation  is  conducted within  the  limits  of direct  visibility  are  all   inc 
such  channels. 

w i t ii 
end on t 
rst 
t so 
be 

Is, 

y short, 
communi - 
luded in 

If, furthermore, ll(i) leads to a delta-function ll[:) = •(■ - t ) (where 

t  is the time of signal passage), the parameters of a channel are constant in 

time as well as in frequency. This case was considered in Chapter 111.  It 
corresponds to an approximation of actual channels over a limited period of 
time if the transfer function of the channel (the Fourier transform of il(tJJ 
is practically constant in the frequency band in which signal power is lumped. 

We will consider a more general case when II(i) is not expressed even ap- 
proximately as a delta-function,  If signal z .(tl arrives at a channel input, 

at the channel output the signal received will be 

?'({}■    j.',(-)//(/ --)</•■ \"(l)     .•'.„(/) I nil) (7.1-1 

As   can easily be  seen,   the  problem  can be   reduced  to  that   considered   MI 

Chapter   111   if  it   is   assumed  that   not   signals   :,(t)   but   changed  signals 

I si 

are sent to a channel with constant parameters not depending on frequency.  Ii 
should onlv be burne in mind that signals :'   (tl have a duration not of I but 

Or 
of T  +   I. where  I.   is   the   response   tine   of the  channel  which we will   consider 
limited.     This   circumstance   is  usually   ignored   it"   1        I .     Otherwise   it   is 
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pussiblc to construct a system so that signal elements of duration I arc sent 
at intervals ot" time T + I,, i.e., delays of duration 1. are introduced.  i-inally, 
it' I   I., it is possible to send signals continuously but deliver to a decision 
circuit only segments of a signal of duration T - I. during whi'.h there is no 
overlapping of adjacent elements.  Such a method is used rather widely in prac- 
* ice and is called the protective gap method.  Of course, it is not optimal 
since it entails a loss of information contained in the rejected segments of 
the signal.  Incidentally, when T '■ L, these losses are negligible. 

In principle the selection T ■ 1, is always possible.  In order under this 
condition to provide for the required rate of information transmission, it is 
essential to select a sufficiently large code base m.  However, with a high 
level of interference and an increase in m, the probability of error grows, 
especially since in a chann 1 with a limited passband it is not always possible 
to have these signals orthogonal. 

Ke will consider what the possibilities are to reduce the response time 1. 
and to select an optimal shape of signal providing for the greatest possible 
resistance to interference.  for this purpose we will use the method of 
section 3.0, namely, we will introduce two quadrapules ;  and I , (figure ".5aJ 

when has   the   transfer  function  modulus U'J ' V" j (J . ) : and the t rans- 

fer function modulus of quadrapols I-, coincides with Vlj.)  where V(j.. ) is 

the channel transfer function.  We will note that these quadrapoles arc- phys- 
ically realizable inasmuch as we are considering a physically realizable 
channel.  As can easily be seen, at point b there will be a sum of signal 
.:. (tj and gaussian interference with a spectral power density ot'  : , (J • ' ' 

-1 
V  (J • ' ' ;"K' at point b signal :. (t! with the same modulus ot amplitude 

spectral density as at point a against a background ot white noise. 

Reasoning the same as in Section 3.b, we may show that the decision cir- 
cuit bf connected to point v will be optimal in that case if that part of the 
circuit within the broken line is an optimal circuit for a signal at point b. 
The latter, as was shown, consists of a "whitening" filter which in this par- 
ticular case is quadrapole 1, and optimal decision circuit K! tor signal r.itl 

in the case of white noise. 

n(tl 

h) 

Figure 7-5-  Pertaining to Cündillons for Correction 
of a Channel with Frequency Dependent Parameters. 
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Signal :,(t), generally speaking, does not coincide with ;(t) inasmuch 

as only moduli of transfer functions are defined tor quairapolcs.  The se- 
quential connection of these quadrapoles has the transfer function 

<t>{H     '/',(/.")'/',(/".)  I•/', (H11'/'.(;■■')'■■'''^  e"*"1 ("". 19) 

where . (.. l is an arbitrary function satisfying the condition of physical 
rea1i zab i 1i t y . 

Ihus, sequential connection of the two quadrapoles '. and ; _, amounts to 
a phase loop. 

If it is desirable to reduce the length of signal clement I to a minimum, 
it is advisable to select . (, • ) so that the circuit formed hy sequential con- 
nection of a channel ai.>, a phase loop with transfer function (".UM has the 
least possible length .,f transfer function.  It can bo shown that for this 
purpose the phase-frequency characteristic of the resulting circuit must he 
linear over the ertire range of frequencies in which the modulus of the channel 
transfer function V(,i.]  differs f^om zero.'  Such a phase correction nf a 
channel characteristic often occurs in practice.  Khen this is so the diagram 
shown in figure ".Mi is used. 

binci there is normal white noise and signal ; (t) which amounts to the 

result of passage of the initial signal .:(Tl through a circuit with a transfer 

function of N(j.ie"    at point c, the greatest resistance to interference uith 
i given power of signal :. i t i will occur provided for when the power of signal 

:. (t : is ma.v ima 1 . 

Ihis assertion is valid if the length !. of the transfer function lilt) i ■- umf 
stood in ;i mean-square sense 

J 

where 

(•  V"'''(.l I: 

f »MU./-. 
6 

r 

J//'(')•/' 

'Sec Note 5 at the end of the Chapter). 
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We will   select  any  value T exceeding Tlie   length  of  impulse   response il(; 
of  a  corrected  circuit.     Then   for  any  signal   :(t)   uf   length T 

'. ('•       \ 11(1     T) .-(-I.'- (7.JUJ 

of 

We  will   consider  the   lollowing   Iredholm   integral   equation; 

(i 

I;   has   solutions  d. [t)   which  are   called eigenfunctions   fur ce 

uhich  are  enumerated  in  decreasing order of magnitude: 

i ; ,ii ii i a hn-.s 

As is known, [see, for example, ["], Appendix 11) functions <}., f,t,) f. nn a com 

pleteh orthonorma J i :ed system over the interval U  t ■ T.  I'herefure, :.ny 
signal can be expanded into a series in accordance with these functions: 

.'(f)  WurU". 

and 

j -u)..'.'   v v.. 

substituting   (.~.J2)   in   (7.CÜ) and   considering   [7.21),  we   obtain 

r ' < 

o *   i *  i 

On the basis of orthonormaley of the eigenfunctions 

I .■' U)ill ^,«'   '■'  (     (.'i,/.'      W;' /' 

(■ 

r.:*] 

C-^) 

Iron   tins   equality   it   is   apparent   that   transformed   signal   ;   |,t 1   v* ■ 11   have   the 

greatest   power over  the   interval (.U   -   1J   in  that  case when all   coefficients  a, 

are  set   equal   to  :ero  and,   furthermore,   when   it   corresponds   to   the  maximal 
eigenvalue       .     I'hus,   the   following   is   the  optimal   signal 

^ii)     -' iii'ri(fl, ( " . J5 

where a  is defined by limitations imposed on signal power at channel input, 

Us-r.g both signs in ^".25) we obtain an optimal binary system with opposet 
signals.  After signals z(.t' are selected, it is easy to calculate the proba- 
bility of error which, in the case of coherent reception, is equal to 
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If a code base of m  2   is required to increase the rate oi" information 
transmission, it is possible to use several orthogonal forms of signal which 
coincide with the eisenfunctions ot' equation (7.21) corresponding to the 
g re a t es t e i ^e n v a h les . 

7.3.     Fast General Fading 

Another relatively simple particular case of the channel shown in lijnire 
7.1 occurs when transfer function ll(t,l can be shown in the form of a product 
of two cofactors of which one depends only on t and the other only on •: 

//(/, r)  |.(/)/M^ (7.2b-, 

The first cofactor designated u(tj, amounts to a variable transmission co- 
efficient and the second cofactor II I:) is a constant channel transfer function. 

fhc instantaneous transfer function (".5} in this case may also be expressed by 
two cofactors: 

Y CM. n M?' n/ii,>. 
(7.27J 

wher- 
Y (/" //,(-). x^ ;--)..'-. 

If V (j .}  can be considered constant in the frequmcy banc in which the 
rain part of signal energy is concentrated and the duration of a signal element 
F is much less than the interval of correlation of process .-It), there is 
general slow fading as discussed in Chapters V and VI.  In this section we will 
study the case when ..(tl changes greatly over the length of signal clement T, 
i.e., the case of fast fading. 

In cummun i cat i or, channels actually used, this case is encountered rarely. 
However, it has many time? been shown that with the development of space radio 
communication, fast facing must inevirably be considered.  Inasmuch as the power 
sourc"S for signal transmission are limited ami fading over cosmic distances 
is g.eat, the length of 1 must be increased to provide for a high ratio between 
power of signal element and spectral noise density.  As a result i may exceed 
the time of fading correlation [S],  This may take place also in the case of 
"ground" shortwave communication when because of certain considerations it is 
necessary to transmit messages if only at a slow rate using a very low-power 
transmitter.  If in these cases narrow-band signals are used, it is possible 
to ignore the selective nature of f.idim; and also the frequency distortions 
in the channc I , 

a I 
In the case under consideration in the channel model shown in figure 

functions of .. , (t) and .. , (t . will he respectively the same (with an 
cK' "■ " "sk 

accuracy to the constant coefficients determined by the transfer function ot 
V (j . ;j.  Assuming the signal to be so narrow-band that within the limits of 
its spectrum 'tf.i- J  = const , it 1': possible to reduce 
pier one ;hown in figure ".(->. 

this model to the sim 
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Figure 7.6.     Model of a Channel With 
General Fading. 

t can easiJv be seen that such a circuit can be obtained based on 

GO to :cro. ■igure -.4 it ;. ^ • and .,  in all branches except one pair are equal 

Therefore, the concept of "general" fading and "fading in a single bean, 
channel" coincide completely, 

If the spectral density of additive interference is much less than the 
pouer of a signal over the interval of fading correlation then the function 
L.(,tJ can be evaluated with great accuracy based on the signal received by using 
the circuit suggested by V. 1. Siforoc in calculating the carrying capacity of 
a channel with general fading [9],  lor this purpose the harmonic component, 
which docs not depend on the information being transmitted (pilot signal), is 
included in the composition of the signal.  Component ;. (t)a cos the spec- 

trum of which is concentrated in band , determined by the rate of fluctuation 

in transfer coefficient . (t), will be present in the signal received.  If the 
spectrur, of the signal components carrying the information lies mainly outside 
this band, it is po.-^sible to separate the pilot signal using a filter and, 
inasmuch as the transmitted pilot signal is known, obtain an evaluation for 
..[t.l.  After separating the signal received for .-(t), it is possible with 
sufficient accuracy to "eliminate" fading and use a decision principle for a 
completely known signal. 

In essence, such a principle' amounts to an idealization of the method 
used in practice of instantaneous automatic gain control [lACO based on a 
pilot signal.  Hrrors occurring due to the presence of additive interference 
in the pilot signal channel and also because the spectrum of fluctuation of 
..ft.) is only approximately concentrated in frequency band  .. are considered in 
detai 1 in [9|. 

When the interference spectral density is great it is possible to use the 
idea 'expressed in the work of .lohn Kostas |S|.  This idea, if the terminology 
used here is employed, amounts to the following. \  signal element of length 
T is broken down into Q "sube lements" of length i  •- T/Q and time-diversity 

reception is conducted over [J branches.  The length ol subelement T  is so 

selected that it is less than the interval of fading correlation so that recep- 
tion of each subelement is done in the usual wav under conditions of slow fading. 

;so- 
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As a consequence of the small rat in between the power of a signal suhelenient 
and spectral interference density, the prohabi1ity of error in the reception 
of a subelement will he great but ca'-. be decreased to any given value through 
incoherent accumulation, i.e., through time-diversity reception by selecting 
for a fixed value of I  a sufficiently large I   Q'l .  Of course, with an in- 

crease in T the rate of information transmission decreases. 

We will determine the probability  ' error in such .1 system.  Ue will 
assume, as was done in work [S], rl.at t:  ■ysten; is binary and in the trans- 
mission of subelements relative piiase 1.  .latioir is used and the fading is 
Rayleigh.  Furthermore, we will assume that the fading in the subelements 
which are added can be considered independent. 

According tu formula (6.38), in light of Note 3 to Chapter VI, the proba- 
bility of error is equal to 

where p is the probability ot incorrect reception of one subelement. 

Considering that the length of one subelement may be a magnitude of the 
same order as the interval of fading correlation, probability p can be deter 

mined from formula (5,76a) by substituting in it for h~ the magnitude 
-1      I " 

h~ = 1/Qh«.  As a result, after simple transformations we obtain 

where 

Q -1 
1 
9 

» .1             l 

X 

1  Al 
(7.28) 

M 

M -ftt-?,)'<.,.->-. 

and R(T) is the coefficient of correlation of the process .. (.t). 

The dependence of M on Q hinders analysis of formula (7.28).  If it is 
assumed that the length of a subelement is much less than the interval of cor- 
relation T, of fading, then M In this case, as was shown in Section b. 

for a given h!, there is an optimal value of Q providing for the least proba- 

bility of error.  Inasmuch as with an increase in Q, M increases, it is possible 

^Fhis means that signal 2,(t) amounts to a harmonic oscillation with a constant 

phase and in signal zn(tj the phase, with a shift from one subelement to another, 

changes by 180°. 
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to assume that tho optimal value ut' Q is ^omt-what yrvaUr than th.-t caKulatt-d 
muliT tlu- assumption that M - 1. 

in work [8j tlu1 [iroblora is raised of determining the length of subelement 
1  which provides for a maximal transmission rate (i.e., a minimal Tj with a 

given probability of error.  It is shown that with a gaussian correlation func- 
tion the optimal value of I  is equal to U.b :,.  In this case M ^ 0."5.  In- 

cidentally, this result is obtained insufficiently rigorously.  Specifically, 
the decrease in probability of error with an increase in Q with a constant value 

of h" is not considered. 

Ue will note that in actual channels widening of the frequency band due 
to the decrease in T  leads to a situation wherein selective fading begins to 

manifest itself.  In other words, with si,.all T the magnitude 1. of channel memory 

cannot be ignored. 

With a known correlation function of the quadrature components i. (tl and 

.. _(t), it is possible to deduce an optimal decision principle for general 

fading at an arbitrary rate [10].  Let the received signal have the form 

t'iD   MnMo-!-M')~',(of"(/). "</■:?'■ (7,29) 

We will   limit  ourselves  to  the  case of Rayleigh  fading,   i.e.,  we  will   assume 
that  u,Ct)   and  M,(t)   are  independent   random processes with  a  cero  average  and 

the  same  correlation  coefficient. 

(7.30) 

he   likelihood  function  for signal   :   (t)   with  known  .. ,(t)   and  ..,(t)   is  equal   to 

T 

&{;•:?,, n, (;I,,I,(.MI     AVxpf —-^ ['"(')'" : 

■" u 

r T 

-f" J-   f   K-(/)-'(/)  'r   (M'.'(    i-V    \  IV-C) ''(■')  ~'r(0^- 
u u 

T T 

- -VV {i*: <') K o <" - v j K (')"';' oM - 
(7.51) 

u 

where N   is  a constant  not  dependent  on  r. 
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n     I "l 

uhi i'i-  . uul  .        arc   i [ulopcndrnl   i'atuh.'ni  variables  and 
en si; f, 

uhiJ;   -iiv  ';    latii'iis   of  llu1   I iv.üh !::,   integral   i.'quation 

i 
/v'l.',. /:)?(/..i..''.-      /■?(?,)      ("•-, ',      /! 

i\ ■ i    t In 

P. v 

'V    •   1 C-'i IU"t i IT. 

aiul  .ihich  an.'  iMiumoratcJ   in  df^ri.-as ing  order ol' eiucnvalui 

f.. 

(/) •■, i.'i 

Hi .-. t.'i y,. 

-, i   t' 

1-^    A-^ J I 

■Aiii   i;oti.'   tiu-  uni is  i \   nuict i on 

and     1 se.   '   ■'. 

t      in«  si-- 

!'.■    assi:::;i HI.;   t iiat   i iu'   ■; i una 1 

■ i ::eiival;i( 

■f:i ru 

'■     • ;■,:   .;<    mn    ■. ■ v\ an  .■..!',  • ■■'    : i lotnat i o:; 
of  ..(.tl   and,   consi quinr ! v ,   with   the   ■;]'(■. t r;;'-:  of  ro.irdinalo   i'unct i on-; 
pract i ca 11 N.'   aiwavs   iri-t   i r.   r'-i'iilai'   oliaiui'-1 >■ '   '■■■:   : ■■■■   sot 

r      r 

l!,.      ' ,  11. C 

(.o: 

amilar  s iii'p 11 :'i cav io.ns   in   tin-   r^-ai ni iu;   Jntt«grals. 

-idorinc   the  orthonorralov  of  functions       (t    ,  w   I'ind 
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Substituting   in   (.~,S.'>:   tlu'  . UKII t i > n.i 1   prolabi 1 i ty   (".34), t'im 

Pc:., 

(»in , 

1       ( 1 

,.  J ' (0 .-, f/) ?., o,.';     r   A'..,. 
u 

-   r : 

r 
A'rn -    ^ .•■(.'u-r(/)?,1 (,'),//, 

I " . 3(i i 

>',r, fc'l/)J • ,(/) MO'//- 

The  decision principK'  basi-i! on  tbe  .ueno ra 1 i r.eil  en tori on  of maximal   likeli 
hooJ  amounts  to  recording  svmho!   V.   it' 

"'(•'' -'/•   (',-■. /■   H.., (.  ?•■). 

or 

■    !'rn  ,   ('.„,,    ?„) 

when   /• /-/, 

X(-V;„-|-ViJ>V(A^-i }•;„ (-.38 

for al1   r /  ; . 

On   the basis  of  the principle  obtained ue may  construct  the  decision prin- 
ciple  expressed   in  figure  ".7.     It   consists  of m branches  corresponding  to 
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l'hc subsequent  operations  are 

signals   zt_(tj.     In each branch  the  result  of mu It ipi i cat i on of arriving 

signal  by  2 .(t)   applies   to  an   infinite  number of multipliers  where multiplica- 

tion by  functions  4   (t)   is  performed.     The products  obtained  are  integrated, 

as  a  result  of which,   X,     and Y,     are   formed 
, n 1 n 

clear from   (7.38). 

t-.-JK   :      : 

4 
!•' r 

Figure   7-7.      Decibion   Principle   for   a   Channel 
with   Fast   General   Fading. 

Of  course,   such   a  principle   is  unrealizable  because   of  ti.     infinite 
number of  terms'   m   (7,38J.     However,   it   can  be  shown   that   tlu   mean-square 
values   of variables   \       and   )       with  an   increase   in  n   ranidlv  arproacb.   zero j'n rn '        -ii 
and  therefore  a principle  using  a   finite  number  of  eigenfunctions   is   close   to 
optimal. 

Jumping somewhat ahead, we will show that if only N functions ; (tI witli 

the greatest eigenvalues arc used, where \ is a magnitude on the order of I, 

(depending on h~J , with further increase in N the probability of error decreases 

insi gni fleantly. 

The diagram shown in figure 7.7 can be transformed by replacing multiplica- 
tion of the signal and regular functions by passage of it through an appropriate 

1 By transforming the decision principle (7,38) it is possible to obtain a cir- 
cuit which does not have an infinite number of branches but contains filters 
with variable parameters [6, 10J. 
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filter.  l;igure 7.S shows several variations olr circuits for one of m branches 
in which the variable X-'  + Y-  is formed using filters matched with i   (t) 

rn rn h n 
(l-'igurc  7.8a]   or with   ~,[tj   (l-'igurc  7.8b).     If,  as we have supposed,   the 

spectra of functions   ;   (.t)   occupy a frequency band  lower than tiic spectra of 

z   (.t),  we may  show  that   z ,(t) ;   (t)   is  a  signal   linked with  the product 

z.(t);   (.t) .     This permits   representing  the decision principle  in the  form of 

Figure 7.8c not  containing multipliers   in which  filters  are matched with 
z   (t).;   (.tJ-     Many other variations  are possible,   specifically,  a circuit 

having  synchronou.-)  heterodyning  and  filtering  using  an  intermediate  frequency. 

To  comparator 
tor  circuit 

Yi—i.. ;;v.^v de" -4 
i 

lector 

2,f]Ux}rvrf7UV de-_J 
t--   i     L     1 tector | 

l_J yT   I. 7  -.IKV  de-i_ 
^ J I     /;:'./ JtectoriL_ 

^f,;     b) 

To comparator 

for ci rcui t 

K- 

4 r"    <',-, 

 ' tector 

KV de- 
tector 

To compara'or 

for circuit 

:) 

Figure 7.8. Several Variations of a Branch of a 
Decision Circuit for a Channel with Fast General 
Fadi ng. 

in the general case all these circuits are very complex.  However, in two 
particular cases when i • ;. and when T>  . , they become greatly simplified 

Ö8(>- 
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In  tlie  first  case,   when   fading   is  relatively  slow,   s imp 1 i t'i cat i on   is 
ubvious   inasmuch   as  we may   I inii 1   ourselves   to  a  cons ulo rat ion  of  one  el yen- 
function,   ;-.(t).     It   can easily be  seen  that   in  ihis  case  the  decision  cir- 

cuit   shown  in  Figure   7.8c   is  the  same  as   ir.  the   case of  slow   fadini1,   (or   in  the 
case  of  absence  of  fading),   the  only  difference beini;  that   the   filters  are 
matched not  with  z   It)  but  with   the  product   -.   (t):, (11. i" ' r 1 

In   the  case when k 
Ü,   as might  be expected,   :.[i) 1 . 

In the second case, with orthogonal signals having nonoverlapping spectra, 
by using transformations of the decision principle and making i few aUowances, 
it is possible to represent the decision principle in the four, shown in 
figure ".9 (.see Note b) -  Here the band filters :  - 1^ have a passbanJ on tlu 

order of the width of the spectrum of the fluctuations in the transmission co- 
efficient.  I'hey effect coherent accumulation of a signal being received during 
time on the order of •  after which incoherent quadratic accumulation (addition 

occurs in an integrator.  It can easily he seen that this circuit coincides 
with the circuit for integration following a detector as considered in 
Chapter IV,  At the same time the idea of John Kostas as described above i^ 
embodied in it [S|. 

z'((: 

P    -      Quadrat ic    i  J 
L_lj      detector      [.■'. 

J0 "1 Qu.- d ro t i c _;  '. ■ 
I   i.j       detector 

0 
it) 

'-0 

4 Quadrat i c   J 
dete :tur      I 

Figure   7.9-     Sifipliiied   Decision   Principle   I  ■<   signal', 
with   Nun-Overlapping   Spectra   if1   t^e   Cast'   When   T        ■    . 

In  order   to  evaluate   the   effect   ol'   rate   ot'   f.u.ing  or  jirol alillty  ol   err^r 
vse  will   consider  the  simplest   case  of  a  hinar)   system with   an   active   interval. 
he  u i 1 1   assume   that   the   signal^   are   ertlu i.'otial   : n   tlie   intensified   sense   atul 
i rt hogonal 11'.•   is   retained   t    llowing  passage   through,    i   ihannel   with   last   lading 
such   an  assumptton   is   valid,   fi r  erarip]«-,   for  an   11   system with   .i   large   t re 
quency   spread  and  also   for  signals   considered   m  the  work   of dohn  Kostas   [-s]. 
It'   the   length  of  a   subelement    is   much   less   than     . .      Ihe  decision  principle   ol 

^ 
:".^si   t!>r  a binan   svster   !ia-    xhc   forr, 

Vi.\ ,\      y >i.'i 
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We  \ill   t'iiul  eUnnonts   o'.'   tin-   .on i Lit i   i;  :;.atn.\   ol    ran 
terin^  iiu'u quadratic   t'onmila   ("..^l.     L'uivs idiTiiij;   ("..■'.vi   : 

i 

\ .,i: .itM--   -M 

:v,„y„,     .V,„.\;i,     >-,,>:,,     i'    for all  n and p. 

where n. Nonna 1 z\ "K tt U     s 
Hi 

^ .  1 fi c              .   .  .  ' 

(i / hi 1- 1   ii II 

(i (i '; o ■.,.:; 

K • um . 

1 Hin 
'fall 

i 

' 
. 

MM 

II 1     U 

and   the   square   matri x   i s 

Hvre   I   is  a  singular matrix of  the  v. i rdcr. 

We  will   find   the   roots   of  the  equation 

|K.\     xll     C 

;"   >(,     i     I        ['KSj. 

■ 1 i.\ .    /i •- '2\ 

. l 

("". 1 •' 

I    . ■) ? i 
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Hy  usiiif;  tho  method  >!rsvii !.,■>!   in  Solo   1   to ih.iptiT  V   ii    i .  pitssiMi'   u    t i IN 

the  characteristic  function  .nu! tlu'ii  tin- Jon^it)   ai ill st nbut ion ul       i " . '•■.I i . 
rho  probability  of error,   i.e.,   the  probability   th.it Ü   i-   equal   tu 

■ii: 

With  an   increase  in N  this  probability  of error decreases  and  approaches  ,1 'luu; 
nitutic  determining   the  potential   resistance  to   interference.     lor   small   N   if 

condition   '   h~  '■ T   is  met   for  all   n   ■   \,   it   is possible   to obtain   iron   f".41i 
n  U — ' 

the  convenient  approximate   formula; 

■l la) 

in  the particular  case when  the   funcnor  of  fadi.'i;  correlation   is  exponent i i 

the   eigenfunctions   :   (tj   are  equal   to   vsee   [1"|   on  jiape   J~0|: 

f     f.       7 9^   r ;-;,„ -[.,.(/-.;)}'" ,: r. i: 

where   .     are positive  roots  of the  equation 
n    ' ' 

tan ni7' 
u,--t       1 r.-iM 

<"■, •« i 
.-r 

Figure 7.10 shows the dependence of probability of cn'or on N in the case 
2 

for h" = 100 and va^ous 17', ratios.  These results confirm the fact that in 

practice it is po.'sible to limit oneself to a number of eigenfunct i ons N on the 
order of T/:, . 

Figure 7.11 shows the dependence of probability of error on Ii' calculated 

for a rather large N.  As can be seen from these curves, potential resistance 
to interference increases with an increase in the rate of fading and approaches 
the potential resistance to interference of a channel without failing (broken 
line in Figure 7.11).  There is nothing surprising about this since the greater 
the rate of fading, the less is the probability that over the length of signal 
element T unfavorable ratios between instantaneous signal power and interference 
will be retained. However, it should be kept in mind that with a selected 
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sssti'ir.  of' signals,   with  an   iiuii-asi-   11>  the   rale  uf   t.iiiin^  M>«>t\ri   .ir   l.itct   llu- 
condition  ot   orthogonality will  lu- Jismptfil  I IT  si^.iil^  whi^ii  [ias>   thnm^h 
the  irhannol   and  the   tonmilas  usod  to  i.'aloiilatr   tlu-  i.iir\t--  JT« Miiit il v. i 1 1   tu> 
longor hold. 

10 

10  " 

f'  •, 

r/r.- 

hr. 

2 

Figure 7.10.  Depondcricc on Prub.ib i 1 1 ts 
of Error on the Number of Subch.innf 1 s 
Used in a Quasi-Oplinal Roccivor. 
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7.'*.  Slow Se lec lion Failing 

In this section we will consiiUi th.if ^»^t whe»1 t! 

rent is   ruch   vire.iti r   than   channel   nr.i r\   I ,   but "<iv n    ; i ■- ■ 

of  t id i iik;  correlat i nn 
\ 

In  this   i.ise   it   i i-iu rn i rni 

se lectiw   tad mi ipure 

i tr,.:   , 1. 
i n 11 r v a 1 

il    i  signal   occupies   ,i   relati\vl>   narruv   t^.tn. ) i t >iii' i,   . i ^ . 

the   signal   in  smcr.il   bands   separated   so muih   that   pro. < >■ ■>< •- t 

respondi n^ly (tj   are  weakl>   correlated  t<;r  the-,   it   i ^  possible   t 

frequency-diversity reeeption, i-.reat ly reducing th< pn'l.d i 1111 .t o 
will not discuss this inasmuch as probier.1- of di\ersit> reception KT 

sidered   in  Chapter  \ I . 
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In another variation [13 a linear quaJrapole tunned by a delay litn.' with 

tajis in sucli a manner that all arriving beams except the first are compensated 

for is controlled based on a test pulse in the receiver. 

The test pulse must be sent sufficiently often so that the transfer 

t i on ll(,t,) over the period of time between two impulses does not suca 

changing noticeably.  A sufficient amount of time not less than the lenr 
the channel memory 1 (the difference in movement between the first and 

quent beams) must be allocated for reception of the test pulse.  Natural 
this process A  great deal of the time allocated for infumiation t ransru 

hasted. 

,i 

i unc - 
i n 

h of 
I ■ < e - 

■ . ill 

n 1 • 

It is easy to drau an analogy between this method and \. I. Sifero 
method which was described in the preceding section. Indeed, tlu test 

a time domain acts in a way similar to that of the pilot signal in a fi 
domain. In one case unchangeabi1it\ in the coefficient of transmission 

respect to frequency (general fading) is required and in the other case 

unchangeabi 11 ty with respe-t to time (slow fading). I'he pilot signal i 
tinuously emitted but occupies only part of the assigned frequency band 
the test pulse must occupy the entire frequency band of the channel but 

part of the time used for transmission. Uoth methods are intended for 

with .i relativelv low level of interference. 

11 lat i\e 
~ . on - 
will 1 e 

on ly 

i chaniu '. 

1 he probability of error for systems with .i lest pulse ,iiui also I 

itlu-r systems in .i multtbeam channel are computed in works [I1. l."->|. 

r      ■     e 1M , 

\s .i >. onseqiu'iice ot the coi,ple.\it\ in constructing decision circui 
conditions of ir.u 111 be am propagation man\ di-signers prefer i< increase t 
length of .i si^r.il element in order To knowingly provide t\ r nuqu.ilitv 
1 (2 ■ 5)1 .md use tlu- protecti\e mtenal nethod described in ' i . t i. 
thereby making a channel .i single-beam channel with sijectixe f.ulmy,. 
ti' provide tor the required high rate ot infomatien 11 ansr.l ss i mi ,, , ,H, 

.i t-ase n J is used. vlost treqnentlv tins is dotu ' > metluuls ot ru 11 1 
cl-, innels   [U>1   and   therefore   such   s\ steps  will   he   ..■•■-i .le i ■ d   in   ih.qter 

t -    ill.Oe 1" 

he 

i n   M'dv i 

i   WIT:. 

pi' vmg 
l\ . 

(Ti  «»hürlwave   radio  channels   .ind  also   m  several     thei   communiciti   :.   .iianiu-ls 
.»  r-ode!   ol   nultibear   propagation   .s   not   sir]-',   a   .otnemenT   rrethod   ■>(   rer J esent I n, 
i   vh.ifiju*!   bsit   reilects   the  physical   essi-tui    ot   pass.i^e   ot    i   s^n.,;   wit1,   "ultipli 
ft-flections ,"   i <>r   SVJCII   channels   the   transter   tun.Tnr   n n   'M-   sit I I v .ent'.\   we 1 . 
approxtiaateü by   a  sun of  Je 11 a-funct i ons : 

//('•»)       ^ ,,.,,',:.(-        $it] 

whert-  5  is the üclav tire of the i-th bear, and   it' is its i-,: psi 
i i 

.hanges   ülowly with   t. 

.hu 

Ihi«;  forrail.i  can be  obtained  froo   I".1P   if     ,   ij j<r cubes   mfimtv 

-   ..   (t )   and  considering   th.it   several   of   the   voeltiv 
(V i 

setting   -. (t) lerts t 
I 
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(.convspoiuliny  tu   instants  ■-!" arrival   of actual  beumsj   in  the   lini'tini;  case 
remain   finite. 

l-'rom the  physica    moiie 1 ,   in   lij^ht  of the   fact   that   functions  are deter- 
mined by  processes   in   .irious   layer's   of areas   of  the   ionosphere   (or other   re- 
flectors),   it   I ,llous   that   ...(t)   can be   considered   independent   for different 

i ' 

beams.     Below we  consider several   ways   of  receiving  signals   in   such  .1   channel. 

Methods   of   Single-Beam  Discrimination 

\  significant   number of irethods  proposed   to   receive  signals  under multi- 
pith  propagation   conditions   are  based  on  discrimination  of  one  of  the   incoming 
beams.     Only  a very   few of these  methods  have   found  practical   application, 
mainly  because  of  the  complexity  of  their   instrumentation.     The  discriminated 
: ■-• i;:i   (.the   first   or most  powerful)   is  also usually  subject   to   fading,  but   this 
fading   is  now  general,   not   selective,   and does  not   impede  transmission  at   very 
hiuh  speeds,     l-urthermore,   the  fading   in  the  separate beam   is  most  often  quasi- 

* r-'k u'ji with  a  relatively   large  regular component,   for which  reason   reception 
f;.ii'lity  ef  an   isolated  bean; may  be   substantially   creator   than  that   of  all   the 
1 nt erfen ng  beams . 

\s   early   as   the   li'SU'-   in   the  United  States   a  method based  on  use  of  a 
:e.ei\int;   intenni with   1  narrow  and  automatically   cert re lied   directional   ; :ittt ; 
■ ■•   the  vertical   plans   ..MU-> ■-mi 11 1 p le  unit   steerabb    antennai   was  proposed   md 

; ;.'   into operation   in  several   long-range   dieitwave   radio communicati   n   lines. 
■ :i .'i    t b.e  ditterent   beams   arrive   at   thi    ri'ce i \, inc   ar. tt nna   iron;  di ! t'erent   .uii-Ji- 

relative   to  the  hoi'i ;oi5   this   antenna   can  discriminate   one  of   them.      I b.e   auto- 
r itic   tracking dexice permits   the  selection  ot"  the most   "pi.nvert'ul"  of  the   in 

in   the   same fashicn   the  use   ot   narr.-wly  direct imial   transmitting  ar.d   re 
.    .'. 1 nc   antennas in   communication^   lines   utili^m^   ;  nesph'-ri.    and   trepospheru 

. itter  |H-rr.it   a considerable  decree     t   e 1 ;;:-.i nat ion     !'  the   rultipath  nature  of 
pr 't' ic.it 1 on. 

Man\   other  methods   have  bee",   preposed   t>    di ^^ n rir.ate   a   si;',, ,e   bean   with 
respect   t"  the  time  of  its  arm il.     Ihe  smplest   in  concept   is   the  method 
uhich  uses   short   puiscj  signals   til   of whose  pi'wer   .     conctnt rated   ;ii   1  ^r.all 
t'r ict 1 m    't   t . :• e   I   resor\ed   f'f  ■■l"ent   t ransr i s s 1 m.,     hcri    the  ;   :1s,    Jurat 1   T-. 

a=.t    • 

w'.i h    e lenient 

!; in   :': -     imount 

ncth   1   ;-u-t   !'i 
" 1 ". 

: or-,;« • 

re 1 it i V"   1.1.;   ot   twe    id 1 aci n 

. ir-,   r!',.    ,ir >:;•::     t et   ! ■ , . 

be r-   !■ 

■ earns 

Tl,,    :>vt   lu-ir.      '•'    I'Ci'.er   input   t !■      .-.ori-.,:   t ■■ c ■-   ; . ;-    ■iMiai..   ;'..•■ 
pu 1 si s   ; I i curt    ' . '. ■      -hei- ; r.;   t'ie   ••:v. e 1 op' ■-     :    t ;.e   : adi     pi.; •■ t •-   1  , 1:  r, •      ! 
t ransr.i t ter   ir.u   .irnii.c    it   the   re ^ •■; ■. er ■ .      Mo    re .■;•,■ r  opens   for    1   ;ei-; 
ri-t   -iiv)-.   longer   than        it   tl-.'-   ! reiraeiicv   at   •.«'■'.;.■    ■'.<    ■.;^nil   e lere--.! ^    1 ;■■ 

1   wi".^  each     "her.   and   . -     e   dein,,   ;:.■    ■   Tint   .;    ••.■•r.]r.c   -v nch ror.; ;es   „ir1 

im.il   of   fix    s; r.i[,,;i-s;   »ear      1 r,   1 . >; .: ■ 1;   t f , -   . -   Ib.c   -e^.-.l   "ear    . 
••;„:••.li-   n.itvlunj;   flu    various   syr.b   i      ,i<    d; • t ;-.c'-. ■■1-t d   fror   otie   anotlt-r   1 
phi<i-.   f ri  ;\.en. \ ,      r   ar.p 11 tuile . 

^ammi 
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Pulses omitted by transmitter 

 nJUL _._^jijLnJL. 
Pulses   arriving  at   receiver 

Figure   7.13-     Multipath   Propagation   in   Short   Pulse 
Emi ss ion. 

Wo would  note  that  this  si.un'al  system  is  no*   simple because when expaiuiing 
an   impulse of  length   :   into a  Fourier  series  over  interval  T a   larj^e   [in 
principle,   an   infinite)   number of  non-rero  terms   results.     The  effective   fre- 
quency band occupied by  such  a  signal   is  ennsi dcrab ly broaiter  than   in  siinph 
systems. 

The method described  possesses   essential   defects which have prevented   it , 
as   far  as  we  know,   from beint;   reali;d   in  piactice.   at   least   in   the   shortwavi 
range where  multipath  preparation  manifest -   itse1!'  most   strongh'.     The groat-st 
obstacle   in  the  way  of using  this  method   is  the  difficulty  of producing  suf- 
ficiently   shirt   pulses  of the  power  necessar    to  assure  the   requisite   fidelitv 
of  reception. 

It   is   not,   however,   at   all   obl'.gatory   that   the  signal   be   of  an   i mini 1 so 
nature   for the   receiver tu be  afforded   the  possibility  of discriminating  oru 
of the  arriving beams.     It   suffices   for  thi "   that   the  signals  have  a base  of 
Ji I        1   and  an  approximately  uniforr   spectral   density   in   frequeno   banvl  I 
[."J.     -^uch wide-band  signals   are  often  call'-.!  noise-like,   although   i a   reality 
they   ,ir"   complete!)    regular   and   knowledge   of   tl.nr   -tincture   permits   them   to 
be  discriminated   fror  noisi    in   the   receiver.' 

I ■•!   the   s;^ e    't'  dt i mit em !   assure   tl-.at   signals   .:   (t l   represent r 
ta .i 11 ^at i ons   if  .i  ^aussi.in  prici--.      !!u\   »..in  be   ol't.iined,   for  example,  by    i 
random   i ndeper.dent   selection  of   2\ 1    M   the   corfficients  ot   a   lourier  series 
fror    i  general   aggregati1 with   i  norr.a 1   j-robabihty  di st nlmt i on,   :ero R'.athe- 

itiv.tl  expectation,   and  a  over,  di-p-r-iii  of i .   '•     Inasmuch   is  slow 

fading   i .  wader   consideration,   we   ni li   consider   the   transfer  coefficient   , . 
'i 

, •' each bear to be constant random nagmjudt - over the length of ore signal 
element . 

let 'i- remark that nowhere in all the preceding chapter^, except in isolated 
especially stipulated ex.iir.ples, w.e tto ss^e of the Signal base limited. 
Iherefore, all the earlier denveü ri^suät« remain true also for wide-band 
s ignil - . 



Let us demonstrate how one of the arriving beams is discriminated in 
coherent reception of a wide-'^and signal.  Let the incoming signal 

z'U)      V (i.-r, (/ --M,)  i "(') (7.53) 

(where N is the number of arriving beams) go to a multiplier (figure 7.1-1) in 
which it is multiplied by the signal coming from a local oscillator, equalling 
z,(t} to a constant factor of accuracy, and synchronized with one of the in- 

coming beams.  Kr convenience we will in expression (7.55) read out the lag 
time from the nu:.'i;t that the local signal begins, so that the values of 't. 

may be both neg. 
comparator systt 

.e and positive.  After multiplication and integration the 
will at readout moment t = T receive voltage 

■v r 

1 

-I J"(/K, (Z)^. 
(7.5.1) 

In contrast to the case of the single-path channel examined in Chapter 11 
expression (7.5yj contains terms which express the result of integrating the 
product of the Kcal signal and the signals ...z_[t   -   /.t.) which arrived by dif- 

ferent paths and with a lag (or a lead). 

r-^l iTj- 
*£>     Oscillater 
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Figure l.\U.     Coherent Reception of Wide-Band 
S igna1. 

In similar fashion the voltage 

.\'f     y_\\L,.':i!) .-Jt --  M^,!;   \       [H{l)?t{t]dt. 
■   i ' u 

(7.55) 

.it the readout moment will enter the comparator system, coming from the second 
multiplier circuit which has received signal :. from the second local oscillator 

Let us calculate the degree of correction introduced by the additional 
beams into the multiplication and integration results, as compared to a single- 
path channel,  for this purpose let us examine one of the integrals 

-39: 



Ji       ]   f;t1-,(/ -Ai.)-',(/)■//. (7.56) 

entering Into expression (7.54).* 

Representing : ,(.t) as a l-ourier series over the interval (O.T) we may 

write this integral as 

r t. », 
Ji  !;; fyi,/„o.■./.,..„/1 /'.»sinwiVji^^'^^'.t' 

(7.5: 

Lot  us  now  take   into  account   that  signal  base  2i:T =  -'(K,,  -  k    +   1)   is 

large  and  tli .t  tlic value  of  a"  +  b"   is  about   the  same  for all   subscripts  k 
K     .■ 

(i.e., the signal lias an adequately uniform spectral density in band !•') .  Here, 
obvi ously, 

(7.58) 

where  P  ,   is  the power of  the  signal   arriving over tlu   i-tli path, 
si 

lence   it   follows  that 

A  '-AV-K -V', (-.591 

In particular, .".t. = 0 for the beam with which the local oscillator signal 

is precisely synchronised and 

/  /  's;" 
(7.60) 

where the subscript rec denotes the beam received. 

In the genera! case where .'.t. / u, let us transform expression (".59) by 
designating m = k - k + k^/2  = k - k. - IT - 1/2 (or with even I-"!', the nearest 
whole number)■  Then 

'Strictly speaking, expression (7.54) is true in the case where the preceding 
(when t. • 0) or the following (when t. ■ 0) signal element is also :,(t). 

Otherwise the integral must be broken into two parts, from 0 to At. and from 

.".t, to T (when At. ■ 0), where in the first of these z.(t - .'.t.) is to be sub- 
j .   i 1      i 

stitutod instead of i (t - ,'.t.) if the preceding clement was 2,(t).  This re- 

finement does not affect the qualitative result which will be obtained below. 

-598- 
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IVhen  vlt'iI.K-1 i',L;   i'XprfSS u]n   ■  '.t-\     ■.%■■   t-Hit    ii'f.    jccuiu'.t   that   th<    icsiiu    is 
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•■   Y'-:>\   width   it     1 i.i  liftn  i  i.'   mo   tlif   I'.ni.'i   ti   iho  "backt;round"  drup.1 

U.      ^^   this   is   an   '••.i-i!   :'i;.vti'":,   it   is     h ^r   i/nlv   t u.s 11 no 

n.;  a  vv'i.-1 1-known   t'unntiia   f-T  the   sinv,  it   cosines.,   it.  may he  shown   that 

(    .(-0; 
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//    1   I ' '        I 
fci  ■..•, >( <• I,-'I 

/ / 1 

11 I      I 

I tu i 1'MH'     ~.>'^)   h;t^,   lisivli'S   its   pnnciiMl      .ixitnur    .1     t 0,   M.IVI-U:-: 
1 i 

IU-.I!     t     '. ilucs  vlkT <,■ n;;i ruvl  h\   v'.'n.liti  n    ., '".A/,     (' \ -      \v!"c rv    i    ; <   .i   v«!ii' 

numluT. 

\:\  t'.jct ,  when  'I        1   tl.r dciusni nalor of  cxiin-sM un   I".I i    i-lum^fs  nu^ I, 
r;ori   slowly  than  thi'  num(.Talor,   aiul  thrivfoiv  tlic  positions  ot'  thi' raximui;   ol 
tho quolifiit  almost   coincide with  thosr  ot   llu' na.vimuir,  o!'  tho  nuPK-rator.     llu' 
greatest   of  thrso maxir.utns  corrosronils   tc  k   ■    I,   !.<.'., 

and has  thi   va luo   I wiu-n  II        1 i 

Mi 

I  '        I 

.' / /        .      ' 

ii   ' 

i.e.,   substantially   k-ss   than   the jirtncipal   max inum. which   is  uniT)'.     "i he  othei 
naxumins  have oven  smaller  values. 

rigure   7 • 1 !J •      Graph  of    Function y -w, .f, 

Half of  the peak   width   at     t.   =   0 mav be  calculated  bv   findim;  the  first 
j ! . • ■ 

aluc  of   '.t     at   which   expression   (T.b.V)   becomes   ;ero.     This   occurs  WIKMI 
i 

A/.       I, •   whence   A/(      J. ■,■     I ' ... ..^ 
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rhercforc,   .*11   tho   lu-,i:;is    k-jpslinj;  or   Ja^inn   tl»it?   lutuLinttit .11   l'i-.in  b\   rmv 
than   1/1   create   only  \cr>   -»mall   potcn'. ials   .it   tht"  untput   ot   t hr  mulliplui 
ci r-ut t . 

In  the  fiecoml imiltiplur  .ill   the tu-u^   create  .1  volta^i- v>hu"h   1 ^  i-xpro-i J 
by   thv  Tirst   tcrri of  tormul.i   i~.5'<   .     ^ubst 1 tut »n^;   in   it   r   (t t    1    uu! 

:. (. t)   in  tht"   torn nt"  .1  Itwiiricr   sorics,   »»i1 mav   ^hov,   that   fui   tlic   1-th  hrar   t'. 1 ^ 

voltag'.'   : •> 
J . v .....•., 

; v.-..'.. ,.■' r.üi 

tslien    t     =  (J   (i.e.,   tor  the  fundanwntal   heatnj   this   cxpressiun equals   :eri) 

tor  signals which  are orthogonal   in  the  intensified  sense,     lor  the other beams 
it   differs   from  Sero  and with  a   random value  of   't.   it   represents   the  sum of  a 

1     ' 
largo number ul random terms.  This enables us to regard the probability distri- 
bution of .) ' as approximately normal.  In other words, all the beams, except 

the one being received, act upon the receiver in about the same wa> as normal 
fluctuation noise of uniform spectrum in frequency band 1. 

I.ct. us calculate the power of this extra noise.  It is obvious that it is 
always advisable to discriminate the must powerful incoming beam.  Let us, 
however, examine the worst case where N beams of approximately equal intensity 
arrive.  .'hen the extra noise power is about (X - I)!1.. 

At first blush it may seem that this noise, several times greater than 
signal power, would completely disrupt reception.  This would, in fact, have 
happened with small-base signals, but when FT •• I and with optimum or close to 
optimum nuthods of reception this noise has little effect on reception fidelity 
because its power is evenly distributed in frequency band I- and the complete 
spectral noise density rises by only ((N - 1)1' j/F. 

If, leaving rultipath propagation out of account, the received beam peimits 
>       -1 

a signal power to spectral noise density ratio of h" = I'./T."  the harmf ul 

effect of the remaining beams will decrease this ratio to 

_/■■, r 
,  A -■■ r 
- .1 11 

»Ü .  /.  ' < I I 

h'- 

rr 
(T.bS. 

equalling a power loss by a factor of 1 -|-1_'_''L'.' t imes 

The additional noise arising in a certain communication system is usually 
called system noise. 
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1   

Iho  nunbcr of  bcmas   in pow«T  ct^sccnsurati-   to  Ihr  t'unJjiarnt al ,  ordinarily 
Jot"*   not   rxcsH'd  three  or  tuur.      Tln-n,   ^o  th.it   the  powrr   Iv**  be  no ttore   th-u» hy 

i   fivtor  vij    »1,   it   Mif t'i v «■«.   to  provide   .i   tg^n.il   1>.IM-   on   thf   orJrr  of   the   rr • 

ijuiNiti'  v.iiue   ol   h   ,   vhikh   i ^   ortltn.trsl«   no  tu>rr   th.in   »rifr.»!   ^iindroS   unvtrr 
ijuasi-H.i> Ir i (jh  faiiitii;  conJitton*   u h^rj« tr r i«11 >   of  th<-   . .«*r whrfi   vttr !*<■**   t •> 
reCCHi'Jl.        Ihiv    lo«.»   prove»    in   i:.>»r    i.isr*    to   ' »•    !«■;«,    l••^^^.l.».h    4\    t !>r    Ictfll 
pi^cr    'I    tl \   l)u    i nlf r (r J i nt   l>f.ir<   r.ir»'l>   «•t»r«-J<   \h<-   piaiirr   ■.'1    the   ! un.J.tnrn t J 1 
(•o.ir., 

it   i •>  tio!   .it    ill  no i c ■-•> .i r»   t" rnp K'\   i.oh«rent   rivrpti.ii   to Ji »i rmi natc    i 
1 i'.ir.   in  uwli   J'.nul   Hi^n.ils,      it   is  f.is\   to  --(IOV,   th.it   the   s.iri-   nsult   n.i\   he  ol>- 
; mii'i.,   l'nr  instand",  tn   ,i i|u.iJr.itiiri'  sjstem ot   incoherent   reception,  which 
;r>\iJis,   ,i ^  w.is   shown   m  preceding   chapters,   altnosf   the   same   fidelity  as 
roherem   reception.     Moreover,   th'is  makes  the  conditions   for  synchronizing   the 
local   si^n.il  witli  the   incoming beam.     Whereas   in  coherent   reception  tliis  synchro- 
nic.ition must   be   accomplished with   iccuracy   to  a  small   traction  of  the  average 
signal   frequency period   iwhich   is  technically unrealizable   in many cases),   in 
piadraturc   reception  this  exactitude   is   limited  only  to  the width  of the basic 
peak   in  expression   (".(o) ,   i.e.,   need be  on  the  order of a   fraction of  1/1'.     As 
signal  band width   increases,   the   requisite  synchronization  accuracy grows   larger. 
\nother variety of  incoherent   reception of wide-band  signals,  which   is based 
on  the  synchronous heterodyne method,   is used  in  the "Rake" system.    As concerns 
the   results  obtained,   this  system   is   in no way  different   from  the quadrature 
method and demands  the same precise synchronization. 

There  are  possible  methods   of  incoherent   reception  of wide-band signals   with 
single-beam discrimination which  solve  the  synchronization problems more  simply, 
\mong  these we   find  the  variant   of optimum incoherent  reception based on  linear 
filters  matched with  the  signals. 

Since  the  matched  filters   are   linear the principle  of  superposition  is 
applicable  to  them  and  the  effect   of each beam   in   isolation  may be  examined. 
Because  the pulse  response  of the  filter matched  to signal   z   (t)   is g(t)   = 

=   t:   (T  -  t),  where   i   is  an  arbitrary proportionality  factor,   the  filter's  rcs- 

t.)   delivered  at moment  At.   mav be precisely ponse  at moment  t  to signal   z   ft   - 

found  to  a constant   factor by  Duhamel's   integral 
r 

" ('J      I (.V        i/.U'C-   -O'/A- 

f ?,(x   -A/,):, (r ~l-\-x)t!x      (r  A/,). 
(7.66) 

Let  us  exchange   the variable,   designate T 
the  notation .'..t'   =  T  -   t  +  At. .     Then 

t  + x  -   y,   and  also  introduce 

u(/) - : J .',(//-A/V, (,/),/.•,     (A/'.; 7), 
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fc»-.. r. tr.»'. cf>c>   t fu-   i.ink;i-   fror     f • . 
ir.'v   i   T »i     if, .     thcrvfurv,   tin-  Ji-pi iwli r.v 

1   ! >i«-   v . r rt -;    iikii JI>;   Mil^t i t ul i on   i ti  • • ^ : 

»I 
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Ihc  graph  ul'  thv envt'lopi.' of  this   tuiKtuni  a^rct-s  witti  the   .wr 
igurc 11   t 1   is   laii )t'f  .ilüiik!  the  x-a.\is   instcail  of t 

i 

envelupc  hence  has   a  sharp  peak  un   tlie  order  of  J/l   wide  at   munent   t 

I.ach incoming .HMIII forms its own peak at the proper moment and it' t h'■ t 
distance betwee.i adjacent beams is no less than J/l these peaks are not 
imposed on each c^her [Figure ".UO and therefore do not interfere as i 
case of narrow-haru. signals, "y combining the mument of readout with t 
peak,   single-beam  reception may  be   accomplished. 

Ihis 

1   ♦     I 

ra\ e 1 
supe r 

n   tlie 
he   gre atest 

lAJU. 
T77r r;_;j 

Figure 7-lb-  Voltage Envelope at Output of Filter 
Matched to Wide-Band Signal Being Received in 
Multipath Propagation. 

The power ratios in a circuit with matched filters are the same as in co- 
herent reception inasmuch as all the incoming beams set upon filters matched 
to other signals, about like fluctuation noise. 

Methods of Utilizing Several Beams 

The described methods of single-beam discrimination enable us, at least in 
principle, to get rid of interference between incoming beams, i.e., of heavy 
(Uayleigh) selective fading and of echoing; but the fidelity of reception by 
these methods is determined only by the power of the single discriminated beam. 
The question naturally arises whether it is not possible to use our knowledge 
of the structure of the multipath signal to separate the incoming beams and 
add them in such a way as to get the whole power of the entire signal and thus 
increase reception fidelity. 

The addition of incoming beams may also employ wide-band signals which 
permit the incoming beams to be separated [21, 28],  This concept has been put 
into practice in the already mentioned Rake shortwave system [18],  Figure ".17 
presents a simplified block diagram of the Rake receiving unit.  As already 
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:.t i v ;•.>.■ J ,   tl'.i*   s\>ti-r.   ,iM-s   u id«.'•b.inil   si^n.il--,   \ .■   !• 

iillClU\     I'.lIlvJ lU  k v    .uul  i- UmiMit    U'-if t li 1. 
•   1 C'l.i 1 • 

• I » l;.i 1    • 

Jl I i-'>v .      I u   :\  11 i .i   - j t i muni   i iu v'hi , i i ';   ii ^ i pt i • r   l'\   11,<-   r.« t !.>K!   >'i   ^ »:,v •.; 
hft i-rud> m ii»;  tin'   rfViivinj; ur.it   .-.-t-.t ii iv   tv^v    I.. .1   si>'.n.i!   n.-i.< : i'nr^  wtuJ    i' 

>I I'dllv.-! f I ,ilW: I ! t V J    ^ I k!! ^11.11 
1 

• 1 h 

»r^otu-nt s   sluiti'J  l>\   ^c i    I IIMUI n 

7 • 

r6- 

^JH ,- 
>• 

'► SH 

'„I 

ic! 

.'J 
J 

i n 

^ i n n, 
Figure   7.1 7-     S i mp 1 i''i eO   Block   Diagram ut   deceiving  U' 
Lhe   "Rake"   System.     Key;    I,   Ftur  meaburing   t 1 1 t e'   E;   2,   biqn.il 
generalor   z   (t);   3>   Signal;   k,   Delay   lint.-;   b,   MirOsurinq   f : I ! er ; 

6,   Auxiliary   generator        ;   7,   Kinematic   fitlei ;   8,   Deie.t'.'- . 

9,   Comparing   device;    10,   Detector;    II,   K'nenat'c.   ';lier.    I.. 
Dec is i on , 

lhe   received   signal   goes   to   a   delay   line  WIIOM.
1
   t: ir.- . t    ti:;c   rtir-t   '< 

less   than  maxunuin  relative   titiio   lac     t ut'  the  beams  u:uier  coiih ide fat i. 
p-.ax 

and   in  the  given sy^teni  is  S msec.      Hi 
intervals  of   I   1 ,   i.e.,   lUU  nicrusec. 

-   1 i ne has   t. • v.l  t a; ^   ■. !;  1- t:. 
1 hus ,   the   t ot a 1   numh-e i   of   t ir ■ 

si des   i s   ' t        i; 

max 
.^O , he   t ap -   a re    'oi ;;ec 11 i! i   t the itipli- 

mu 11 i p 1 i ers-of  tlie   tvip   tap^   is   i"ed  a   voltage   ;'re::    iocil   ■ igna!   , eiv r,i;>'r   . ,   ! 

and   to   those  of  the   hottoin  taps,   fr^. ■■   tlie   local   geiierater  signal   .  ,   '    . 

.'he   local   signal   generate>rs   art   so  synJiron i .:e..:   that   the  l-egi:;: ; :h   of 
their element  coincides with  the  iiiüti.ent   the beginning of  the  eiereir   oi' the 
received  signal  which  has   traverse.;   the  shortest   path   appears   at   the   last   tap 
of  the  delay   line.     Then  at   the   last   pair of multipliers   there    ippear  coltaces 
which   contain   frequency  component     ,    l.Sec  Note   '   to  (hi; ter-   l\ '    iiui  wit'     i;i 

amplitude  proportional   to values   of V     [4.11J   and   correspoml i ng   ti    tin   i:;a\ in.iai 

of  the   curve   in  figure   ".IS,     The   remaining beams,   provided   they   lag  the   fiisi 
by  more   than   1/1',  will   generate  no  perceptible  voltage  of  frequency m   the 
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I.Ast   j'.iir  ot   tnui 11p 111-rs ,  lu'vaiiM-   fi»r  thm th»-  .il"s».'i %s.1  o\   Uu-   vur\<-   in 
ll^urr   ~. 1 .'■>   lies  oulsiJc  ihc pruuipal  naxmur..     lint   r.tvh   LigglH):  tu-.ir.   1 ••   .1! 
SUDC  one   tap  synihrom ;rvl with  the   local   •«ij:».»!   t*rncrator wit*,  an  aviiirav'%   ol 
iu> worM-  thou   1.1   .ind ^i-nt-rati-s  vültaRcs  of  fretjiu-nc) at   11 ••   i orrcsponJinj; 

cult ipliors and <*\xh   ir.pl 1 tiulrs pruport i»nal  Xv tin- \.ilu  ■> nt   \     for  tl>.it  l-t ar. 

llms,   thf  siTics   i>t   mull ipl UT««   * .ic-  nl't.uii distinct   effects   t ror   th«-   in 
coming l>oams.     Hut,  on  tlu   oiher hand,  taost   of the nul^plier*«  >K' net   s.itisl\ 
tin   stipulation of  synchronism   uul  voltage-   arc  se^reRated on  thi-ns which  .ire 
(jenorated ünl>   In   IIOI^I . 

Ihe  voltage <>!   fre>(iieno frotr   the  output   of  each  multiplier   >:o  to  .1 

second multiphei   inverl   l<,   x >  the  second  input  of which   is   fed  .1  \olt.i>:»-  of 
frcqucnc> -      ,  freTi  .1 measuring   filter.     Ihi^  coltage  also has   an  amplitude 

approximately  proportumal   to  the mean-square  value I)    of  the  volt.i^.e   generated 

In   the  corresponding beam.     Iherc   is   .1 measuring  filler of this  sort   in  the  »ii 
cuit   of each pair of  t.ips.     Ii^ure   ".1"  shows   the  connection of  this   filtir nnl> 
tor   the   last   pair  of  t.ip-,     it   consists   of  the   following   the  voltages   of   t're- 
quency   '     obtained  .it   the   output   of   the  ir.ul t 1 p 11 ers   ot'   ,1  Riven   lap   are   added 

and   fed   to  mixer  SM;   there   they   .nv  nxed with  the   oscillations   ol   the   auxili.in 
generator of  sinusoidal  waves  of  frequencv     ,   (common  to  all   the   taps),   and  tin 

emitted  oscillations   of   frequency ,  are   fed  to  .1  narrow-ba;id measuring 

filter whose passbanü   is   of  the  order of   1   eps   (matching  the   fluctuation   rat» 
of   the   state   of   the   ionosphere).      Ihercfore   the   voltage   at   the   output   of   the 
filter   is   almost   independent   of muse  and   1 ■-  determined by  the  power  of  th'. 
corresponding beam.     In  particular,   .it   the  output   of  the   filter  of  the   tap   in 
which not  one beam was  synchronized \%ith  the  signals  of  the   local   generators 
this  voltage   is  practically   :ero,   hence   there   is   likewise  no voltage   at   the 
output   of  the multipliers   K of  this   tap.     As   for  the   circuits  of   the   "active" 
taps   in  which   .1   certain  beam   is   separated,   then   at   the   output   of   the  multipliers 
H  there  are  voltage     of   frequency   ',   and  amplitude   approximately proportional   to 
the produce  \   U.. 1 r  1 

The   initial  phase  of  the voltages  of  frequency     ,  at   the  outputs  of  the 

multipliers   H  at   all   the   taps   is   the   same  and  agrees with  the   initial   phase  of 
the  auxiliary  generator.     We  easily   satisfy  ourselves   of  this  by   tracing  all   the 
frequency  conversions   through   the   circuit   and  taking   into  account   that   the 
initial   phases   are   transformed   in   the  mixers   (multipliers)   nist   as   are   the   fre- 
quencies,      iherefore,   by   feeding  all   these  voltages   from  the  upper   taps   to   one 
common bus   and all   the voltages   from  the   lower  taps   to  another common  bus we 
can  arithmetically  add the  amplitudes  of the  currents   resulting  from the pro- 
cessing of each beam.     Therefore we   are  here  practically  effectuating   almost 
coherent   addition  of  the   individual   beams   (accurate  to  the  noise   at   the  output 
of the  measuring  filter). 

The   thus   added voltages   from  the   z    and  :,  signal   buses  go  to kinematic   fil- 

ters  tuned  to  frequency  .' .,  and  screening out  the other harmonic   components,   are 
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then  vli-t r«. lr J,   and   in-   lurj'.irr.J   in   .1   v o^'■"■••'^ r •     '"   lHis  J» 11*. t > un   !hc   inti-r 
n.it itin   .i(>t>wl   si^ji.ii  ph.iM-   is   |i>*t.      Ihcrrfor»'  Ihr  f .»I <•   rcc«-i\rr   pt-rfi-m«   sn 
kOhcrt-nt   ilctntion of   the   M^n.il   ohlaincJ   irvr  küherrnt   »Jilt t ton  of   the   K-.ir-.. 

I'1 •>>.■ rfti-  >;<ni-r.it ors  of bin.ir%   srxjuctu 1 r*.   in   .hilt   r«>:i ^ tirs  ».ith  ic<Jb.ul 
.irv  tj*rJ   »n  the  R.ilc   systt-r.  to  «h.ipi-  uiUr-b.mJ tuiiv«-   lile   «i^n.il«   (•><■<•,   for 
rx.inplf   (.'ü)i.     such   .1   ^rnrr.itor  <T-I t •>   .»  sr.jiuncr   i'l   j-ulvi-^   ■■!   t'ositi1.«-   irj! 
iu>:.iti\i-   pol.inl)   with   .t   length   it   0.1   civti'^tk   v\it\    s .'-   rivrtsfv Ihr   JM r 1 ■-! 
1)8'   .1   sc^iinui-   kOtitain-.    IÜ.'>  [Hil*cs   .UU!   lasts   ''."'.'.'•   r-<-v .      IV.is   r»i«-rj<   the 
-.niriin  propagation  .11 I 1 i-ntur   ohspr\ril   «n   the   shortwaw   ban.l 

Ihi-  pulsis   ri'iiMVfd    in   dfllvcrrJ   to  .1   tiltir  with   a  passb.md  ol    IC   K    it 
thi'   output   of   whu"h   tin-   noise-likf   voltage   is   seraratej.      \i<   ilevr^ase   the   peafc 
factor   this   \i'lt.n;e   is   linited  with   respeet   to r.avirur   ar.J  linn   goeo   Xv   .iiu'th.-r 
1 liter   also having  .1 pas*>hand  oi   In  kc.      Inasnuch   .is   the  generators   .•!   the 
pulse  sequences,   tiltt rs,   and   limiters   111 the  transmitting   uul  ree« I'-.n^-  .lr- 
vices   are   the   «are,   it    is   possible   tu   obtain  practically   identical   tiii-e-lili 
volt ages. 

|iy  sequential   t rans format M'fif   the   t rei|iiencies   terr  .1  si^n-il   in  the  working 
band  of   frequencies.      I he   s.ir.e   noise-like   voltage   is   iiM-d   t,    obtain   signal   pur 

(I     and   :,(tl   but   the   .iverage   frequencies   differ hi      I        1 w ! . s   i,ps.      ihis 
' 1 
permits  modul.ition   in  tlie   frequenc«   t r.msforning 
dev 1ce. 

■ 1 r en 1 • I    t he   t ran sr; 11 1 ng 

Ihe   length  of  eler.ent   I    -   JJ   msec        1     f   is   not   equal   to   .irul   m T   .1   multiple 
of   the   length  of  tin   period  of   the   generator of  the  noise-like   signal.     However, 
this   does  not   alter   the   conditions   of  optimal   incoherent   reception   masmuh   .is 

with   synchronized  fuiutiomng  0}   the   generators   in  the   t ransri 11 ing  and   reci iving 
devices   reception  of  e ich  eler.'-nt   .ir(>unt •   to adopting    1  decision   as   t(   which  of 
tu*    signals was   tr.insm  ttevl  and  the   shape--  of  the  expected  signals   are  t nown 
(\» 11 h   the  degree  of  syi    liromsir   attainablt    in  practice  i>ith  an   .ucur.uv   to  the 
initial   phase)   although   thev    ire   different   for  different   elements. 

it   the  number of   re.vived  bi'ams   and   the   ratios   of   -if.nal   power   to   spectral 
noise   density   are   known     n   each   beam,   the 
from   fonrui 1 a   f 0 . b.S 1 . 

irobabilitv   ot   error rav   bi leulated 

Inasmuch   as   the   period   of   a   noise-like   signal   i1-   S..". Jj   msec   more   than   tile 
memory  of   channel   I    (v»hich     s   a   shortwave   radio channel   coincides  with   tlie  pro- 
pagation  difference  between   'he   first   and  subsequent   bears   and  usualIv   Jo-s   not 
exceed   '<-<> mseel,   the   signals    irnving  bv   different   paths   to  the   receiver 
are   alr.osf   orthogonal   regardless   n)   the   length  of  e'ement   I.      I!.is  permits   in 
principle   increasing   the   rated  transmission  speed   in  a  multibeam  channel  when 
there   is   appropriate  widening  ol   the   frequence Vind  I    to provide   a   sufficient!) 
large base.     Incidentally,   it   shi ild  be borne   in mind  that  with  a  freouencv band 
greater  than  appro.ximate ly   100   KH.   the   transfer   function  of a  wide-band radio 
channel   nay   not   be   approximated   by   formula   (7..'in   since   the   diffuse   nature   of 
each   reflected  beam  begins   to   fake   1 ffect   and   the   de 11a-function  rust   be   re- 
placed   by   transfer   functions   of   fini"e   length.      111   such   a   situation   the   signal 
mist   be   subjected  to more  complex  pn  "essing   than   in   the  kake   svsten   [3]. 
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.n   Xht.-   ri v v i v i tik  Jiv J ^ r in IJ;II.»1    i >•   anfljliv^!   .in4   : t'i   »-^v T r uitn   ^ lu ! T 
to   thi-   JVITJ^V   fr»|^ut'H^.^   5        I    ■   I. > .     Hu-   ir«"mji ninj;   I'I'vqiiucn»." >c t«   ^ho*.«)   in 

."0 Ul;,     ,       ■*  »ff;.     ihm 'acasurinR  fiHer» arc  tunrUi to I t£im-   *. I'   .iri- 

t rcquifit, > 
il 

1   J.H:   an^ have  .» |iji>*!ianv!  on  the  order of  1   v-p^       Ml 

or   11 near) t v   >« i T Ih i n   T r« c ilt ipl lern   iBi»rr»i   ws»   r '>:•(>   Suhi^   aril  |>ro\iil 
Imits  ol   .i  J> n.ni o   f.m^r  ,t   luO   ill". 

\   •.\steffi   tor   reveu«nn  wide  {•».mJ  ^i^n.!:-   «..vmiJ 'i   Joiicned  uhu?i  v.ou]J 
pcrtorc   incuhcrrnt   adJitiot)  o{   thi-   tncomsnn   (•»■imis  h.   tm-.inv  > l   mat-KrJ   liltvT- 
Vs   t tu   prf*.fd» tijc   M-vtii't,   Jen. us t f.if t'J ,   the   •.    II ■(■    tt..rlu;'<    .lit   the   mittut   ol 
a   tiltei   £.»1 ched   to  t r.insai t ted  si^n.ii        't     '..i*   pt-.ik-v  proport t nru» 1   i.'   the 

value   of  \      tor   everv  bear ,   .md   thev   Jo   ni 1   'Mtu.tlh   inerl.»'   it   thi-   Jiltererw« 
r ■ 

In   cjurje  ot   the   adjacent ^earis   exceeds   1'?.      By   detect ini;  t h i s eine'. ope  v>ith 

a quadratic  detector   .md  fi-eding   the  »litovti   ■■   result   to  .i  capacitoi   v.«      ,i:. 
under  vert.tin  conditions  oltain  .i voltage  proportional   tv   the   sum -t   thi 
squares   ut   these   values   tor   .ill   the   nuor.-.nn   hearcs. 

Ii^iire   ".IS  shows   sui.li  a   svsteni   tor   receiving  wiJr tvand   s-.gnals 
I    •   I,.     Ik-re   the  capacitor  charges   Jirectlx   b>   the  ditteren\.e   helween 
detectors.      It   is   connected  to   the  detector  circuit   at  Doment   I   ul'  III 
ending ot'  the  elet.etit   in  the   first   ot   the   arriving be.ir.s  „md  remains 
for   time I .     At  moment   I   •   I   the  voltage  on  the  capacitor  i^   re.id out 
decision   is   reached  .is   to the  si^n.il   transmitted  based on   its   sign, 
the   capacitor   is   di scomucted   fror   the   Jelevt' r   ».ircuit   and  at   moment 
fwhere   '  ■        < T1   discharges   m   readiness   to   ■•voivo  the  next   element 
curves   show   th"  voltages   it   different  points   in  the  circuit   in   recept 

.hen 
the   two 

e 
v unneit■ J 

.uul   .1 
\tter   thi- 

I   ♦   I 

.      I h ■ 
loll    Of 

sen es   of  s i gn.i 1 s   :,;,,;.. 

\t first blush tins system of reception is simpler than the Hake 
Specifically, here the requirements fur synchronization uf tr.m-ritti 
cciving devices are less rigid. However, it is necessary to consider 
filter matched with  ,i   -o-plox   signal   is   far   from being  sitn] le   [1^]. 

met hod . 
\g   ami   re 
that   .i 

the probability  ol   err'ir   in  .nu   sv>ter.i with  bo.in adJition  depends  en  the 
number of beams   and  on   their   intensity.      if   the  number of beams   is   known   and   tin 
ratios between   signal   power  and   spectral   noise  densitv   in  each be.mi  are  known, 
with quadratic  beam  addition   (for example,   in   the  diagram  shown  in  figure   ~.lbi 
the  probability  of  error  can  In    calculated   from,   turmula   fb.lO.      it   is   son-wh.it 
greater  than   in   J  Rake  system   iformula   (ti.toli. 

Fast   Fading   in   a  Hu 11 i beani Channel 

All   systems  previously  named which  are   intended   for multibeam  channels   pro 
suppose   rather  slow   fading   in  each  of  the  be.ir.s.     Ivitli   fast   tailing when        •     I 

a r.uilibeam  channel   with   I       i    i ^   a Category   II   channel   and  this  greatly 
hinders  processing  of  the  received  signal.      Ihe  only  system known   U   the  author 
which   retains  working   capacity  under  these   conditions was   first   suggested   in 
ly.'y  and was  named  AM!.   (Ant i-Mul tipath  l.quipment} --a device   for protecting 
against  multibeam propagation. 
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UM ltcr   -«l it   de-iJ Ij 

^_      bd • Hx/U. —- .. ( 

r   i - t 

figure   /, 18        M.i'.cN'd   •     lu-r   Sy-Ir'-   t.   r   PeCcivinq   WI Jo- 
Bd^iJ   Signal-.   d"d   Aodi'-q   E'.r.i'"   ^iv;ci s . 

Ir;   '    is   s\ s r i-m   t > i   ! i in sp     . ■ i ,II    ^ t'  1    ;". .n »   sync '■ t s   >      anJ   '   ,   it)   .u v ' i J.itu i 

ith   .i   i-ort.iir-,   • ru^r.i     us>    i ^  r  iJi      :   n 

.-, , (;i     u '■*•...,   '   ' 

■ 1   Ji 11 LTi-nt   s ; r.;-1 •,■   si ^n.i l • 

.,' .-,.(/)      .7." l   r   s\— hol   \    . 

lor   svrbol 
•,,J'\       u-( .f 

in   transmission  ot   ihc   ; i rst   i-h-iniMit   si^n.il 
1 .1 

t      is   rr i t ti' .-nibol 

1 
sliould hv  transmiltod or  :,     iti   it   svrlu 1   \ ,  should h'  I r.insm ttrd.     in   the 

SL-L';IU1 clcmi-nt  use   is  niadi   cf  ^I^IM t     of   : ,   ,(t >   rcspi'ct ivol\ ,  ftk. . , 

antil   transmission   in the n  th  i-lcm.'nt   of  sicnal   :,     ft)   or  ;,     (t).     In  tlu- 
1 , n      - , n 

!n ♦ ij-th element a>;.un use i^ made ot" signals :. , (t) ;ind :-, .ft I and then 
I t a. - I ' 

the cycle r -leats itself.  Ihe ^fquence o! frequencies is shown in ii^ure ".19. 
Ihc spread between adjacent frequencies rust be sufficient 1> >;n.':it so tha'i 
signal spectra, with .iccount t.:U-n of tlieir widening due To lading, do nut 
overl a| . 

Ihc number of pairs of frequencies n i< selected based on the ondition 
ni   I., therefore after reception of a certain signal .   it' this -are signal 
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Uli. ^a 

whi-n 
pcmi 

.1 t»^ 
t i V»J ! 

JJ. j t ! c 

j'.u rcJ   <ijtnjl   :.     '''   "••^   -»f1   v« 

!hf   .it r is 11   oi   .il 1  K .ut\ 

.«t   .in   ifij'iit   only   .iltff   ll»«.-    I.»|>*c   ni 

i rtM   .i crri i *'ts* 1\   i ron^Ri t le«!  »igin.t!  rn»H .     Uns 
t <■  Ji «\ r inmat mi: «.ITJI   I  rcivii«-r   trat»   th.it  Iv.m.l of  frcqurni if^   ifi  whiifi   .«{ 
er.   ttrjc   th»-   .irri«.i)   >v5   th»-   rain bv.m   i •>   cipffk"! cJ,   ■»*   »h«»wr   I <T   ihr   J»'«r 
.ir   n-vciwr   *hi"i.n   in   lijjurr   "'. .'ü.      Ihv   fw.sas   v orrvsjuinJj ng   to   ?•><■   !r.in> 
d   »i^nal»   h.i.i-   ! ri-.|inn>. n-s   nyt   i.illtn^   > n   ihr  j.^vb.inJ  oi   th«    inv« r. <t'. 

• ••• 

i 

J 
_r 

uH 
J 

fiqufi' /.IJ.  0 i s l f i but i on of Frc 
Quf-^'i'^ in aP "ME Systcf"  SolitS 
I >'•!.■ a t reoufne ics of /, , Broten 

I i ■ •• .    f regume i rs   C'f    f , . 

figure    ".20.      T r ^rsci s >. i on   of    Sr- 
(juonc c  o-f   S v^bo K   y . v . , v   , v    , ,    , > 

' S*1 V8 it r 0   «'«r c .i -v   S ^o.v   P. «• c <• i v c •"'   ^ .1 s"» ■ 
b.'jidv )     So lid   H nc ,   f t r s •.   bear" . 
Booten    line,    sub'.CQui-'n t    (cj^s . 

TH i <     ^S s t i--    jHM .».-.■-  ivh i ^ h   .irv il i» i th   rc-'j- i: ■•  <■ 11 r mit i ni; 
-.„»in hv.m b>   norr 1h.in   !.     !hi-  !'«• ir -   uitl   l'hc   Irs ■   Jrl.»v<.   .u-f   p.irti ill> 
ri-vi-i.iT   .IHKI  >ri'.itr   .nl.l i ! i->:i 11   i ntiTlV rrm't   t.iviim: tut   h.n<   nc  i-Jti.: 
;■: i   n     t    -iib'-i-,;iii-f.t   IT.I^.S        UVI    U-s^   1    ; - „,  th''  hotttr   .irv   inlrrfrrsn); 
l im-...it i'ii.     I r>»r.  :his  point   ot   v icv,   it   !■   ilrsir.tblf   to kifvrcisr   I   .itu! , 
powi-r   of   .i   si^;i,il   is   i nMif f 11." icnt   l'o  provulv   thr   rr.iuirc«!   !ivii i i ''k . 
frriju^ru >-1 ir.c  J. i'. iT'i 11\   ri'.opt ion ,   transm 11 in^  sc\cral   sci|Ut'nli it 
s   tor  om'   ^'oili   s\nhol.     lloKi-xcr,   .r-  ».an  o.i^ily lv  -ft-n,   -hortrntne   1 

,.n   th. 
■ it- ii. <■ 

hi' irs i' 

i f   th« 

t '       U^ l 

■'!• r.rnt 
lo.u)«   r.    il jirM   wiJ'-ti;Tn:  "j   t1',;-   ';i r.),!! n, \   b.irul o^iupicl Awv  fn  t In1  iiHrt'-isi 

•i    iiui kuk-nini;   ol   llv   ^pi'vtnir   of räch  «itünal   r lerfn* . 
i f. 

By making the reecr. in^; .i<.'\ UT ruro cor.pk-.v it is possible Xc  u^c nc 
rl"  s.ib^oqurnt   bears   Mr.ii.ir   tu  t tu-  w.is   ■-tu.vun   in  !ij;ur<   ".!('.      fhc iii f t'rrtMU t    ir 
frequencies  permits    (etn-muninp  e.\,utl\   to what   >ij;nal  element   .i  pven   re 
ccucil  osvtllation   shvMihi be   relegated,   e\ i'ii   if   it   arm e«;   later  than  osctl 
iation^   corr^spondi np  to   sulvicquvr t   elcntnts. 

umring;  up v.h.it   h,i tn-en thi L'haj' ter,   we   iv te   that    i' r i n < 
channels  with,  parameter'-  ishith  ehan^e   rapiJly   and  depend on  trennen«)   arc  en- 
tirely  suitable  for  transmi 11 inn  discrete raossaj;cs .     lurihcrmorc,  with  the 
selected  signals   in  the proper  form  it   i^  pe-ssiblo  to ^et  a hi^hoi   ui^rce  of 
fidelity   in  such  channel'-  than   in  channels  with  slou  general   failing.      iowevcr, 
decision principles   in many ca^e«;   are  complex  and difficult   lo  implenent,   es- 
pecially when  it   i^  necessary  to  transmit   information at   a  great   rate,   exceeding 
1/1 . 
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1.      {Wv  ^cv^ioit   ".I)      Hu-   cow^S nil I i on  ol'  enmlvla  "t   .1   ch.mnrS   w 1 J I» 
! fouucncy-dvponJcinil   v^noblr j'.ir *Kft n-r--   i •<  «.Iv-v rilu-J (»jsicdl ly  " 11  .1.^ .,'rii.»!ui- 

url.:«.   |1.   .'.   SJ.     ^^■^,l•l>l'   di'}> .1 r't u re •»  urt  Jut'  to  a,n i-IJor:   lo  urtv^t   Ulu 
» .^.. _    ■ .*. 1    . *.    I 1        'I    . 1... - ..   • a fi... --.    ^ JI. ..    »  . (Wf. 

ta 1 I h   u 

t r .IRN tursi w'..    h 

J   in   [I,  .'1 whcr»'  ifu-  .luthurs n,(,i.«.- Syrnal usv ot   .1 Suun 
Xhvy   (.Hi*   iu>t   to f»i">t   lot   si|u.irv'J  liinRti-^ r.nl .1I1 h-   turuti 
, • k. . .. > f       „r.,       > i.  . 1 ■ e  ■ .    ., f  .    , •>        ....     .   . ei ... • I   . >-    .. t-. 1...... .     A.   . .      t. .. .UtJ    She»     .llsw,    telthulit     .»tU    kj.VJ.I J 1 t I v *lT I .•II 

I ISM tt-vi  spc» t r\i~ . 

ut 1 <.• t 

I'. 

^ 1 v I 1 v-r» I hi ITI--.int .i? 1 .»r,   of    tufu t i .MI ••   h. 

*sh'!*."li   1 •«  iH't   v'J t'i. tit   ljnit|-JI   IM  t hi    l-.'iT.  u»   .1   >.ut i-1 n 1^ HI.   •HTU
-
;«   ' ". 1! 

■. " . i.«t   »hiHiIJ  In-   i.oii> lik'Tt-J   .1*   .ip^ro* in iti-.      Ihi-   .ui'^.n;!- rii'.in-Mju.m'   r 
m  it   1, .in be  vK-J uu-J  t^   .1  : r.i». t wti  o!   tfx- fowcr   ot   the  t »action Sn-in^ 
uhich   liv-  l'r>vuJ   thr   Ijcul*   >*!   t'ic   "bounditry"   1 ti-.jUi'ru y,     Iho  higher 
ifucncj   M-1 c c t vJ  the  itorji-   rijiulh   Ku   sj-t A t IVJR   I^   Jaafcd lieyond   its   lira 
tht^ raori*   .»ccur.itt"   1-^   thi"   rcprt'M'lttat ion   fsc«1,   tor vy.iEiyU-   [-'J.   2'->] . 
note  th.it   it'  .1  ^i^tuil   ypcctnim Jiraini >hi'"«  inith  xn   iruri.tM   in      mirt   r 
th.i.n transfer   function M.'-.i'.   then an .ipprox(im.itf  "bouiulary" ^i^n.tl 
quviuk   t.in  tu   uscJ   S.-r     ,   in  luirml.i   i'.ll   .      ilir   s.mr  i'iit.iiH-.   t 
su 1 .i   1 ■*.].">) , 

Hi: 

tin   ' 
1 ! • 

apul 
! n 
in  11 

>. [Sw soition ~. 1 1 1 tu' th.ifuu-l -.Osiris shofcii m 'inures ~.J .nio ". - 
,»1MI encompass th^se casts ^hv: .1 si^'i.tl ur 1 t •• scj>.ir.iti' compunent s' .n^i', 
a Jojipler   frvijui-ncv   st.it; .     It   1 ■>   i-as^   to  '-i'i-,   loi'  ixarpli .   that   if        '* 

,11  cos     X   aiu 1'   --Mi.      t.    thru   thv   aticula)    t I ri.uiIK i v.   v!    .it.    11 1 1 ■• 1 

>. i^n.ii   t>tll   be   shi. StL-J.  i>\        .     ueneraii)    -i 1 at. ; tiy; ,   1!   -i^nal   ;; t 1        l-V    ■   t) 
p.issc«.   throiiich   a   t.iiiin^  chamu'I ,   tiu1   -.(,i;r..ii   at   channel  output   is   ixpia 1   t. 

Pf'l-(e){'. \)     ■■•.,,()i;     pr c }n(i " r,rf     ;;,,!. 

where   .(l.)   Jet'ine>   a  ch «lee   in  fiuelone   and    <{') 
».!>■ is   thf   change   1n  phase 

Ihe  derivative  J.   Jt   represents 
fading  model   or  a r.uitibe.ur, r.od< 
channel.     Ke will   note   that   it 
''e.uns   Icaused,   for  example,   by   a   shift 
part   vleterr.IT.I -   mterterence   t.i.liti^. 

Juppier  shift   in  frequency.     In   1  sv u-.tr.i 
this  pertanis   to  srpar.ite branch''-   1 r.   a 
the   Joppäer  shift   in  frequency   ir   'eparatt 

in  rei'lectuii;  ureas)  which   t\ r  the r.o- 

•1.      (See   Section   ". 1 ;      Ihe  definition   ^iven  he*',    for (ategon 
( atcgory   II   channels   is   in  accordance  vvith  work   [b]   and alse with   .1 
^ivcn by  P.   c.reen at   the Ml-Unton Stientific  Session of the Scienti 
iechmcal   Society of  Radio I r.^i neer inc  .111J   1 e leconununi cat ions  named 
1'opov   in   196*.     A   somewhat   different   definitioi. was   suggested  h>   V, 
[5]  who  relegates   to Category   I   those  channels   tn which  the passbant 
than  the  totaJ  width  of  the  fluctuation  spectrum  of  transfer  coei'fu 
all  beaifts.     Ihese   two  def 1111 * i üüIS   in  essence   cmnctdc   if   it   is  cons 
in  a  channel   a  correction   in  the  phase-frequency  characteristic  taK 
since   in   this   case   the   length  of   response  can be   considered   inverse 
tional   to  the passband. 
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iSco  Section  7.2      IVt- will   present   ;i pruot'  tu  shuw that   a^iong  constant 
linear  circuits  witii  ,i  given  ampli tuJe-freijuency   characteri st' c     "(j.)     a 
circuit  with  .i   linear phase-t'requenc>   characteristic  lias   the   least  mean-square 
length of  response.     Let   : (j . I   =  (,'(   lexp[-j ; (. J ].     The  circuit   impulse  transfer 
function of li(,)   is  a  f'ourier tran<fonn of   :(J.)   and  for physically  realizable 
Circuits  IK')   equals   ;ero when 0.     Isit'i   ::  physically   realizable  stable   cir- 
cuit   ! (J • J  when IH'l   are   integrataMe when squared.     The  derivative d:(. ),'d. 
defines   the  phase   lag  of   a  signal   in   the   circuit. 

IVe  will   introduce  the   following  definitions.     Iv'e will   call   the   following 
the   average  phase   lag 

\ 9 (..«1'■» (u' .',j 

fr- 
[T.bV) 

id)   '(»> 

and  ihv   t'oilcnvin^  the mcan-suiKuv  oi"  the  ph:iso   l.i^ 

f V,,,.' ■•„„    ,, 

(~roj 

MrnJarly,  wc  will   call   the   fallowing  the  average  group   lai 

i 

\>r,. 

.tiui   the   to 1 lowi r:y;   the  nioan-sujarv   i.M"  t ho   ^rouj    i .i >; 

■rf 

(•.'.V (•.).'■. 
n 

j) 

A<.'  will   f i rst   show   t hat 

lir ' (j . i   -   a( . '   and   Ir.: M . '   = 

.: (,. Whence , 

9M „'u,   [ 

1 er  this  jHirjiose we  will   designate 

Then  C" I . I   -•   a" f . )   +  b~ I . i   and   : ( , 1 

t ■.■■>.) 

where   the  priir.es   indicate  derives   with   respect   !• 

Substituting   [".TÄl   in   (~.<>9l   we  obtain 

U I 
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But 

[7.7 A] 

f [b  (ü)),J [tu)    -.<!>)) 6 {<■))] .Zu 

r 

,7(1..) f   //(••)-•    I»'--.'-. 

0 

r 

6-..,)      ^ //f.) .(,.<..•./-., 

U 

ü'(tü)        •      \   -V/ I') -in u>-..l\. 

ü 

r« 

u 

rhc-ct'ore, considering that ;t(.) is an oven and 1>(.J is an odd faction, 
we obtai n -r, 

\ 1^' tfJ) J ((,,) " ' '•'' {U1) h l^) •''t') 

- j 

[  [,i(w) ( -.//(OM.SO.-.,.'-. ■  6|i..) I -.//(■.)-in (.i:;-.l .'i.) 
J       * 

- -JC        I' U 

r » 

\ 1 -//(-.) ['!{■••)  j(> (<..)!. MM/"-)--"'1 

• J 0 

Substituting this result in (".Til and changing the order of integration (.which 
is easily seen to be j •■ rmissible) and also considering that according to the 
1'lansherel theorem 

1   ;■ 
U:(.).'-. ,.; j OH••'•'■ t". S) 

we obtain 2.-. f-.//'r.) .'-.  (-.//M-l'''' 

{"."hl 

lurther,   we  will   find   the  dependence  between   -_   and   ■    .     Inasmuch  as   T11(,-) 

is   the  lourier  transform of d;(j.)/d.. ,   then 

f   , '   CI i/'l'i'■')  I5 i     r 

U U x 

■ ((öl 

[, .      i 
C ■• (MI (- r>(uiv iw)i,/u. 

Substituting  this   expression   in   17.72)   and   considering   (7.",S)   we  obtaii 
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S:   ■ »Ji I (7.78) 

Wo UcfiiK'  tlic mean-square   length  ot   response  as 
Or 

u 

t   can  eas i 1 v 1 ■•  seen  that II I 
or,   considering   (7.7h)   ami   (7."81 

/.>.  ?; 

Jj —JC (7.79) 

+ —'; 
j" C (w) ,/ü 

Ihc  second  ten:i on  the  right   side  is  determined  completely by  the  given 
amp 1itude-frequency   characteristic  of  the   circuit   and  the   first   term   is  not 
negative.     it   follows   that   1.     reaches  a niiniraul  magnitud',   when  the   first   term 
is  equal   to   zero.     for  this  purpose   it   is  essentia'   that   ■•(..]   =     ,   -   const., 

i.e.,   that   '.he   circuit   phase-frequency  charact eri st. c   :(.J   be   linear. 

Similar relationships between instantaneous signal frequency and its spec- 
trum are obtained in work [J4| from which it follows that with a given envelope 
a  signal  with  a   constant   instantaneous   frequency has   the   least   spectrum width. 

d.      (See  Section  7.3.)     We  will   consider   the  case  of  very   rapid   fading 
(.     -i   1)   under  the  assumption   that   the  power spectrum of   fluctuations   is 

K 

strictly   limited  and uniform   in  a  band  from *.   to ;, _.     In  this   case  the  corre- 
1 at i on   funct i on   i s 

/?(',. ',) 
vi sitig,((. —M 
'/' 'a,(I,  -f,r 

inasmuch  as  T  •'  T     in equation   (.7.55)   the upper  limit  of  the   integral   can be 

set  equal   to  infinity.     Its  solution will  be 

1    ilnlC.^-l'i-llrL [7.80} 
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I,et   siüiuil   .:   It)   =   a   cos  ..   t   WIUMV  i. 
r r r 

i/T.  Then the l'i Hers i n 

l-'iguro 7. Sc have transfei- functions equal with an accuracy to a cunstant co- 
efficient of 

iU\lQ,t-~{n- \)T.] 

The transfer function of such a filter, to a great degree of accuracy, amounts 
to pi-shaped function with a passband of 2 —, an average frequency of . , 

and a phase lag equal to (n-1 )■■/...  It can easily be seen that in this circuit 

at the summator output at instant of readout will be the sum 01 the squares of 
the values of the envelope of the received signal which has passed through a 
band filter taken at a Kotelnikov interval of / „.  Such a circuit can be re- 

.1 

placed with one band filter with a following quadratic detector by summing the 
value of the detected voltage using an integrator as shown in I igure ".9. 
Apparently such a circuit will be close to optimal in the case of fast fading 
with a varying fluctuation spectrum but the filters must be in a certain sense 
matched with this spectrum. 

[See Section 7.5)  In evaluating system noise in a wide-band receiver 
providing for discrimination of one beam or addition ot beams, we assumed that 
the leading and lagging beams act on a coherent detector (multiplier.1 or on a 
matched filter as gaussian noise.  Undoubtedly this is justified if randomly 
selected realizations of a normal process in a given frequency band are used 
as signals.  A question arises as to whether it is not possible to especially 
select an ensemble of signals so as to decrease system noise. 

If we arc speaking of selection of one realization of a signal [for 
example, for a system with a passive interval or with opposed signals), then 
for complete elimination of system noise it should be required that the signal 
be orthogonal to its copy which is shifted by any time segment.  Inasmuch as 
this is impossible, usually we limit ourselves to the requirement that in the 
case of a shift by any time segment above a certain minimal value [on the 
order of 1/1'J the condition of orthogonality be met at least approximately. 
In this case the leading and lagging beams will act on the decision circuit 
[matched in time with the beam being selected) much less than normal noise with 
the same power.  Therefore, the requirement is met by signals which are modulated 
in phase by so-called Barker codes (see, for example, i-.'J) or a pseudo-random 
sequence of-pulses also called a sequence of maximum length [20] . 

We can construct a signal whose autocorrelation function represents a 
single peak of length I/F, i.e., provides for exact orthogonality of signal 
and its copy shifted by any interval not divisible by the period and not ex- 
ceeding 1/1-.  For this purpose a signal is modulated in a balanced modulator 
by a special sequence of pulses with a variable amplitude [26].  It can easily 
be seen that the noise-like signal obtained in this process is modulated in am- 
plitude as well as in phase. 

Additional information about optimal reception of signals in a channel 
with randomly changing parameters can be found in works [2,   3, 271. 
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CHAPTER  VI I I 

CHANNEL WITH LUMPED AND IMPULSE INTERFERENCE 

8.1.  Definition and Basic Characteristics of Lumped and Impulse Interference 

In communication channels, alun^ with Fluctuation interference which i 
well approximated by gaussian noise, additive interference of another kind i ■- 
often encountered.  in radio channels, especially medium and short wave, a 
dominating role is played by lumped and impulse interference, to which this 
chapter is devoted. 

Additive interference in which the main part of the power is concentrated 
in separate frequency bands less than or comparable to 1/T, where T is the 
length of a signal element, is called lumped noise.  It occurs most frequently 
in radio channels as a result of the action on the receiver of signals belonging 
to extraneous communication channels.  In this case lumped noise is also called 
mutual. 

Additive interference which differ from zero only in separate time inter- 
vals differing greatly from T and separated by much longer intervals free from 
interference is called impulse interference. Impulse interference is a regular 
or random sequence of interfering impulses. The sources of impulse interference 
in radio channels are extremely varied. Included in them are atmospheric dis- 
charges, industrial installations, ignition systems in internal combustion en- 
gines, medical and household instruments and appliances, etc. 

Lumped and impulse interference are found in other communication channels, 
e.g., in cable, hydroacoustic, etc.  The sum of monochromatic interference with 
random (.but not changing in time) amplitudes, frequencies, and phases is an 
idealized limiting case of lumped noise.  The overall frequency band occupied 
by such interference has a measure of zero and therefore does not reduce the 
carrying capacity of a channel,  from this it follows that in principle there 
should be methods of signal reception with which idealized lumped noise can be 
completely suppressed, i.e., will not cause errors. 

A sequence of delta-functions occurring at random instants of time wit.i 
random intensities is an idealized limiting case of impulse interference.  The 
power spectrum of such interference is unlimited but its total time of exis- 
tence lias the reasure zero.  Consequently, it also does not reduce the carrying 
capacity of a channel and methods of reception must be used which permit com- 
plete suppression of the idealized impulse interference. 

Actual components of lumped noise are not precisely monochromatic Just as 
actual impulses are not delta-functions. Therefore, complete suppression of 
such interference is impossible although it can be partially suppressed.  We 
will explain what we mean. 
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lot there be at u clian 
gaussian interference which 
density.  We will assume th 
ojitinial for guuhsian interf 
will he, depending on the n 
smaller than in the case of 
density. However, in many 
from t h e prob ab i1i t y of e r r 
possible to select signals 
liability of incorrect recep 
given interference will be 
ference is completely suppr 
but much less than in the c 
density, we will say that t 

ne1 output a signal and a certain additive, non- 
we will describe by the average spectral power 

at the decision circuit is selected so as to be 
erence.  The probability of error in this case 
ature of the interference, either greater or 
gaussian interference with the same spectral 
cases, as will be shown below, it differs little 
or in the case of gaussian interference.  If it is 
ami construct a decision circuit such that the pro- 
tion of a signal element of finite length T with 
as small as desired, we will say that the inter- 
essed,  If the probability of error remains finite 
ase of gaussian interference with the same spectral 
he interference is parti alls' suppressed. 

Unfortunately, for all practical purposes there does not exist at the 
present time a general theon for optimal reception in the case of non-gaussian 
interference.  \rriving at such a theory entails great difficulty inasmuch as 
such, interference cannot be completely described by the fir..t two moments. 
1-urthermore, even a uni dimensional probability distribution of non-gaussian 
interference is not invariant with respect to linear conversions. 

Ihe problems involved in selecting an optimal signal system and decision 
circuit for a giver interference structure have been considered theoretically 
only for .1 few particular cases in which additional simplifying assumptions 
are made.  Included in such particu'ar eases are idealised lumped or impulse 
interference.  Investigating channels in which lumped, impulse, and fluctuation 
interference is simultaneously present entails tremendous difficulty. 

It many works (for example [!, 2\] .   the effects of lumped and impulse in- 
terference on a decision circuit optimal for the case of gaussian interference 
have been studied in detail and the probabilities of occurring errors have been 
calculated.  The solutions to such problems are rather trivial and their prac- 
tical importance is limited to those channels in which the intensity of impulse 
or lumped interference is small in comparison with the intensity of fluctuation 
interference.  In the interest of economy of space, we will not discuss these 
problems (see Note 1 to this chapter). 

Main' methods of suppressing lumped and impulse interference have been 
developed based on intuitive ideas.  At the present time the theory behind 
tins problem at best explains the essence of the methods used and serves to 
explain several details. 

Ke will note that methods permitting good suppression of lumped interference 
usually worsen conditions for suppressing impulse interference and vice versa. 
This will be shown below based on several examples.  furthermore, all methods 
lead to a situation wherein the decision circuit is not optimal for fluctuation 
interference. 
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k.idiu Channels in llir lonj;, modiuin, and shui't wavt' ran^vh .ire .ilw.ivs 

subject tu tho action of a ^roat deal of lumped nuise.  this is the const' 

quence of the radio wave propagat iun conditions in tliese ranges vvhuh result 
in the generation of a perceptible potential field at considerable dist.ttKt 

from the transmitter at every emission.  the majority of tins noise is ol 
relatively low strength, but the addition of them all together t'on.s tin 

general background noise which is little different in its characteristics tie- 
normal white noise.  Of this sort of noise, all tile findings of the pre», rdi :i>: 

chapters from the study of fluctuation noise are true, but this noise i ■. net 

the subject of the present chapter.  We will here be interested in the mdi 

\idual lumped noise which stands out against the common background noise and 

is comir.ensurale in power with the useful signal.  ihis noise is encountered 

in all ranges, and during the planning of systems and. equipment lui radii >. oi: 
munication the possibility of it is always taken into consideration. 

With respect to the mechanism of its action on signal receptiun lur.ped 

noise may be divided into three types: 

a) noise whose spectrum is concentrated in a frequeiuv band complelelv - i 

partially coinciding with that occupied by the signal. 

bi noise whose spectrum lies outside of the signal t reijuenc) band (often 

called "adjacent-channel" interference!; and 

cj noise which .it the input of the receiving unit ha: a -pectrun »b.-:. In 
outside the signal frequency band, but which, because ol nonlinear corner^: •>'.■ 
in the receiving de\ice, form comjionents whicl; I'all in tlie s.me ; re.cai ; .. \ Ian.; 

as the s i gna1. 

Reducing the chances tor such nonlinear noise effect i •■ otu ol tie ' as;, 
problems in developing radio receiving devices.  It ; > --fhed in de' ill iu 

all manuals on radio receiving equipmert ; we will then I ire !j..^f: innn. ,' er,!', 

to the degree that it is associated with introducing spec.al n. lineal 'leve'-t 

into the receiver :ircuit to protect against other types of noise. 

The rapid development of radio jommunicat ions, as well e .fb.er ..;•; 

:ations ot ra u i o - e i e c Ironies, has brought about a situation wherein ra 

quency bands are overloaded with different emissions.  Ihe res'ill i ■ that 
mutual interference in many cases predominates over all other factors in res 

rncting the real carrying capacity of radio channels. 

The fundamental methods of protection against lumped noise which have bei i 
applied from the very beginning of radio communication right up to the present 

time are based on frequency selectivity.  Spatial selecii\ fy which is also 
widely used is provided by directional transmitting and receiving antennas. 

Although it was shown as early as the ly.ni's thai frequency and spatial -.elev. 

tivity was by no means the sole method for discriminating a useful signal fror 

noise [5J.  The first attempts to put other methods into practice are found 

onlv verv recent 1v. 

i-requency selectivit) for the purpose of eliminating mutual interferem 

presupposes a certain regulation of the frequencies set aside for various 
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hhcrc  ;.lti   is viiu' si^n.il  i-lcmont it   we assume  lh.it   ..   .irr  known, 

Jocisiun  principK'   (.^.^J   is   rf.ili^rJ by  f lomcnt-hy-clcmeiit   recvi'. t ion.     In 
actuality   it   is   ivovossan   to  analyzo   .111   arriviii)!  ^i^'iial   ovor  the   intir\;)l   ni 
ir-. order  to Jetenrniu1   ...     Iliercfore,   the suboptimal   decisioii  sx'sti'm eonststs 

oi   two parts.     In  the  ti f-t   part   the   received  signal   .'(tl   is  analyreil  over 
length  oif'  ti^ie  il,   \.lines  of are  determined,   ■■nJ  a  "corrected"   signal     (t ) 

iv   torr.i'd.     In  the  second  p.srt   pruuirle   iS.y)   i ■-   realized  and  the   received 
..■de   syTnK>!.->    ire i.etesnined   in   turn.      I In ^  part   coincides  completely  with  the 
.It^i si^n  viieui!   ust-d   t,i   t luctuat joti   i nt e rlerence ,   tiie  only  dift'erence  heilig 
thit    tnste«.!   v'V   r<^ei\ed    . i^.nal    ■ ' i ! i .      it      i ■-   delivered   to   the   ip;;.t    fli^ure 

; ; 

K^r'"^^ 

HMFi u 
O 

U'MF, 
i u /.    - n 

a Coherent 
L 
C readuu1 

L .«r    ^ 

Ho i sr 

^    ? v I on   Svst«'ri   'ri'   ,1   r.hanne I   w«th   Lunpe» 
t'-v   cas'"   <>t    a   We,)W   Signal.    F   ,   filters   notched 

„ith    soarifils   o'    (.üsi^usotd   LOS    t    .'    of     lenct"   nT ; 

NIQ   ,   Münli^e.ir    . ■ o i t 1 ,j I c-•-   audJ r.ipo les   ..ith   U'e   c^a-ai. 

; t-r i k t i -f'(x>,    "f    ,    filter   -jtcheü   w'l^   Z    i l) . 
I. r 

• 
rhen. 

in   "hat   partiviil.ir   ..IT  wher   int« r!erenci    ;-•   rule   u[    .if   ner-ai   uhiti   noise 

'i y,,./. . uhere  ">   . •   .onstant   and i ■.   the   i ntct terence  dispersion, 

/•i<t  !r- \       m,! /"» I U 
.'■ 

I 
(■■r. I 

Ihn , en-.' ,<'Vt .HI,; ! ; i en s\ -trr coincides hith Uiat obtarned in 

t.haptcr MI.  in the vase if ^au-- ■ i „«n interference with a nonuniform spectrur,, 

the R.igni tudc« of   du n t depend on x but car\ for different subscripts 1. 

if it is considered that the circuit shown in figure v.J is for .«eak sipnals, 

v»her,   V, h, t   tan  ivasil\   he   .een   that   it   amounts   to   the   circuit   for 

the  "whitening"  filter   shown   in  t.hap'er   ill   (-^."l 

;, 
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In tlu- generaJ case the compunents of lumped noise have a distribution 
differing from normal and therefore the coefficients of .. depend on 
-i-ii ^ 

CJ" = Af + BT.  In many radio channels, according to observations, the distri- 
k     K     K 

bution  of probabilities  of  the   square  of  the  amplitude   r    of   lumped  noise   is 
close  to normal -logarithmic: 

uv, f.\ i 
..-:.  "X1, •t: (S. 101 

wnere i, is the median value of ,T   and . is the mean-square deviation of In ■' 

The dimei si MI less magnitude . , depending on the load of the band and other 
actual conditions, lies within limits from 2  to 5.  In this case, 

.   In (H. 11J 

Considering  that   in C"/i.   has  a nonnal   distribution with  a  ~CTO mathema- 
K  K 

tica1 expectation and a dispersion of ■ , it can be assorted that, with a pro- 
bability of the order of 0.", 

..In     I •  . . 

herefore, with sufficiently large . in the first approximation 

^ - [8.11a) 

In this case .. can be found within a priori knowledge of the median 

values of ...  I'he signal  (t) formed in this case has an amplitude of spec- 
K 

tral components inversely proportional to the amplitudes of corresponding com- 
ponents of s i gnaIs ;'Ul . 

We will not try to compute the probability of error in the circuits consi- 
dered inasmuch as this entails a great deal of difficulty.  By way of indirect 
evaluation of the degree of suppression of lumped noise, we will determine 
the gain in the ratio between signal power and average spectral interference 
density when a'^tj becomes r(t).  This gain is sufficiently well characterised 
by the increase in resistance to interference in changing from a Kotelnikov 
receiver circuit which is optimal in the case of white gaussian noise to a 
circuit which is optimal or suboptimal in the case of lumped noise.  We will 
limit ourselves to the suboptimal circuit shown in figure 8.2. 

Ihc strength of useful signal contained in z'[t]   is equal to 

-42(3- 
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The strength of the noise in z'(t)   is equal to ^ Tk •  The number of terms in 

these sums is equal to nl-'T where F is the conditional frequency band occupied 
by the- signal. The ratio between the power of signal element and the average 
spectral density of the interference is equal to 

Ir 
* 

'8.12 

After  transforming  the signal   received   into  r'.(t)   in  accordance with   (8.7a"), 

the  strength  of the  signal   proves equal   to   IT^jA '"»     an(J  interference  strength 
1 V •■•■/' ' * is  equal   to   V/j''«'»   .     iherofore  the  ratio between  signal  element   strength  and 

k 
average spectral interference density in "(t) will be equal to 

/{*»: 

N^ i* i* 
(S.1.VJ 

ihc gain in such a transformation is equal 'to 

h" 

y .„y 'tttk 

(8.14} 

If nl;T = 1 [signal AT or FT in analysis of interference over only one 
signal element], then 

G : ' 31 I, 

i.e., there will be no suppression of interference. 

Ke will consider another extreme case when nFT •• 1.  Dividing the numerator 
and denominator of (S.l-l) by (nFT)- and using a wavy line to indicate averaging 
over all frequency components, we obtain 

(8.15) 

With an increase in NFT the average values in the numerator and denomina- 
tor of (8.15) approach in probability corresponding mathematical expectations 
so that whe -. nFT •• 1 

G i 
rk hit 
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Assuming,   as  formerly,   that  C" ■•;   , j" *  LT,   it   is  possible  to  eons i der   . j" 

and c*  as   independent  variables,  consequently, 
K 

(? = 
*i   '»   Tft *»   K» 

•i v, r» *»Ti 
(H.Ifaj 

In that  ease when   \T has  a nonnal-logarithmie  distribution   (S.10|   and  all 

i.   are the  same,   and the values  vit"  ..   are  determined  from  the  approximate  for- 
K K 

mula  (S.lla),   it   is  easy  to calculate 

r r   ak (■ 

v/( . 'I 
T\.    i  ,.',•/■• 

and,   finally, 

G     ^'- (8.171 

With values of .• ranging from 2 to -l the gain (i fluctuates within limits 

(", * 3-10' -- S-IO ~.     This means that even a suboptimal system suppresses lumped 
noise almost completely if ni:T is sufficiently large. 

The magnitude of n is determined by the interval of time over which the 
Strengths of the components of lumped noise can be considered constant and is 
usually small.  Therefore, to realize the possibility of sufficiently effective 
suppression of lumped noise, wide-band dense signals with a large base IT 
should be used. These can be impulse signals differing from zero only for a 
small part of the length of element T or the noise-like signals [5] which w. re 
mentioned in Chapter VII.  Sometimes it is convenient to shape a wide-band 
signal from a simple narrow-band signal using frequency di\ersity. 

In the latter case another method of reception based on the selection of 
that diversity branch in which the lumped noise has the least strength is pos- 
sible.  It is simpler although further removed from optimal.  This means that 
in reception principle (8.6) the values of . are not determined from formulas 
(8.11) but arc considered equal to unity for that component for which the lumped 
noise is minimal and zero for all remaining components. 

In work [4] this method is considered for that case when the signal and 
the lumped noise are subjected to Rayleigh fading «nd this describes the situa- 
tion in shortwave radio channels ratli?r well   This means that the anplitude 
of v, of the lumped noise component has a conditional distribution density of 

JS- 
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where   .""   is  a  raiuluui variable  conforftiin^  tu  the  distribution  shown   in   (LS.10). 

It   can be  shown  that  even   in  this  situation   it   is  jiossiblc  to  obtain quite 
significant   suppression ui'   luimped  nuist-, 

8.3-     Mutual    Interference   and   Frequency  Üand  Occupied   by   a  Signal 

In  the precedinj; sect i or i^e  showed  that   in  a channel  with  narrow-band 
lumped  noise   \t   is   advisable   to  use wide-band  signals.     As   long as  wide-band 
si.-naIs   are  used  only   in exceptioiiuI   cases.   They   indeed permit   obtaining  a 

.e  power gain  with   respect   to   lumped  noise.      II' wide-band   radio  communica- 
t,    i  systems  come   into wide  use,   the picture will   change  gn-atly   inasmuch  as 
i,.u!i;al   interference will   no   iongcr be  narrow-band  and the  statistics  will   var> 
.,i'  .tlv   from  the  picture  presented  above. 

he will   assume  that   the   load of a band,   i.e.,   the  number of transmitters 
operating  simultaneously,   does   not   change.     Then   in   the  transition   from  narrow- 
band   signals   to  wide-band   signals   the   average  number of  sources   d.-termining 
the   i :i: er'Vrence   component    in   is.li   will   increase  by  as  many  times   as  did   the 
base  ot   the  signals.     Kith  an   increase   in  the  base  the  probability density  of 
instantaneous   values   of  the   components   of mutual   interference  will   approach 
normal.     I'herefore,   the optimal   decision  svste.n uill   approach   a   Kotelnikuv 
system and  there will   no  suppression  of  interference.     A question  arises   as 

-ther   it   is 
ui   the  si gn.i 1  base . 

ible  tii  decrease  mutual   interference by  proper  selection 

lor the more  than half-century e;   existence  of  radio  communication  the 
conviction  has   reigned  that   the   only  way  to   reduce  muiial   interference   lies   in 
reducing   the   frequency  band   assigned   to each   radio  channel.      Indeed,   the 
narrower this   frequency  band,   the  more   such bands   can be  designated   in  a  giver 
range  for various  channels,   thereby providing  for  absence  of mutual   interference 
in  the passband,     l.ven   in   the  case  of  imcomplete   regulation  of  frequencies, 
the   reduction   in  assigned fa;d   in   seducing a  receiver's  passband  reduces  the 
probability  of  randuni  interferenc«    entc'iig this  band. 

The  development  of  communication  equipment   has  been  guided   in   large measure 
by   this   idea.      In   the   area  of   transmitting discrete  messages   over  radio  channels 
(radiotelegraph)1   the  transition   from  spark   transmitters  which  emitted damping 
oscillations  with   a  wide  nowei   spectrum  to arc   transmitters   and   then  to  tube- 
type  transmitters  of  "non-damping"  oscillations  permitted  a   large   increase   in 
the  number of "operating  frequencies"   in a  given  range.     Until   approximately 
the   1950's   the  frequency band   assigned   to a  radio  channel   was   determined  mainly 
by   frequency   instability,     Ihe  shortage of  free   frequency bands  which grew 
worse with every  passing yi ir   ("crowded ether".!   was  the  principal   stimulus   in 
developing  equipment   .^ i t h   greater   frequency precision  and  stability  and  this, 
unquestionably,  was   a  progress i vt   trend,     l-requency  precision   increases  by 
approximately one  order  over  a  period  of ten  years.     At   the present   time  in 
most   cases  the   required  minimal   receiver passband   (at   least   in   the   range of 
radio   frequencies   to  JU-J."   iru   and  with   1   < 20-2S  msec)   is  determined  not   by 
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frequency imprecision but by the width of the signal power spectrum which, 
in turn, depends on the base. 

The effort to reduce the receiver passband has led to a tendency to de- 
crease the signal base. The single-channel systems of voice-frequency tele- 
graphy in which signals were segments ut" a modulated harmonic oscillation, 
the base of which was much greater than unity, formerly in wide use have almost 
completely disappeared.  In i'K systems the difference in signal frequencies 
has gradually been reduced and at the present time in some systems has reached 
1/T.  In a binar)' system tiiis corresponds to FT = 2.     Finally, during the past 
few years KPM systems with FT :: 1 have been introduced. 

However, as has been stated many times, the conditional frequency band F 
and the width of the power spectrum have different meanings.  A receiver 
passband cannot be reduced to !■ since the transient processes in a filter 
cause an impermissible increase in the probability of error.  In the effective 
width of a power spcctrlim of a signal and, consequently, the required re- 
ceiver passband is much wider than the hand of frequencies F, dividing a range 
among radio channels proves to he uneconomical. 

For a more economical use ot" a frequency range, it is desirable to use 
those signals the power of which is concentrated as well as possible within the 
limits of frequency band F.  But for this the signal base must be great [see 
Note 4 to Chapter 111J. 

For purposes of explanation we will assume that in a certain band i, N 
transmitters are operating and II ■■ 1.  For simplification we will assume that 
messages are encoded in a binar\ code and each of the transmitters uses a pair 
of crthogonal or opposed signals but that these pairs are selected randomh for 
ea.h channel.'  A useful signal for which the decision system of a receiver is 
calculated arrives at the input of any of the channels being considered along 
with interference which is the sum of N - 1 signals of the remaining channels 
using the given frequency band.''  Kith a sufficiently large N this interference 
can be considered normal fluctuating interference, especially in that case 
when wide-band signals have a uniform spectrum in band F, i.e., are noise-like. 

'If all signals of the channels using the frequency band were selected from one 
set of mutually orthogonal signals, each of them could be separated with a 
filter matched with it and mutual interference would be absent as in the case 
of an orthogonal separation multiplexing system (see Chapter IX).  However, this 
is unreaii-able if signals are emitted by different transmitters and arrive at 
the input of a transmitter with different delays since the orthogonality of 
the signals, generally speaking, is disrupted when one is shifted in time with 
respect to another. 
'Since when IT " 1 the share of signal power outside the band is small, the re- 
ceiver passband can be only a little wider than 1 and this permits ignoring 
the interference lying outside the frequency band.  It is possible to also 
ignore interference caused by spurious emissions in comparison with the inter- 
ference created by the principal emission of the transmitters, especially if N 
is large. 
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The  spectral   densitv of   luraniHl  nuisc  in  this  case  is 

s. 1 8 i 

where 1'. is the power of the i-th interfering signal and !' , is the average 

signal power. 

I'he ratio between the power of the useful signal and the total spectral 
density of interference which determines the probability of error is equal to 

/,' r / • ' / 
■.•'/ ■ (\   I)/' (8.19) 

In "overloaded"   !-ailii.i  frequency   ranges  the  spectral   density of  fluctuation 
interference   (.mainly  receiver  set   noise and some  atmospheric  noise)     ^ can be 

ignored  in  comparison w.tt .n  tins  case 

•i 
/■ 

/ /. 
(A . ■!)/ 

ti ■ 

is  known base'.! on  olitaining  a   required   level  of  fidelity,   then 

/• / / 

(S.19aJ 

,\ 
/■ 

S.:ü 

i.e., the permissible number of simultaneously operating independent channels 
in frequency band f- is approximately proportional to the signal base.  In this 
case the permissible range load density, i.e.,   the number of channels per unit 
of frequency band [when N  1) is 

v   /' I 
i        /' ' 

a 

(8,20a 

oes  not  depend on  1   in  the   first   approximation, 

Separating  the   required  signal   fro:- a   large  number of  interfering signals 
with   commensurate  power  is  dune  b\   using matched   filters   or other  circuits 
similar to  the  way   in which beams   are  separated   in  the   reception  of wide-band 
signals   m   a  channel  with  multi-beam propagation   (Chapter VI1] .     Specifically, 
in   a   system with  matche.l   filters   the  useful   signal   creates   sharp  peaks   in   the 
envelope while   all   remaining   signals  with  which   the   filter   is   not   matched 
create   .nil\'  background  noise. 

i\c  will   note   that   the   ratios   obtained   remain  valid   if among  the  N   inter- 
fering  signals   ther"  are  narrow-band  signals,   as   long  as   they  are uniformly 
distributed   in   frequency band  l:.     Hn   the  other  hand,   as   already  noted,  wide- 
band  signals  do  not   represent   for   narrow-band  systems  significantly  greater 
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interference  than do narrow-band  signals   for  the  sann'  spectral   density.    This 
can  easily he  understood since  only  .1  very  small   share  of  the  power of a wide- 
band  signal  enters   the   receiver passband  of a narrow-band  signal.     Therefore, 
it   can be  asserted  that  wide-band  and narrow-band  communication  systems  cannot 
he  considered  incompatible. 

We will   present   the   following  numerical   example   tu demonstrate   the   for- 
mulas  obtained. 

let   li     -   20   (which  provides   lor  a  probability  ol   error   less   than   10       ,n 
the  case  of  incoherent   reception   in  the  absence  of  fading or with quasi- 
Rayleigh   fading  if the  share  of the   regular component   is  sufficiently  grc't), 

10 Sec , 111 P 
av 

In this ease the signal base B 1   - 

=   20ÜU.     from   l,S.2(M   it   follows   that   in   this   frequency  band  signals   from N   ■   ÖI 
transmitters  can tie  transmitted simultaneously. 

This  number  can be   increased   if  power  P    of  the  useful   signal   at   the   input 

of  the   receiver   is  greater  than   the   average  power  !'       of  the   interfering  signal. 

Ihis   in  practice   is   almost   always   t.ie   case   if only  because   in   the   selectior   of 
frequencies  conditions  of  radio wave  propagation  are  considered  and optima are 
obtained   for a  given  disposition   of   transmitter  and   receiver.     Iurthermore 
even when using  antennas with  a  small   directivity   factor,   it   is  always  possible 
to  achieve  an  advantage   for useful   signal   in each   channel.      \ssuming  that 
P     -   2\\  .,   we  obtain  N ^   100  and   this   gives   a  density  of  range   load   on  the 

order  of one   channel   per  kilocycle. 

This  coincides  approximately  with  the   load  density when  using narrow-hand 
signals,   for example,   I'M,   in   the   case  of   regulated   frequency   distribution, 
Indeed,   the minimal   frequency  band  i   occupied  by  a binary  IN!  signal   is  equal 
to  2\,   or when T  =   10'-   sec  to  I-   =   200  cps.     Hut   the  receiver  passband,  as  we 
have  seen,  must  be much wider  in  order  to  avoid errors   from transient  processes 
and   constitutes   a minimum  of  riOO-dOO   cps.     If we   consider  the   required "pro- 
tective"  band,   which  we  discussed  earlier,   it   appears   that   the   range   load  den- 
sity   is  greater than  one channel  by  a kilocycle  when T  -   10*-   sec  is  not 
provided with   an  IM  system.     Of  course,   it   is   possible   to   increase  the   load 
density   in   the  case  of  a   regulated  distribution   of  narrow-band   signals  by 
using  not   KM but   I'M or RPM which  cuts   I    in half.     However,   in   the   case of 
narrow-band signals  there  are  additional   reserves   for  increasing  the  range   load 
dons i ty. 

One   such   reserve   i^   reduction  of  the  permissible  magnitude  of h".     This   can 
be  achieved by using  diversity   reception  and   in  channels with multibeam pro- 
pagation  the  method  of  adding beams  described   in  Chapter VII.      It   is   also 
possible  to   reduce   the  permissible  value  of (v   by  using  correcting  codes,   es- 
pecially   in  feedback   systems   (see Chapter XI1.' 

'We  will   not   consider   increasing   the   range   load  density by   lengthening  a signal 
element   here because   increasing T   reduces   the   rate  of   information   transmission. 
The number of channels   in  a  given   frequency band   is  proportional   to T not 
only   for wide-band but   also   for narrow-band  signals. 
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The number of channels usinj; u given frequency baiul can be greatly in- 
creased if it is consiJereU that not all channels operate simultaneously. 
We will use a to indicate the probability that a certain channel is operating 
[for simplicity we will consider this probability the same for all channels). 
We will stipulate that Ir must be nut less than a permissible value, say, .1 
probability of Ü.99.  This means that with a probability of O.'Jl' the number ul 
simultaneously operating channels must not exceed N 111 formula ih.Jl'l.  IU 
using n to denote the number of operating channels and \ the total number of 

channels using a given frequency band, it is possible to find the p:obabilJt> 
of obtaining a magnitude tor n which is determined by the binomial distribution: 

/.(") C*   i"(I -3|v' ". 

and the probability that n will not exceed the permissible value of \: 

V[r,  .,\j - V(,; j"(l - a)V' \ 8. : 1 I 

l;or large N  it is possible to replace the binomial distribution with i 
normal distribution and consider as approximately correct 

«'{"'-M- "■[vs. %[/ .(i .) <s.::] 

Assuming  this  probability  to be  equal   to ü,yiJ and  considering  that   ü.9i' 
(2.6),   it   is  easy  to obtain: 

A      L'.OKÄ.Ml ~i) i  a.V,. 

hence for given and .N it is easy to find N .  lor example, with 1/J   and 

100  the  number of  channels   can be  N-   =   1~ü.     With  an   increase   in  N   (for 

example,   by   increasing  the  base)   the  N-./N   ratio   increases   and   tends   toward   I/.. 

In  the  case  of a   regulated  distribution  of   frequency  bands   among  narrow- 
band  channels   it   is   impossible   to use   non-simultaneous  operation  of  them   in 
order  to  increase  the  range   load density.     Indeed,   if one   frequency  hand   is 
assigned  to  channels  and their  transmitters   create powers  of the  same  order 
at  the  input  of the  receivers,   when  they  aie  operating simultaneously with  a 
probability of a',   communication will   be  disrupted   in both  channels. 

In work   [6j   there   is  a  comparison of narrow-band and wide-band  signals   from 
the point  of view of mutual   interference   in  the  ca;-e  of unregulated band  dis- 
tribution.     The  author of this  work  gives  preference  to wide-band  signals.     The 
essence  of his  argumentation  amounts   to  the   following,     lor  a given  range   load 
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ll  ««onKl luirJh   be  lOirfvt   to  ,i«-s(ir.i-   that   in  the  case  of wjJo-barul 
systems   it   is  possible  to  irtr.nn  completelx   I'ro-^  regulation of   frequencies. 
However,   regulation   tor wide-hand  signals   under  certain   conditions   is   easier 
and need  not   b«-   too   rigid  and deviatii'li   Iron  regulated  use  of  frequencies 
1 rails   to  consequences  not   as   sex err  a^   in  the  case  of narrow-ban»!  signals. 

%.l*.      Mat homal i ca I   Description   of    Inpulse   Interference 

lor  analysis  of  conditions   for  Mgnal   reception   in   t lu-   case   of    impulse 
interference ue will   represent   an   interfering   inpulsi-  n   (t)   in  the   form of  a 

louner   series  o\er  an   intef\al   of   time   equal   to  the   length  i"t   an  elemnt   c t: 

a   signa 1   being   received: 

i m \*i..   :t>~r n 'u 'i ('i-   I-    I). 

where 

in essence series repiesent11 uo'   a single inpulse n (tl but a 

periodic sequenc of sucli ir.puist.'- with a period of 1.  I'ut inasmuch as wc are 
studying element-by-elcment reception, we are interested in the behavior of 
such a signal as well as the interference over the inlenal (0, I).  It is 
also possible to view is.^.V as an expansion of a single irrpulsc into a 
series with respect to segments of a sinusoid and a cosinusoid.  If furction 
n (ti expresses the realization of a random impulse ttien i, and ., in (S.J.>) 

i     ' ' y k 
are realisations of certain ""andom values, 

lor realization of in idealized i-pulse 

(.-.:■! i 

(where   t      is   the moment   of  occurrence   of  the   impulse   (0       t       1' and   \   is   a co- 

efficient   the  physical   essence   of which   will   be  explained below) the   values of 
coefficients   i. ,   .-.    in   (S.^3)   can  easily be  determined  using  the usual   rule for 

expanding   a   function   into  a   lourier   series; 
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•M-  kill   „ot^iilfi   ;1K-  valuo   ot   \   itul   t     to  bv   r.inJi>r.  .md   i t.Ji i-ctuhtu . 
i 

h«  kill   note   that   in  Ji>t»n*.lion   t ror,   tht-   ^as.   ot   uhiti-   noisv   tlu    vuit 
tiv'lcnt5   of   ihr   iiiirii-i   »cries    .     .mJ an-   r.ot   i nJt |HIK1I nt .      InJioJ,   bv 

knuhin^  an>   luo ot   ihcM"  lO^t !"i »."lent s   :?   ; ^  pt'ssibli-  tu unanbi ^u^us t\   Jft« r- 
nini"   the r.a^tn luJi-*   ot   \  and   t     and   in  aicordaru'r  with  thor   rv^entTatf   t ht 

value»  ot   all   renauuii^;  cue I tic lent» .     Nevertheless,   all   I miner  i.o--f"t'i v lent«, 
are  jMirwise   not   correlated  .1-   lonj;   .r>   'hi   nagnitude  of   l     witl.  equal   prol>a- 

bilit>    jilopts   any   value   in   the   interval   0       t I.      Ihis   can   easilv   t-e   sei-n 

by  computing  the mathematical   exptvtation  u:   * he  product   ot   am   pair  ot   1.0- 
cffuicnts.     I or   exanple.   tor   .. ,   and   .,  ,   i*  .   '   ^ ,' .  kc have 

' ► 1 K . . 1 

y i.-r i.t-f / .1 

■if;-.-. 

t.i 

1.)-.' •■• 

«hence it follow» that 1, . and 
k 1 t.. 

are   tot   «.ortelated.      Ihe   v .ir.i    result    ..in 

jbtained  for  any  pair ot   coeff1c:ent»    .   and       and  also  tor  an>   pair  ot   co- 
efficients   r   with  different   subscripts. 

Ihe mathematical  expectation  ot    .     and with  .1 uniforr  distribution  ot 

t     and  anv  distribution  o?   prol'abi 111: es   et   \   1 >  ei]..al   to   :ero.     Ihe  dispersion 

of  each  of  the  coefficients   ot   a   lourier   se.ies   is 

».= ;   ^-■'•.' 

« !■ 
r.'i..' .\1 (,". :i' 

Ke  wili   set   ;(A')/T  = By   am logy   kith   (5.10'   it   is  possible   to  dtfme 

the physical  Cleaning  of as   the   spectral   densilv   of   an   interfering   impulse. 

In distinction  fror,  the  case  of white  noi"-e  th-  magnitude  tt 1^  not   constant 

but   assitTics  different   values   for  different   clooents  of   the   signal.     Specifically, 
it   is  equal   to   :cro   if  over  the   length  of  a  given  element   interrering   impulses 
do not   arrive   at   the   receiver   input.     l\ben  there   1 ^   a  suf f 11 lent 1>   strong 
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1 

th.ui the spectral Jmsit» ol I luctnar 1 uii mtrrtrn-iKr aiul ir|u;lsi- intcrloniui- 
>.an tur all practical puqn-.»-s ^ompU-trt) >U'stio> ihv 1 nt'umat ion contaiJU'J in 
.1 Riven si (jna 1   element . 

Jd! »(f)* 

1   I 

riguri-   8. 3-      Inlerfcring   I npo 1 <,i.'. 

Actual   1 nlert'eruij;   impuNi-s   l\a\e   .1   t:niti    lei.^th.     lit   an   inpulsf   l>e   ik-s- 
cr;bed by  .1  certain  function   'II^UIT   s.3 

fl.V)    A' -'V 

wlu-rc .'ixj   depicts  tlu"  shape  ol   tlu-  pulsf  and ulun    v 
v»i   obtain  an  expression  tor   :he  h'urier  M.'i-t"f 1 ci inl> 

r 

I   J   UM        ü.      Uu-n 

;j./u   v>   '■.•'• 

; (yc    f i^n'.-./..'•• 

^.: ' 

it       •>'   J    K.    ,   then,   inasniic!i   .i^   tlie   inte^ranJ  Jitters   t rur   .cr     or,),   within 

1 ir 1: s   troir.  t J   to   t j-O'-^ibli    to   --ct   appfv'X ir.ut 1 

rien 

ci«- 'n'tf     c ^ i»/     .ITK; ./•   -!, ;■. r 

?. 

c< - / ./   f/i,' 

r 

si '... r 

1 1.7. 

t 1 .';. 

which  coincides  with   (.S.J.)i   if wr  vm<-   \   tu  denut»    Ihi'   "i^j^ils'-   ana' 

Iherchy  th<-  nliy^ical   m-aninc 1!   t tu'  cot-l f 1 v 1 t-nt   "■   ^ ^   i-x 

pressed   in   an   idealized   representation   it    m   inpul'-i-     -.J-5 

If  the  condition       '  J-,'K.-   1 >•  m^t   mt-t.   i'.vpression   .s., 

However,   in  thi;-   case a  rather  n^id  conm-clun   i-  maintained hetwi-on  tlu   louner 
coefficients   (,8.2~)  when      ■"   I. 

will    t'Ot    t-r   \ .«1 1 J . 

•J3t> 



Indi'Cii,   tor   exampK-,   UM    .     .inJ be   known.     Wi-  will   show   lh.it   thi«^   pii 

nits   finJinc   COfft icicnts    i,    ,   .n>d     ,    ,   .ippro.v in.itr lv ; 
k ♦ 1      V. • 1  ' ' 

r 

i...   ,' (/(/  f |c...(' • I.-.'.'' 

r 

t 

" I /(.'    !   )'■  fl '•.,.' •"U>;l 'I 

(x. :y i 

• ] C'^'J   \ '{i     ' 'c '•■•.".' 
a 

i 

a, C K..7  - ;., sin. ' 
i        i 

Here there is an appruximalo oquality bocansc for all values of t for 
which J(t - t J differs Iron zero, cos (.. t and sin  t chance imperceptibly 

and they change less, the less i^ the   1 ratio and tlus can be replaced by 
cos   t  and sin  ,t   ^imi iarl v. 

U   i U   i 

',,   , -  ii s n'• '       '.. c •■ <" I ( ^ . .^0 ' 

Iron  these  eijualHies   it   follows   that 

v. • V, ; '.     •. (>. :> i 

IU-  simple  transformations   fror.  (S,J9i   .in<l   l.^..>0i  wc  also  obtain  the 
approximate equation: 

i s.;o 

Iron equations   (S..slj   and   (H.^Jl,   knowini;   i.   and       ,   it   is possible   T i>  fini 

approximatciv   ,,    ,   anil  .,    ,   in  the  case  of  an  unknown   impulse  shape  and   instant 11 ■      k ♦ 1 '♦ I 

of  arrival   t     and  the  precision  of   the   result   will   be   greater,   the   less   is   the 

I   ratio. 

l\c will  c.v.mine  the  case  when n  independent   randor   interferinc  impulses 
represented by  a   delta-function   arrive   at   a   receiver  input   during  the   length  of 
a   si gnal   clenent. 

Then  the   impulse   interference   is 

n in     V .V ■■('    '■ ' ,s-:>:,) 

i ^' - 



 p n— 

where   l     is   tin'   instant  ut   occur rence  ui   the Bi-th   iratmlso:   .mJ  J(V)/1   i ><   its 

spectral   Ji-nsi t v , 

In  this  eise,   .is  can IMSIIV he   seen. 
« i 

t 
>. 

.•• 

■E;-' 

..  ■■v .,„. n '•   f 
I S. 5 11 

\   :■ ■ ;'v \ • 

It   n   is   suftickently   larne  .itu!   \    are  random values h;i\inp  a   linuteil J i >.- 

persion,   then  according   t!.> the   central   lirrit   theorem   ..    and     .   have   .111   appro* i 

matcly nomal   probability distribution,    i i-r.^iderinK  that   they  furthermore  arc- 
not  mutually  ».orrclated,   it   can be  concliKli.l   that   with  a   lar^c  number  of   ir- 
pulses   in   interval   I   ihe   impulse   mlerfen-   e  Jitters   little   from  normal 
white  noise  as  \.as   discussed  above.      Ihi<   -ame   result   can be  generalised   to 
apply   to  the   case   of   impulses   of   finite   l<:,,tli,   the  Dtily  difference  heing   that 
the   nJii'e   fonned  l>\   such   im]>ulses   is   not   white   since   its   spectral   density 
at   high   frequencies  diminishes   faster,   tin    longer   the   length  of  the   impulses. 

lo describe   the  lourier  coef f i ."icnt •>  of   mpulse   interference   formed  K 
chaoticali)   occurring   impulses,   it   i<   further  essential   to  note   that am I 
are not correlated with one another t r different elements of i received «-i^n.i!. 
Ihi^ obviously follows from the f.i't that "..irunis mpulscs which are not in- 
dependent on one another take part in the formation of those coefficients. 

8.5   Possibilities in Principle of Supples"-i nq impulse Interference 

Ihe rigid functional dependence between coefficient''   and   of impulse 

interference yields the possibility o' const ruct ini; a dec. si on sx-^tem of a 
receiving device m which the presence of impulse ; 1 tr r fercn'"" does not increase 
or increases almost not at all the probabilitv 05 i-orrccc signal reception. 
In the idealized case, when the impulses an representecl In delta-functions, 
it is possible to achieve complete suppression of impulse interference.  In the 
case of actual impulses of finite length the interference can be suppressed 
almost completely as long a<  ■■' I and durinj; the tire of reception of one 
signal element the number ol interfering impulses is rather snail. 

Let a signal occupying frequency band I and impulse interference arrive at 
the input of a receiving device (ligwre R.J).  Ke will not at first consider 
the effects on reception of the inevitable floctuation interference.  Wc will 
send the received signal with the interference to twu multipliers to which are 
applied refen-nce voltages cos k'.,t and sin ^'■f)

t where k' 1^ a whole number 
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SIKII  that   the frequciu")   oi  I ' ■ n  lii'
s  autsjUf  tlu-  signal   frvqut'in.)  band.     I ur 

I'xanpK*,   it   is  posj-ibii"  to  vhi-.'-r  k'       k     -   1  ur.   .is  w.is  Joiu   in  li^nri-  S.I, 

k'   = k,  ♦   1.     ihc nulitplicr output   voltajii's   ari"   inti'jjratcd ovt-r tlu-  interval 

(Ü,   1)   and  the  ri-sultatitU   drnvrJ voIla^i'S  [Tüport iutui 1   to   !       and art.' 

t cd  to  a  spoci.il   cin'int   »«huh  lomjuiti's   the   VJ.IUC   of   \   and  t   .     Ihcsi- data  pri 

nit   thf   intcrfcfi'tKH"   impulse  to tu-  ivnonoratid  it   it   sut't'i cicnt ly accuratoly 
approximates   a delta-lunction.     Inasmuch  as   iime   I   is   spout  on   integration 
the  regenerated   impulse   is   delayed In   that   time   in  oonparison with  tho   impulse 
which  entered  the   input   ot   the   reiop nv  unit.     It   tho   incominj;  signal   is  passi'd 
through  a delay   line  ot'  time   1   and  the   regi no rated   impulse   is  suit r.u tovl   from 
it,  we may,   in principle,   obtain  a signil   tree ot   impulse  noiso. 

1 he  given  circuit   is,   o!' course,   .ory  complex   tor practical   realization 
and   is   regarded 1      o  only  as  a demonst ; ..t ioi   of  the  possibility,   in priticiple, 
of suppressing   impulse  noise   in  the  c.r-o  of   ideal   delta-impulses. 

C'^nal   and 
impu1se   in- 
terference 

r 
1 

„ 1 

' I 

I T delov 

C i r cu i t 
for cal- 
culat i ng 
A and t . 

for 
rcui t 

,ve. 

_ generaling 
inierferenee i 
generator  Jl 

1 i ne  

To r-ia " n 
dec is ion 
C-ii rtu i t 

figure B.U.     Diagron Illustrating the Possibility if 
Principle of Compensating tor Inpulse inie?ferenctf. 

Practicable methods of complete  r almost complct«.1 suppression of impulse 
noise will be examined below, but I efor- proceeding to a description ot" their, 
it is useful tu elucidate from the > xa _.> u of the idealized ciicust in 
Iigurc 8.1 certain general patterns w . ch characterize all such methods. 
Let us beg;n with a consideration tl the defects of this network and otf the 
fundamental possibilities ot' eliminating them. 

first of .11, let us remark that the circuit of I igure f>.-J pro\ides for 
compensation of the interference impulse only m case it is the only one 
throughout the length of the signal element.  Ihis drawback may be to a con- 
siderable degree eliminated by complicating the circuit.  One possibility is 
that instead of expanding the signal plus noise into a lourier series over an 
interval of duration 1 it be expanded over interval i n. where n is some whole 
number.  Here in contrast to the circuit of ligure 8.4 the reference voltage 
oust haie a frequency divisible not by ^n, but by n.n. and, as before, lie 

outside the signal frequency band, and integration must be performed over time 
I/n, while the delay line must be adjusted for the same period.  Under this 

- l.Vi 
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condition  all   the   i/ULTforencc   impulses may be  compensated   if  there   is   no more 
than  a  single   impulse  in each T/n   interval. 

Another possibility   for suppressing  n   interference   impulses   randomly 
scattered  throughout   the  signal  element   length   is  to use n pairs  of  reference 
voltages  of  cos  K'-   t  and sin ^'^t  with  different  values  of k'  and  frequencies 

lying outside  the  signal   frequency band.     This  permits us  to determine   2n 
values  of   i. , ,   .■       which may be substituted   in   (8.34)   to compute  the  2n 

unknown A    and  t   .     The  computation  can   in principle  be done electronically 
m m ' ' ' 

and the  compensation  accomplished as   in  l'igure  S.4. 

Both  of  these methods  permit   the  compensation  of no more  than  a certain 
number n of  the  interference  impulses   for which  the  circuit   is designed.     it   is 
obvious  that   forming  a  system capable  of  compensating  any  arbitrarily   large 
number of  impulses   is   fundamental lv   impossible because a.« n grows   larger  the 
impulse  noise  approximates  normal  wnite  noise. 

let us return to t 
i, nd i v i dua 1 inter f e ren ce 
the inevitable fluctuat 
in  the  fact   that   it   is 

ference   impulse,  but   th 

are  the  coefficients  of 
over  interval   (0,  T)   at 

the parameters  A and  t. 
' i 

accurately   computed  and 
furthermore,   if through 
not  proceed  to  receiver 
formed under  th-.* effect 
noise  and will   be   added 
coefficients  of  the whi 
in compensation of the 
densi tv. 

he system in Figure S.4 which is designed to compensate 
impulses and take into consideration the effect of 

ion noise.  Its action, as is easy to see, shows itself 
not the lourier coefficients i. , and .:., of the inter- 

sums Vf and V where ,i. , . and ■•,,,• 
k'   k'l k'   ' k' 

expansion into a 1-ourier series of fluctuatioi. noise 
frequency k'.. , which go to the circuit for computing 

The result is that parameters And and t. will be in- 
1 i 

the interference impulse will not be fully compensated, 
out a given signal element an interference impulse does 
input th''  compensating impulse will nevertheless be 
of the corresponding component of the fluctuation 
(with sign reversed) to the signal.  Since the l-ourier 

te noise are irutualiy independent this will not result 
noise, but, on the contrary, will increase its spectral 

It may therefore be said that the system of Figure S.4 by compensating for 
impulse noise intensifies, as it were, the strength of the fluctuation noise. 
This increase in spectral fluctuation-noise density is ordinarily, however, 
not great in comparison with .*. 

In oruer to lessen this di-ficieyicy we may have recourse to a more ■:omplex 
system and empJcy a certain number r of units which compute the parameters 
A and t. and which use different frequencies k'^..  Averaging the values ob- 

tained for these paraiisetei"S we may increase the accuracy with which the com- 
pensating impulse is shaped and reduce the increase in fluctuation noise 
intensity to a negligible value.  If in sc doing it must be possible to com- 
pensate n impulses, then nr pairs of reference voltages, Jnr multipliers and 
integrators, and r circuits for computing the parameters A ,t (m = l,.,.,n") 

with subsequent averaging over all r circuits will be required. 

-44Ü- 
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Therefore impu Isc noise cüra]vensat ion is the more etfective, the broader 
the frequency band ulii c)i is used to analyze the oscillations at receiver input 
'ihis conclusion, as ue shall see from the following examples, is common to all 
known methods of suppressing impulse noise. The reason for this may be cited 
as the fact that the fundamental difference between the series of expression 
[8.25) and the similar series for fluctuation noise is the rigid connection 
letween the coefficients and By exploiting this connection (which 

'k  ""  k' 
manifests itself in particular as the short duration of the interfering impulse,! 
we may by some method detect, analyze, and eliminate impulse noise.  It is 
natural that it is possible to do this the more easily and completely, tiie 
L'tvater the tiumbei of lour i er .-oef f i ci ents and that are sub iceted to 

k    ' k 
analysis, i.e., the broader ehe frequency band that is taken into consideration 
in the reception process. 

We would remark that the foregoing is valid only while there is no lumped 
noise in the expanded frequency band. Otherwise the components of the lumped 
noise will be added to the coefficients i       and .•, , used to compute parameters 

A and t., and the compensating impulse will prove to be sharply distorted.  The 

resell will be that, instead of the impulse noise being compensated, the error 
prvbability will rise under the effect of lumped noise lying outside the fre- 
qiu: y band occupied by the signal. 

l-t'om this it follows that measures to suppress impulse noise may increase 
the effect of lumped noise lying outside the signal frequency band.  Ihis draw- 
back manifests itself t- some degree in all methods of impulse noise suppression. 
It cannot usually be completely eliminated, and therefore when a receiver circuit 
is being designed compromise solutions must be adopted in which the impulse 
noise is not completely suppressed, bur is so to a significant degree, while 
the lumped noise affects reception but little more than in a system designed 
witn )K regard to impulse noise. 

Let us turn our attention to sti 11 another important feature of the net- 
work in figure S.4, najr.ely. the nonlinear device for computing parameters A 
and t..  This device must be nonlinear, as ensues from the nonlinear nature of 

i 

[S.25J or (y.34j with r-.spect to these parameters.  The need for a nonlinear 
device follows also from the fact that the Fourier coefficients of the impulse 
noise are mutually uncorrelated and are consequently not linked to each other 
by any linear relationship 

This requirement is essence- means that during time T/n an interfering impulse 
is damped so much that what is left can be ignored in comparison with the in- 
evitable fluctuation interference present. 
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olomcnt  of an arriving sigtia!   /' n !   can   in  the   fi ist   approv irat imi !<   n 
placed by  an  analysis  ot"   its   readüiit   valuer   at   diserfte   in^tant-   i't   turn 
at   i niemals  of   l/ü.     I'he  values  of   interl'ererut   at   these  [units  can  l>t   cun 
sidered   independent   and,   therefore,   \\<v  finding  a   liKeliluvd   'imcti-ir   and 
constructing  a decision  principle   it   is  sufficient   to  knov-,   the  unul i''.ens i in.i! 
distribution  of  interference probability.     Ilus   is  doi^e   m  work   {^\.   ''■ 
contents   of which   are   reflected  brief!)    in  what   loliuvvs. 

Let   the  unidiniens i ona 1   probabi'.its   distribution   deir ity   ot   nit < i I ■ rt n  • 
be  equal   to   .fx"l.      Limiting  oursehes   to  values  ol   tlie   r 
slants   of   time   k    ,   where        -    I   i;   and   k   i ■    i   wlu'le   nur.ber,    it    i 

represent   the   likelihood   fuiictii'ii   tor     ir.nal t      i:,   ::.•.    :,; 

1 ^ i 1 \ eil   s i ,1, , , 

A,      []ui   t 

where 

lor  simplicity  we  will    limit   oursekes   tu   a   di seuss i ..n   L1   ,i   liii.ii.   -. 
and   then   the  optimal   reception  pniuiple  based   on   the   criten m  of  i-...\i:-.i 
likelihiAid  amounts   to   selection   of   tin     lecis,   n   tluit    . ,   t      was   \ : .,::•■: itn 

n 
ur 

- i' ,, 

X-1 [In .. (•'r.     •' . i     In . i  '. 

\\<-  will   denote   in   . fx"! \'[\\   ..nd  t .\paiul   i 
scries  aroum 

■k 
lu s   is   ,i r.. t\ ■   p.ss ussihh    it 

* i   IT     1 1, 

I V:.' 

■S-:- 
(    '■)' 

: i ■ 

/I--'.1 

•c ;   i rt 

.| lit 1 r.uoi: ■ 

limited,   and  always  different   fror.   :ero)   .iiui  \M-  WI 1!   assume   t 
Then   the  decision  principle   can  be   it pi eser.t ■ d   in   tin    tor," 

or 

N1 V l-1 ., 
 '    w 

i   .ii 

where 

'•■ ■',."■ ;:;.-"■■.. =.(::) 

function   :    ft!   can  be  obtained  as   a   result    jf  passage  ot'   rec( i \ i'd   ■; 
s 

through  an   tnertialess  nonlinear quadrapolt   with    i  cliaracten st i i.   of 
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case   the   characti n   r K'   > e  nonlinear (juadrapole   in   the   circuit   shown 
i mn-r  -. f   i^o ma 1   • O 
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In  th.i" particular casi1 WIUMI J »ii st rib'it ion   (.s.lOi  hi'conics nornal, 
I lu s  t ikes  ['lace  when   impulses  pas^   through  a narrow-band   filter  and  follow 
ono   anolhir  so   rapullv   that   thi-   reactions   they   cause   completely  overlap. 
In  this  case,   as  should be  expected,   the nonlinear ijuadrapole   <hown   in 
li^ure   S.t' becomes   lnu.ir.     lurthermore,   .ilJ   t!ie   remaining quadrapoles   in 
I .gure  >..',  i'xcept   for llu-   first,   are  cu!   ott   '•ince   from   t.s.5(.>)   when  <       1 
we ha\e y   •  0.     thus,   tlie  optimal   decisiuii  s\<ter becomes  .i  Kotelnikos   sv^tem. 
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Figure   6.6.     Subopti^al   D'-ci • : o^   Svsten   fcr 
Receiving   Binary   SIgno1      It    ,»   Channel   i-. i I h 
S^pulse    I " t f r t ,• r,.r Cc . 

In  the  c;tlu-i   rxtrer.c  .!•;•,■  oi   «IO o\i r 1 app 11-.^  .imunc   rMiilu-^ 1   J  .ind 
rh'-'   t haract en st i.    .1'   'I:--  .ju.i'r.ip- .i    -!■.. s".   ;n   i i curt    v .'   u •. 1 !   IM    evjn'essed  h\ 
\        ,t   .'•   >,     < ^n   x.     Klvr. i   AS    .-, t.iir.    i -:ii.i.!; .ir- ! ■    Mtli    i   cbi.ir.ivter i s 11.   .'! 

;. i   J«   .v      ->;:.   x .   i.e.,    in   I dea 1    I ! r-1 t ■ ' , 

\s   sfiown   in   [sj,   the   «iub'>pt i-^.s!   -»••ti-r   sivwr   '..    ' i cure   ^ .&   perrit^   ^ i .;- 
nrl'ütjRt   supiire^^ ion  si»,   smpuNc   i nt erfen. tue.     Ihis  '■•ürpeess u-n   i?   .'.ria'.er, 
thv   les^   .   is.     Mien I   .'   irpuHe   intirferenc    i -   ivrrpie,'el\   ^uppres^ed. 

8.6,     Practical   Mejhodü  of  Protect ir«q  Ag.si^si   Impulse   l •■ terror er-ci' 

lii   radiii  cunriim i cu? i en  jW-Kti.'«-   (OF;.'!!^   -ivter.s  perriit;n>'.   irpiilsr   inter 
ference  suppression   tu vnv  dv^rvv  ivt"  .moTl-.ev .ire  ic-'-d,     I ro';n \sh •■'   li .•- bee'?i 
said   nlH.'ve   it   is   clear  that   Mich   '-ester.-;   shmil.i   ccint un   a sjonlim-.u   elecefit 
in   a  uule-haiu!   rec-ivt      channel,    i.tv.,   sn   front   et   fi iters   mat ehe d  witli   fh:- 
si^nal   .it   least   in  passband.     '-v.trr-   Hitii   i   li^iti r     I i^ure   s.""1   i^hich   ire 
often   called WIN   system^   [wi de-bane; -1 ;ri f er  n arrow-IM tul: .   suüiie^teii   tor  the 
first   tire  apparently   ; r.  wort   [11).   ('. ■"■<■   f'jini-"  widest   use.      If'   a   linit'-r   is 
ideal,   i,.e.v   the   In  itHin  threshold   i ■>   :ero,   then   >uch  a  syst«.--   coincides  wit.l'. 
Figure   H.b when 1.      In   the   case  '.■■   an   ub-al    limiter,   if   the   limiting 
threshold  is  higher  than  the  mavinur    if  the  sur of  the   si^pa!   and  the  nan 
impulse   interference,   the   roceni r ope'f'tT^   in  a   linear  regme  a'ii   th-  tine 
wi Eh  the  execptiun  of the   tine  needed   f'er pa--.u:e  of  tin   interfering pulse 
tlj.iMire   .H,8|.     Tins   creates  more   J icorable   conditions   fcr protection   against   non 
impulse   (for  exaiinplcj   lunpod)   interference. 
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let   us  examiiie   the   .ictiuii  nt'  t:      system ut'  li^ur«.1   b." \>ith   regard   tu  tlu 
frequency  characten si i c  ol'  the   lui'   n-  section  ul   the   ifci-1 \ i ;ir, unit.     U 
will   .issunr   tliat   the   impulse   Jurati        at   feceixer   input    i^   suhst ant i a 1 1\    le-s 
than   1     t',  where   ' l'   i •>  the  et'tectiv'    passtianJ ot'  the   linear  tract.     Ihi-- 
assumption   is  usually   fulfilled  in     ' ictice.     Ihen  the   impulse'  shape'   .it   the 
input   i>f  the   limiter   is  a   i;ooJ  appi' «.unation  of ;HI1-I   respüns«'   >:! t '   of   ttu' 
linear  circuit.     If  the  ^iy;iKil   jilus   "he   noise   is   led   tu    i   limter V\ith   a 
hmilinji   level   in  excess   ot   the  maxi   um overshoot   ut'  the   sum ut   Mu'   ■-icn.il 
plus   all   non-impulse  noise,   the   receiver  will   revert   into   a  non-line.ir   regime 
only   throughout   time       that   the   inti r^'eri-nce   impulse  exists. 
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Figu'e   Ö.8.      Limiting   Impulse   Noise. 

Impulse   length       at   limiter   input'   i ■   .leterminevl hy   the   impulse   response 
Ü(.tJ   or  the   frequency  cliaracten st i c   ot   ttu    linear   channel.      It   is  Known   that 
in minimum-phase  circuits   inpuNe   length       is  apjiroximate l)'   imerse'.v  prupur 
tional   to     f.     It   may   as   .i   first   approx imat i un be   considered   tnat 

l (S.-l. 

'impulse response git)   may, generally speaking, extend to infinity,  Iherefore 
wi will understand : to mean the duration of impulse g(tj until the moment that 
it becomes essentially less than the sun of the signal and the fluctuation 

noise.  We will need only an approximation of  , therefore the indefiniteness 

is not s i gnifi cant. 

i:.- 
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iu  get   .111 approximate  estimate  uf'  the efl'ect of   impulse nuisr   it   may  be 
assumed   that   the  signal   plus  »on-imi'U Ise  noise   ^o to  the   input   uf  the  Jn i s; un 
svstera behind   the   limiter,   while   fl'e   intert'ereiKH' impulses   are   converted   into 
square-iv a \e  pulses  o\'  area 

.1      /       t 
lli' 

In I S.43 I 

which   in  the   first   approxiniat ion  dues  HOT   depend on  the  ana of  the  nri^inal 
impulse.     the spectral   densitv   of  the   i nt ei fefenee   ii'.pul-c  aftir hein^   hrited 
in  accord with  expression   (S.Jbi   is 

h; 
. J-5 

t   the   level  of   limitation   is   fixed,   then b\   increasing     f we  tot t lil  o: lai n 

an  arbitrarilv  s   all   \a-lue  of     "     ,   but   as     f  yrows   larger  tlie   le\e     cl   the 
11 m 

fluetHation  and   lumped  noise  at   limtter   input   increases.     In  order  for ttie   re- 
ceiver to operate   linearly when  there   is no  interferertce  noise  the   lir.it MU; 

level  U,       must  also be   raised with   the   increase  in  passband    f and lent   above 
lam ' ' 

the  maximum overshoot   of  the  sum of  the  signal   and  all   non-impulse  noise. 

Let  us designate  the  total  power of  the  fluctuation  and   lumped  noise  acting 
on   the   limiter   input   by  1'     and  the  signal   power by  P   .      Ihen  the  tnaximum  over- 

shoot   of  the   total   signal   and non-impulse  'loise  voltagi    is  k>r     <   1'   ,  where  k 

is   the   peak   factor  of   the   total   voltage,   i.e.,   the   ratio  of  thf  maximum     peak,) 
voltage   to   the  mean-square   voltage.'     Having   selected   a   limiting   level   equal   to 
this maximum overshoot  we  obtain 

Im; -'s- v ■;■■) 
is.. 

where  "" = 1'  f is the total density of fluctuation and lumueu noise and 
0   . ■ ' 

h"" - I1 1 / ~ is the ratio between the signal element power and the ^;H cr ra 1 den- 

sity of the Tluctuation and lumped noise. 

Ihe magnitude k may be considered as the relative limiting level. 

'Strictly speaking, the voltage of normal fluctuation noise has no maximum 
value since with a probability other than zero it may exceed any given value, 
Therefore, instead of the peak value the quasi-peak value should be examined, 
i.e., the voltage value which may be exceeded with a probability no greater 
than some ^. .  In normal fluctuation noise when • = 0.01 the peak factor is 
2.5.8. 

■Mb- 



*^mm^m^mrr^w, ■ ■ i i ■^i  ii i.i I-  ■ .■ w i.i, 

rtu-  spectral   density  o)   tlie   i ntertc-ronct'   inpulse   is,   aci'DrJi n^  to i-xpres 
sim   (.S.44J 

(,;,I,:J I   S.    1(, 

.tnd  may  be  üUUIV   arbitranl)   "^mall   hy   '•elrctinj;   .   ^i;t"l i ei eiit 1 y  bfoaJ  pi   «baiul 

When     tl       1;' 

V       '       .    .     N l> 

.iiul   i.t   lurtliennore     fl        Jk'   tlu1   ^;'eetr.i!   lUn- 11 .    .>}'  tlie   i ntert IMTI'.V ■    ir;vilse 

.it'ti j"   the   limiter pru\'i"    te  br   . • r\   srall    m   co-;   irisnn   te   tlu1   spectral   den^it)' 
o\' t !'.e  ot lu r noi se . 

Ihus,   tor exrunple,   when  k >.    I   .irul 
iirpulse   noise   is   onh   JU     .'t        .     i\ii when 

.-II ,  i' i   --pi-ct i'.i i ili'iis 11 \   i■;   t )i' 
, .   he Kr'. i r,   i npu 1 --i    ru i ^e 

ii;.i>   perci-pt il-ly   increase   th'-  i.rr.'i'  pre: al'i 111 •.   In   .ictinc   I.I-
   i!ic  «livisi.'n   sv^ti 

rlu-   decree   .-;'   t!ü<   actmn    '.rpc:'..'-    or.   h.'u   ■•'.:.h   the   i r.T ert'e-r   !!.■•    ;-!'ul-e   resrrl 
the signals to which t ;u' ihv i •; i nr. syiteir, i •• r.itchrJ. Ihus, ii th 
IM.I i signals ol' duration ; thr n-der ot I t. tin-:. ; ■ •. dr,,-.ioi: 
To tin intv rt'ei"'. nc. i"'i'nNr ;n aln.'^t thr ■■*':< .-. w r- t :!,r ■;,••■ 
eise tlu ch i i-t" re lei :'.'t ;■ I ived h 
impulse, hut '■;■ its j'owt-r whi i Ji i- 
it   follous   that 

H t r 11    Wv. 

lim '. i' 

i i-na Is   .in 

rt ■ rt ( n ;u-( 
■<■■ . i>r.     - . i 

r 
U:. / / 

,   tin.'   ;   iwe r  jf  tlu    i iitfrt'cnnce   irjuiUc  d.oi ■   not   d'' 

T   has   :,  \alue   -K'si'   to   ^.^nal   :iwer  '' -:ric 

iri   ra^nituvles   ot    ipi-rv^xir.at i i.   tlie       ■ •■  oi\l( •: • . 

.% i at ;. • ,   .■ i 

i<   ' 'ie   : a-  -'   i.". 

C.-..1 

ii    nrdcr   tii it   the   di    . -1. 
it   "uist   be matched with   si/na! 

• t rr   n.-t    i IM   •   to   i ir.p'i. 1 se   no : 
wh i . h   d i t't'i' r   is pi '-s ib !c   fror   r he   ir.t rr 

fcrence   impuls!- .     In  particular,   thesi    ;ij:nals  rurt   sut'fi r i ent ly  unit 
t!u    i nterva I   i,0 ,1      ass i ^IK .,I the   transrissi^n   of   a   s;nije  ele'"!^-^. 

thev   nu^I   hav«,'   an   adequati'Iv   -nail   ; eat    factor.      !,: i >    .cnditiir.   i •;   Xo   ,i   - i v; 
nificaiu   degree   ;atisfied   by   tin-   <icr.als   of   sjrplo   systers     N.'I,   i'M,   I'M i . 

.\f)ise-like  signals   arc   the  most   different   fro::',   impulse  noise.      Ihe  decisimi 
systcn which   is  matched   to  a  noise-like  signal   performs   coherent   additi   n of 
11 -   components,   as was   shown   in Chapter  VII.     At   the   same   time  this  do. ision 
systems  destroys,   as   it  wero,   ' nc   cohereru"i    botween   the   components   oi   the   in- 
terference   impulse.     In particular,   a   filter matched with   a  noise-like  signal 

■ i r 



LurniTts   ihv   signal   into   .iri   irpulsr,   .>  .!   lOturrsi-1> ,   .orr.frts   tht-   ir.tlrri »■rorui 
imiv.ilso   into   .1  noi sr   lilt-  '.,>lt,i.;c   [ 1.'1 ,      Ihf   t ;■<,(•.;»•!•.■, \   > .m.!  > , ^ up: <•>!  In   .i   ■.ij;-.»! 

■ !   ; he   rfv.i-1 v. r . 

iiulrr  thfSf  lorivii t i i'tis   tho   mjuilM-  noiM'  whuh  h,»*   T r.r.. «•■<■.!   the   Ijr.iui 
.K t -   ipproxjmalrU    liko   lluct ti.it i«"'.  n^i^i*,   i.r.,   thi    .'.;tt   f.Kt «r   r*   not   '.he 
ri'wi-r ot   the   lu.itrJ   unpul^o,   Imt   !'u-   spt'^tral   «li-r.'-it uh i ch ,  wihrn  I! 

. .i; in'  ol     I I   i ■»   '. .i r^v  iii' n i. r.'dt   .ill itf.ir»;»   <r..ili   in   .«.^«.»ni !»i M i i 

;MI-■>< wn   '.>.!";.      It   i-   this   ■. r r\   thin>;  whu!.  pr^vtii.illy   cf ? «■» t-.i-it«"»   t^pulvt 
n.M.M'  supi^rrH-i i on  on   ci>nditi>>M  tn.it   t'ii   nunbcr  of   mti r!ti("...    inptiiv«-*  n 

ir>>ii(jhout   ^if-.n.il   ricrrii',   i-'k i ;•* i. ;i   i ••   no!   \'vr\    l-irk.''"    ^tul   rh.it   vonJitton 

hr 
i - ini 111 :>■.. 

^ oiuli t ions   „re   Jcsv. riViv!   si;   .iv.nl.il !«•   11 t •• rat nr« .      ^   !(«     t   t'.t-    in   UM-.I   :r 
pr.u't i vi*.      ihr  n.i_iurit\   ^?   the  prü]o>i-.i   ■r,)ui^  ~.iv   ><.   ,i;,: !i-,I   mtu  'u.-   .r.-u,'- , 
:.    tin.-   t';rst   ci"011"  t,<l,'r,>;   !t.i-     o'-p.-r.N.it i ••i;   rithi-Js   whsJ.   •■;-ri-M-rt   ilit!i ri-i.? 

'. .in .it i I'T.-   .t   lh>" prnuij'iv  whi   h   .r.Ji i 1 i (■■•   tin   sv«.iv-   .•    I.nur«    >j. i.      :hi-si 
nothod«;   art"  usua ! 1 ■.   \ r r !■   x    i-l    ,   l\ 1 ; .1c    I •l.llr.j'l.lJv ', ,    f { ! c    r i . (      , -■ i; 1 • <■ 
noiso   supjTtss i i-i"   .liul  !',.r. r,   tluTil    !i ,   hi rv,   li»tlr   .ipvlif-!. 

iii  tin-  si'v.oiul  ^roup  1M K:-.:   tin1  rvthod";  ul-u-h   li~it   thr   '..i^:.; 111,1»   o;   in 
i-     r  .iT-i-ffu-f       lir<;   ot    ill   -'.oil.!  !•<■   r, -.'; ;   rv it 

-.:   i>ii.   '■   Ji t't'i-rs   1 r ir   t),   t      vir.t.cJ   ir   th>    ;:< 
■   t'1-.!-  iK'.vir-l  if,I   liiu.i;   vi.airu-l   !li'   ■-:>:f..il   pl.i'-   n.-t^i 
.';•■.,;    j<M   I      o'   • l lit I il'I .     li.Wfl    t I-.it     ' h«    -t   \r. 

.':i     ^1^11,i!    plii^    noi^v       I  i^.:!'1      s .'.) Ht'IC,    .  ! 
.- rt I . v. -      . ^ .;'     i:;.l ,    ^r".! !  i i I       s;t .il       ,; ,   t ■ i     i p,!» • 

n.it.iiT.   i^  part i ill>    lust   !H-i.a;:s<    thf   li-ttrr   i:-   ai,   irnvi rsibii    an idr tpi'li'. 
■>(",(.• i"t la-i cs ^ ,   in   a  nari-i j   of'   , a.-c--   t'«.-   inTorratiin   lo^<    is   ins i k;ni t i taut   an.,   a 
ba-iv:  ilo i i > i on  s\,:,~   Kuhiilcii   aft-r  ttu-   liritcr prtnidi-s   ri-vTpJ i on   jj   alr.i'-t 
t ho   sar.o   f'lJi lily   A<   in   t'io   ^as«   uhoro   tho   l:rr.itint   li\i !   . •-   hichvi   than   'lu- 

tor« •" ri'Hi. <■   i npu 1 sr   i:.   son i 
th<-  r,cthüAl  of  dr.Kt u    11- ; t 
i-rdl HK   Si'Ct 1 .r.    1 n   that    at t r 
^oo >   to   a   1 i" ; t. r   u ; th.    i    1 i 
squaro  ■. i i iK'     i   thi   sur   ot 
ijourst',    I i r^r   Mi'ii. i no a r   .1: s 

PC li    1". i. 1   ot'   I !•, 
i *   •• i\ v~   . ire fu !   i .'c ; 1 a? i 'ii     ) 

U     - 

+L 

Ctial.       Ihr   a.l\ ..r.t i^r   - C   JrastK    1 ; r ; t i in:   is,   '".."..i'.-• r ,   t'u.t 
n    ! . v ; T ; !■.,•   1. 11 I   or   o!'  ar i J . t; i .it j u;,  onni'i. t-ssarx 

-U, 

Figure 8.9.  Drastic L i i" i t a t i cn o t r- ur 

of 51 gno I and 'Je i '.e . 
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flnstctJ nl   lie it in»;  ittpuUc   inlrrlorrnt,« .   it   i\  pw^M' 1<    tc  •Jokl   th< 
receiver   Jur:n^ pj>\u(;c  ol   .in   intrrtrrrnvr   iRj»ul»r with  th»   * jtr«   <}»(.! 

^  (iv^aiäfJ   wen» i J«r.it l<^n   ^!   Jilfrrrnt   nthi-J*   wl   jr^Ji.tin»;    »,.un\t    .: 
pu^e   iFilorfi'frntc1   i»   vUJit.nntJ   i ;<   -».rl^   ' IA! . 

In  vhanncls  with  rrlitr.cl»   inirvqucnt   irj^ln   if.t% r!«r»-n4H .    ••.    ilt« > .. 
ivotci,  errcTn   «n-jti-J J^   micrlcri-ncf   in^iuWc«   > .u-. ?<•■•   *■"••  ilirit >tr.i i» 
u^tng   .  vorrrcti«^  v.oJf.     l«>r  thi--  purj-i»>«-   it   i «.  |>c>>il,l«   to  ii«.^    .<  . i« >   ».it! 
atnieai   rp«iun-iani> ,   .!»• t«-, t in»:   Hi.»'   « ; »rt-nt   ot   j   \:t;^.ii   >:-ir;r.,:   t».»   ».   ■;'.   • 

>t   »»hi«.!»   thtf   untvrjrrvnvf   I^JH''^
1

"   >v.wrr<.J.     si.'   .J.rr.t.   '      !   'irr.  ill .' .   ' 
'•iiSR.il   rh'ront«   ^ .in  V>f   Jun»-   t'»    ►   nmnun   11 r-1 •' ;   ».?■. i , •.   t.  ..!■■   r.     > 1 ;   i-;   .'.   • 
f*i,;ccJ^ng  .n  ^nrfi   U.rl.     fiturr   •   10   »h.■<».>.   .i   .Jii^-rr-   t .»I »•-   ? r.'-   [ !.''   •'   -h 
tN-  tjrn  »cvtjun  of   the   rr»rj\inii  ..: it   i ■.   ii!-..,.r   .»n,!   .   li-iT< r   -*■.   '.  .;.!.>! 
loipulsic«   .inJ  tr*n»i:it»   .IJ-J roj-r: .i? <    ■'.■r.»'.< 
(."ü/nnrctifJ   in j-jfjllvl   kith   it. 

t, 

f • f St 1 Seco-<; 
p-»   ÜCC t < n*> _-J <t«c 1 i*r 

«,y* tc- I *v Mr^ 

Mini rur- 1 i - 

'•'■ tCf to Jc 

tccl intc'" 
♦crcrcc 

no' se 

figure   8.10.      D'dqrjr-   S^W»'"^   Drtect   „•   o* 

IntcrfeT^ce   I ~p\j I < r   «jr» j   C '■r' f c t > c   ü*   I'Tf* 

■Vnothcr wdy   to  protc».:   .it-un-.:   i;.frrmnnt   ir^-iilsr   ir.t< rtrrcno    >-   T 
time  diversity.     VJJitiuri   ut   si^n.ils   ovviirs   in >11 \« irsit.   *-r.»nvhr»   ;r   t'v. 
»encp uf  inpulso  intrrfi'rx'nvf      h>iiT  .m  ir.t« Mt-renn   t^ul^c whs.h  .1;   vi 
tccleJ  .is  'shown   m  lijturr   h.lO  .ipfi'.ir«',   th«   .r-pr o;-r 1 .it«   ^jein^h ••*.]■.:.■ 
reception  is  «.onJii<t(-j   m br,ir.chcs  wf,i>t-   .ir«'  t-,   t   .ittr,'   ,!  .if   t'«   -•>-«•/ 
umpulsr   iJUcrfcrcni'r. 

8.7.     Ways   to Oplimi/e  J  System 
Fluctuation   Interference 

J o 1 ' '■«C i • O"   t^^    LKiT« I "^ P u 1 N1 

■\nJ  so,   if  in  a  channel   aJuiiK with   iKucliatJoi   mli-r^rt i n... •   tht-ri   s-   (■;•!■•.( 
lumprj or  in]ivjlfc   interference,   the\   can he   largcl*   suppn«i<.fj   •>,    th.it   t'r 
probability of error  is   Je^emuncU' almost  entirel>   '■>   flu  tu-itw'    mSt rt errr. 
It   is   true   that   decision   systems   in   tthis   case  are   not   conyhlel)   uptrr.ii   lur 
fluctuation   interference   and   thi'   suppression   of   Interferenz   i-   not   .orplctc. 
However,   in   feasible  systems   it   1 ■"   vtill   possible   to   ait   the   jvwrr  o!   luriivi 
or   impulse   interference  In   several   thousand  tiitirs.      ihn»,   1?   thf   spectral    Un 
sity  of   lamped or  impulse   interference  exceeds   she  spectral   densits    »1   t luc 
tuation  interference by not  more   than   i.OOO  tines,   the   fidelity  uf   rrvi/ption   \ 
determined alr.ost   entirely b\   fhictuat 1 on  ;nt*.-rf ercru r . 
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Ihf jToldiT.  i>  r^iwh ttort'  k.-or:}-11-3k  when   lunj^-J  .mU  IRJUJIS«.     ncrrivrcn-r 
in- pri'»cnt   in  .1  ch.mtu-1   .it   Ihr  ».irr  t i-«-.     Vs   can bo  svcn  fr>it.  prcccJinj 
»cction*,  ^lc•.l^lJrc^   t.ikcn  to  %,ji»j'rvo».   IKJ»IJ1\O   »ntt-rfcrmcr  .irr   l.Trgrly   ituon*!*- 
trnt  with  lonJi t ion%  unJor whivh   it   1 ••  possible   iv  Mipprr»*   lunp»*«!  noMc  anJ 
»•xt-n  v i>nt n butt-  t»,' rnh.intTini;  their  effect»  on  .1  JniMcr   svstrr .     IndreJ.   to 
»jipprv»»   it^tulM'   interference   th»ri-  taijit   be   .1  norlmcir  Jevice,   tor  eianplc, 
.1   liRtter,   in  tin- ».jJt-  t'.ir.J p.irt   ol   th     rectMM-r.     It   '•tronK   IiumpeJ noioe 
• •c»ur»   in  the passban»!   it   th«-   input   of  th,\  nunltnt-ir  Jevive,   konbinatton 
t r\*»<uenc »e»,   *««c   of   whivh  r..\\   hf   in   the   frvijueno   b.mil  ol   the   «icn.il   ».ill 
.«ppe.ir    it   thf   output.      Ihu»   iurpriJ  noise,   .ifter   passage   through   .1  nonlsnf-.ir 
Je% 11 «•,   i*  "Je-wil t ipl leJ"  .mJ possibilities   for   suppr>ssinK   1?    irv   much   re- 
J'.U I'.l . 

iin   the   uther  hanil.   it   .in   itterpr    i*   first   r-.ij«-   to   suppress    lunp^d  nei*< 
1.   p.issmc   1  recened  sigtul   through   •  f;.t«-r  transfonsmg   :'iti   into     (tj 

I 1 g »r»-   ^ ..'   .   the   re J .it ion*h ip*   hetücen   the   vor^'onents   .tr«-   Jisn^t'fcd   »n   the 
spe.tn«n   <•!   t'".«-   irtpulse   mlerferrnce   .i.irmt  p.i»»agr   tt.rosich   IU. h   .1  'iltr'. 
1.   .1   re»ulT   o(   whikh   the   inqmlses   .ire   ■•t..tcheJ   «isit   an^  n,»>   r\<n 
ir^ulu-   mterfrrencr   pri'T   t ••   Imitifii   ».ill    ipprvaih   f l-.u tu.it 1 «^r 

mpers , r ■. pt       m 
•   crv >; l-   r<-.!iiv '■, 

•<. SO 1 fu re m-* ir .1   T he   r f I f, ? 1 \ rne • up- 

.)■. rr 1 Jf .       IV.i.js , 
a ■r. t rr f r rrre > 
r<-<s 'is "H   kill 

ihr   .»jv.;«r., ■    !••   .j   ; 1 ^ 1 • <• r   s-    th«-   » 
tr.'r, k   lurpv.i  n.'i-.e   nut   crl^   •" .'. t 1 ;■ I.. 

.J.    Kt-.l   p..rt   .■! r  i-h.i-ri  s 
1; '.«■   but    »I •■ i'   sur; ? 

■ . gna S        v«   1 ^  l r-.-wr.,   *.hrv:  '. HI   
f..»v^-».'^ 1 >   v ••. . 1 ; .t 1 ■"V»'.   v »th  h ifror ; . 

.-v     1.   ; 1 •■ r-n   I   5 ■■   the    input      !    .1    lirtitet.   T>M     ?,iti.-i   o!    Xh*     tr..pl;itu.! 
•hi   .Aitpwt   .i   •,-e   jiriteT   .^.m^r   1"   f.r.cf   ol   :'■ ■    -troJ-.frf   os.ilJ.r?) 
i»trtr<    ».use    .<{    kawr(t'<"    tl'lt'.fii,    thl'     r.lTi.     .   »^    '(       ^.«nceil   '■     if 

■    • k. ir.ti rU°renvr   JT- ■■ 1-Jn <   the   strong) t   .s, -. 1 1 .it s «»sv .   t,:'    ■■-i ci" <1 

v r «    I h 1 ■ 
.mpj itudf 

•.     it 
,1 -    t h 

i  '   r     i   , 

f   su, h   s  it ac?"  »• 1 ". 1   '■«•   S ■«; vMrrrr»»e 

ip;   the  1» i Je - b .1R..1   •• > k ; 1  TI  .1   .»   ■• c . <■ ; \ ••.-.   r- c < f 1'• '-"-   ''!   whether   !h<    Mji^.ii 
i>    w;Je-V.l*iJ   .:l   n.irto».-b.ifJ,    the    *tmgth   0}    iir-w,.*   ■n^j<>.|     , .IT,    gre4tl>    rs.erd 
th'"    iijlijl    «trirngth.      fcTirl    the   «ievt^.n    ; <.   t-'iri,    Tik    lir.e.ir   * h 1 ■•   Jou-s   re?   himirr 
.»   ■ 1 t^   l.-.f.'.   -.f   fiJelil.    1:    r'.-r'tor    is   long   .**   ?h<    «irvn,:th   .-.f   the   sign.il 
["».reJ'.»   ^.jf: i. 1 mt 1>   the   n.<i sr   ■•;•<■   t r-»1   Jensit» I?   t'he   i-.t .si:«'*   ■'<"   'h<    r» >«,,•.»• T 

iri-     ■. or i'J-.u'^ il,   1 r.   ; hr   jirit   place   the   rati«i  betvrer.   si^^a!   p^^er    fr.ii  spr^tra! 
■■'    Jen-;! ? »   J' 1 rr.r r '■■    t".    1   v »-u 1 *    .' ■upp rr « - ; i-ri    ir.-'   .■ ^ . urrrncc   .'I 

-'•"•'   inatio?'   frevjuen. s <■'•    «f.J,   ^r ,.'/.•■. J ,   the    !*•■ i 1   »'f   t'h«    ..jsefuu   *j,:fi.il    at   the 
inpii"      1   thi    'h-   : ■• .   Ti   ^ v •-•. •-   ■, ■,   rijiiv-J   i".   ■, orp.ir«"«!   1 i'   the   ^.iKul »Te!   lr\rl. 

! M.M;'.,   thi   T-,I-    r. 1«    ,      ; ; re.I   tu   r'-.v   M-, .'-.a   ! .1, t   r   ,1    in    lesign-.nu   the 
.le . ,', ^ 1 .>r,   ■JksVeTf   n ■   pro\!sion    , '■   -.i-Je    for   .1   suff l C I rnt ''•   wide   JyT\,;v3a; >■    r.ir.ge. 
iherifurc,   .rcating  conJi^sons   under  «.hich   ,1  Jeiision  s-.^Te-   tunctn'n« 
.^rrcitK   regardless   of   .'..ir.fc   iv   «.ignal   loci   uiThin wiJe   lirits   1 <;   .1  ■,er\ 
irportant   problcta   in   rocerv^ng  ,l.c\i,e<..     \s   alreads   noted,   in   the   receiver   ot 
the   «ale   systcn   [ i-1) ,   t'he  J^-n.inc   range   M   the nvil 11 pi ur«   r' aches   100  Jb . 
\mfllfiors,   for   exar.ple,   between   the  ir-atcheJ   filters    uul   the   corap.ir.itoi    ire 
often   .'-t I to wuirn   thr dynani c   rangr   cf  the   Je«, i si on   svster. 

• 4 ."< u ■ 



\!   the  prc«i-nt   ti'u-   tht-  [T^t'U-ir;   .1   opt ir i : i r,^   .1   Jciision   >>■.!<•-   «J.jrif. t' 

s;Qu]tanruu»   cttf.'.s   of'   intc r Ifnfui-   ol   Jitl«riJit   l^inJs   v .iiinut   K-   .onMJrr«.! 

nijUrii.      In prj^tici-   iucpri'-iM'  rftfi.^ls   JHTBJ 11 ;r>);   ;h<    siip|-rfss uin  ot   1. - 

pul*c   jfitiT IcrrJK f   to   »ucc   .'»tirit   .mJ illovlmi;   % 1 mult .«fu 1*1»   protrition   .i.-.ijr'»t 

lunpck]  IU 1. ••-«•   .iii-  U5UJ1I>   LJM-J.      Ihu«,   .11   .• hi'«   «.istcr.  u 11 li  n.irrc»«  Kiml   IM    r 

Kl**!  signal»   the  pj^sbar.J .1   thi-   vit.uit   in   ? runt   ot   Iht    ;;ritfr   1 •■   P iJc  ^nl 

• • .'>   Sirscs  wiJt-r   th.kn   th«-  el !<•-r 1 ■. «■   !,.»%sbjnd cf   tfir  r..iTvl'.cJ   3tl!< r        Ih^s   .!. 

. rvasrs   the  prubabilit»   that   •<'TUU^   IUS^H'J  noi»r  kill   n-.u'h   t?-.    ir.p.jt   DI   the 

l-iWiter   ^.msjn»:   "ilrvtvlum;   ;t    the   leiitth   of   the   interferin»;   !-p.ils<%   ^til*   ti 

.1  r-.i^n 1 tuJc     •.   ?h<-   ifJrr  •!   1 • .'• • 1    J.   .   <•. ,   rct.uninj;   the   pi** ib 1 111 v   ,<f   [-.u 

ti.il   suppress; tin.     On   the   .•!*)..•   ' .tnJ.   the   Jiritir.^;   rhr.«-!». IJ   i^   ufttn   .«-t 

hifchct'   than   the   t^ital   ;»->i 1   .1   -•■.(;n.>!   .in»!  nun-i^jiul^e   ;n'erleren>i    ^o   tl>4t   ru>n 

iir.r.«r  phenoB4-n.'i  u'v.iir   ^nl\   >.ir*   v.ie-i>;<-     5    if    ;:■.'•■ r! <•:, ">:   ^^t'l'.,■,■  but.   uf   the 

ther   h.tnJ,   the   re«iJudI   -.pevtr.!!   Jen*iT\   .«?   the   i-pilc   . nie r leren» <    1«   >i»:'"' T 

This«   . n   the   V.»M-   't   ilr.i-ti,    Ii^-iti ^ 

hn-%i'\ v r.   r ^ 1 <■   .■ t f i', : s ..   1..». %   ,,!   .»t t .ii r.; n^   v; rti 11 JJH »■..\   prot ■ . t : ■'•■   .»► J 1 r ■ : 

both   .nJivatc!  '.,I't's   ■'   it>t» ft er<-n».c   »»>•  po*»ible.     Jh<-   uw   ^l   hiJe-han.I   -..^r-jiv 

>>i!k'.   .»   scjll   j'e.il    f.utor   :»•   th-.'.   [«urj-ojc   ;^   r«'r'">< 1     p r off i «n-. k        I1';'-   ; •■: 

- 1! 1   -'i'"»:  -i   Uaitir   tcj   .-;',!•-»■   -, nt e r! tnn.i   w;:1    .1   !hr<«h"KI   '• 1 ch< r   f-.»*   !'i 

pe.»i    ie'.el   .<f   thi'   «.i^r,.»;   IH.T   itit;    Io%   t-r. ."..fcf'i   f.r   •■ JT . •-f .i, • o r >    '..ip^'r^»^l   r,  .! 
-•<••••.  r . .rpvj.^c   ; r.ler le rer.kiv .        r.t    r- ■    ,:ii.i ,    irj   .,   ( . 

■■■■»t^heJ  *., ! h   the   ••-.^n.t'.,   i.v,u«rev   ! tie   ;rv;<r' 

'1.1 ■*   .1  nc^ljji.b.»   "i'.iil   «i'ektr.i;   Jin^it»        \; .»-•«■ 

^5   ll,r   '.»icn.il   ; err it-    K:<-.,...I1 

!• 1 :.j*in^   thi    : is.; ter.    .'   i--. 

i('V r< •■ ■• i < r   v'f   narr.h   turul   i.."i'<- ■ 11 r I e ren. 

r     .1 v . o t ij.»:i» <•   hi lb«    «; .»»• r ir    <•>■.».:     . ■ 

I ; icui c U-khr^'l. iii ^-s;   Jäl.,wulitn>   -tr'    the   -.ur   '.r.Jcr.r,,-   !.i.tir   1; 

.•Pi h k.U»..r.     ! «.; (■:•■.   .it    T •><•   ; r > ".rn t    T 1 r» 

I t    l.jr.p. ,:   tu-i s<     1 ■•    ,;i    ; r»! wt. J   -> if! 1 1 r J t ■ 
• : ;t ; ■ 

! ; -e ,   1 '   1 >   ; ,'v -1' It    '      u 

^1   rr» 1 t> .      i rt   ^J     ! re,.\>r.. 

■ J   :h< 1   • 1 ~ii; t .ineo-.i»  ; r1 , .JV". , >   «■ 
tr-ir.^'e-.   I . j r >:   ,i: (    <•:,; r .1 

• 1 ■ <■ 

■ . 

•.-.-''■er   . '.    i; ■ er« ; T'. .-. ru«-   1 

1 he   i-^'.i'.S!    .i;ul   ,..-;i.;   ; 55?i-T ! <■ ri 1    .    Th»    ■■;>;: tl^   o!    ii.   'r-ir^i -   .iii'      ...1 

either   .uhifrentlii   <r   1 r ».ofieit-nt l- .     hith   '>■<■  pfi-'-enic   ,!    lunj'e.:   -..'i'-t .   ■!   t 

;,   Srcmien^>   tT-irivhe*   lho«-e   in i»hi,r   t^»    "-t riin^f-.;   1 vters t-i er.vv   i>   1 iHin.,   iri 

exi. luileJ   .mJ.   vtth   t!-.'-   .■.   nrrvr.c    •:   ir-pilse   1 nt «■ r 1 i-rrr . • 

'he   '. ,   tine   br.in»:hf»   re.ul-.tJ  ! ■    the   inter?« !• i.t>    :r.pu.se* 1 - 

• itfi^sentl)    larj;e   ,inJ   '.he  [  >wer  ot   the   si^n.il   in tu   It.inch   m   t'-c   presence 

1   Sluctualion   ifUcrtcrcncc «.ulticiriit   Xo  piv   1 ile the   reqmreJ   h-.t 1   v't   Ji.iii;:; 

there  will   be   .3t   ie.ist   one »n.il fectrd  br.uuh  whiv' i. .in  bo  used   Icr   re^eptior 

with  .1  probability   close   U unity, 

Notes 

1.      (See  Section   s..,' Optimal   and   subopt i~..i 1 systems   in  Ttu-   case ol' 

lumped  noise  have   .--till   not (mind wide    ipplication   in  practice.     Usually 

ol 



(•r^t r». t » ol»   .i^atUr>*    lut-.j'tiJ   tioisi    .iT-vts'i t ••   '.    it'-inj:    i    -i'l'.vli^    ^ir»'..!?    sli   the 

rricniT   lor   Ihv  3'ur,'t»sc   it   iiurr.jsin^   tl,«-   ]'rolabi J i T1.   th.ii   •.tron^   snti-t 

Siri-iKi-   hill   ri.uJi   tl\»    iflpu!   ol   t?-.«-   .;-,->. i •. i ■ r   Mslf».      In   thi-^   v .»«.t-   .i»i   i-Morl 

i >.  r.,t,lf   11> ubl.tin   ijr.  jApliluJ«   t r» »,.II«TU \   id »i .»'.   r;-l i k   ol   thii   »v Kv f i \«' 

k t r<.ui I   tahi x >,   i ■,   .l^   > ! i^ i    .1 ■-  j    •> •< i! J.    tu   ; .   «h.i{M'J   .inJ   i ' N  ;  IS si1 .iru)   i »   M 1« <- toU 

' - rt : I»,   in  the   ■•i^n.il   tau'M-il f ■>   t r »n«-1 «'nl   jr >*>*<>•■*•   .»tJl   ir-.^r   Ji^l?!,:   tfi«   irut.i 

IM III»   ol   iir.r   Jin   r.'  t luk !w.it»i-n   i ntcrlir» ^n . 

such   ••   >irv.»t!   tu:   .i  n.ir rc-w-h.iJiii   r«><i'><r   ..iil»!>   1 n.»»-   tH(    M»lu't"»«-»1   i f• 
; •-   nit   Ji t < rr-1 »u ,!   » 

. r ; \ r.l   »«ijr.il   (Mit     i^MtrvJ   t      ' «•   <,u..tl    ! •■ i ,   • ». r    .i i )   •    ;    j   «h ; , 

in    U-l,4Si\r|.    -"JII    .ml   MM'.»    !•»     i'.'.    : rr t\t\:nt    I 

. n.:  ?• 
tl 

IK»   ;• r-': jl'i J k t»    th.it    ianj'ftJ   fu i M    H I I 1   ,.»...=•<    .,r.   .rr^r   in   Ih»-   ,ir.\J;"      5    . 

narr.»«  i1.•.-..!  rrvrjvtr  k .«i Vi- r«{'»--<-J  .»»   !. :i %•■ 

r     U.- >   : > 

s   imul   t .ir.J.'x      . •.   thv   ; f ;(' •' . i . t »     Jc t ti'nit i .<t     l^r.-itv    ,,)    »hi.«.   ,r   ■    L>; t 

*»ii»*»I».   •      iic; t-nJ«.     9.   *,'<    •.tr.r.,.!'     r .'.   -li t| <      :   tw<    *;;    ,i'.   -r ■'        .     i ■"   I'1' 

.i« «t an J   . !   t h i    r» v r •, . v r   ^ i .(.".. < 

•i ■ 

Mu    (-r .»bah . ll t ; i s 

k   rit   mt     ■;.•,;; 

I >    >-.i  »i 11'.   ..   t ..r t '•.. •      T . f 

;   r  V . -. i r      , >«;. r v   r      ,   , . 

i •,   t '■.<•■   ! i> i 1   »«11^   !    r- 

:   lit. 

'I 

,.;. 11      ,i' .     - v-r    .it < ,i   . 

.    • i. , . . i.    -  ■ 
*  -  14 > 

1   • I,','' 

.h' re   i i <•   t•,(■  pr.i'.)aV .1st» 
U    - 

that   1 oaju'J   mti-r i- ri-r.vi ?•-. .i:  ITOI ;or<   >;;■ 

t ' c  - 

t h.ir h 1   I   .       ( t    I. 

i v. r   sut t i c »int i %   general    is i'- ■ it   the   :iat ..r,      1    ! ir; . 

thr   .ibM-n»f   ol   trt'qvjrnv)    ri,;ul.it.   n     it   v in  '-t    >huwi 

1    'i   ur,  ihe  passbanJ   ; ^  v\\   ncnti.ii' 

f c.l       ti; (       •  .  i 

v  .;< M 

»•here     t   . ■>   Ihc   rt-ci'i\ cr jassband.   and       i ^   Ihi    '•j't'vtral   intcnsit\   of   ,il 

fcrcncc   distribution with   .iri  cnvrlopc   ivxcn-ili r.t in.l   .icrcruh :-,■     r       ,    ii 
(' 0 

tht* naluri-   ot   t!u-   sourci-v   ut   tht'   if.t iTtfri-ru i'   in  the   .h,ir,iu , 

-■1 



Aber»       (        J   Üu   prot'jli 111»   th.it   'nUTt orrtuv  1.1 11   n-u h   the   IVKC wr 

p.i**b.in»J  »s  ,^'prtiA IQ.IIO I \   i, ruport lon.i i   to     !.     IhcPi'lorf,   in  JcsigniDK  .1  r.tJiu 

rrccivcr   .»n  olt'^rt   1^  n-idv   '0   rrJiii«-   the  p.is>l'.itiJ  E*\cn  .it   Xhv   lost   uf   rii- 

wrr.i*ing  tfu- pr<>!».«l>i 1111   of i-rror  k-uj-cü 1^   tran-imt  proecsses   in  the  «.ciri- 

t1vc ijreu»t. 

iNf»'   "»vitjun   s.."       hhs-n.  tlirr«'   .ir«- r.i!i;.   »njurif*   ol   hiriju-d  not'-c'   .nu\   il>ii 

ahon   äitraprJ  tw. »f   1»  n.inipu!.it(-J   ini!  luhn-ctfJ   to   V .uJur.f .   Tfu-  .i 1, •-1 r^ tmt 1 ■ i-,  o! 

p «■^.■JI
1
 1 II 11 !<■ ••  o?   then   t n*4 .ml .iiu-un*   i.tlun-s   i v  (,},'*<   to narctil    mJ  th«-   .Is^tribu 

t 1 ur o'   ■     >-i   vli'-M-  t«) i-»porrnt i-i I,      'U   itiJii.MfrJ   «n  Ihf  ti-xt .   m   th*"*  1 i-t   ihr 

^ptin.«!   *»*li-a   jjKoun (s   t»>  th.i.t   < i-^rut .c!   iti  ihiptt-r   111   »eith    ■  "khi ti-mnn" 

MM«*''.      !>'   .."'r-tnu!   »iiih   .»   «nvfi-r   it    1 ■.   nn-(.«■•>% .11 v   tu  l IK"».   tfvi'   pown   ^pt'Vtrun 

of   Jh«'   - in ijHt II it <-.i   «nJ:   r.iJmic   k'urjic-J   JDI-C,      (hi»   pro1!'UT   ! ■-   ^otisuf'Ti d   m   ««t>rt 

(!:•;■ 

r^rc  v.-.tj^^  «■..'>'     »nrr.Kl «   1 ••, l."'   1-   .1  rouch   .tppro» 1r.1t 1 cn.     l-ful-.*- 

hn^"11  -U ['«'fi.K  not   i'cijv   on  thr  1 ; ? <-. 1 1". <•  ^.»»»b.HijK uf   the   Iinr-ir  "•citst'in,  but 

.(!*.)   ITI   "hr   ^hj-pc   »3    ;t*    ' T<-^ur 1, >,    . h t.f .ivtcn "t 1 v .   .i^   m'1 '    .»-■   OJ    t ' i-    fr'.cl    1! 

»•ht.h   thr    i-rpiu J'n-    Ifo^rth   sv    rr.ul     "ir 

l'Hv   •• r i .vSm „'t     1     i~   kr.uvn   [ «c )   " .■    «•■    i-'.    11 ■■>   Ii .k«t   . .«tur   in   thr   .,.i«t-  uhtri 

th«-   fr    1 »( no   v Vur .v. . ( f ; ■• f i .   >>t   th»    • !■. t ;   '•   1 ■.  Kl!   -h.ij^-.l   'g.-jus,* j .ir, 1 ,      !T   i s, 

.upp.ift-ir*   th,,it   ■.;   1 ■>   pr»si»<J>   thi-    ; r i-„M-r , s   c'lAf .i», < 1 r 1 st 1 k   sh.iii <■     .ir\J  «  •!   .it 

.«11   IfM.'   - »UJ.IJV  h.r.i-   ••}'..»p»-'   tah 1. h    .•,.«.jl.'   f,-   iJrti.cjii   (  T   rn   the   Ji*-^i,-j.  «it   rr- 

h.ir■*« * • •   -' . .   ; •  ■■''■   ■•;. i.; 1   „n 1! 1; 1 . .M< 

"« 1 •   tt   ,!   ' -.   u-;« lK    ,    I *f,..    • ■a- ■■■ 1. 

id ; 1 . i 1 n! ! 

'1 , 
r. <• "r.jt-,   1     it:q ' »t ,. .it J . l'hi    rt \. 

i-r ,1 1 ! i > r        " ]    . ■     1 U ■'''■ f ; ;    .h.tiH-iä 

I t «. j r r s ■ 
i'„'   fr..'   1 jr. s 11 r   , nriit 

-Vi      T'."" 

i 

: I     ,;  . -   ?.   ir,v   «r;- ii 1 '.ei 

• '    i    M' 

'    t 

■'it 

»m-r« 

» ror   th. •   1:   1 

iv j mr   1, .i lu«'     !   ! t'i-   1 -l'is !•-(•. 

tr   t in.t   i-v'"'1-*'    '»'lu;:*!  wh:th   1-   ri-.i.l   out     it    ICM  !   U 
1 i: 

I 
N.SO 

I 

Ihr rr t ■T-',   Tuiraii'.i   1 •». U     »s   .uiiir.it<    f"i>r   1  bei I-.'h.iprd   inpiilsi1  v>hcr 

1(    "   '•<.h\'.      .      \  korrcv: 11 «.n vouid  hiv<-   'c hv   introviiucJ   irr rorr  poworful   m- 
0 . 1- 

P'Ui •(.•'■   aiid   iri'-tr.jj   nt   rxprrs^ion   |k,.lJ     ur  Knilil   u r 1 t ;• 

4.'>3 



pPKV^QHnE^Ep^RI li^.L.   ""U'W _^,--...      . . , ,,T.,.„-. . .,,^-f— ^^.-rTT^wTTra-tynirtT^vTw-tq^Tiw 

In.,-'-      t.ikos   on   tlu-  values   shown   in  the   table; 
hr 

i 

""    !       i 
..        I ".a   !      i .■^ ; 

PKIU 

ihis   ou-rection  olniustsly   introduees  no qualitative   changes   in  the   results 
oht ai tv-J whieiv  substantiate   the possibility   that   impulse  noise may h;.'  siippi'essed. 
Nevertheless,   it   shows  th.u   the spectral   ilcnsily of the   limited  iiupulse nowise 

. !'.1 
mav he  several times inefeasej if" tlu an .1 of the  initial   impulse  increases, 

sis,   several   thousaml  ttr;es. 

■1.      (See   Section S.?|     When  selecting  a   liinitini'   level  ice may  sot   outsehe.s 
.i  pernnssjMe  proba-bihtj   that   during  the  period oi"  reception  ot"  a  single 
element   the envelope ot" the  total  voltage  of the signal   and non-impulse  noise 
Ml'   e,\ceed   the   limiting   level.     He will   consider  this   total   voltage  to haci 
nor-,il  probabilitv   dist nbut i mi,     I !u-  average  number of envelope  overshoots  ner 
unjt   of  tine   depends  on   the   average width  of  the  spectrum,      in   the  case  of  ,.; 
kMussian  frequency   characteristic  the  probability   i   tli.it   during   reception  of 
a   singii'   signal   element   the   envelope   of   the   total   voltage  will   be   k   times  more 
than   its mean-square  value   is  a,pproN imate ly   [IS] 

Setti nc M   find   tliat   uhen     ri 
re I .it ue   ! ir i t i r.g   leve 1   I   * uui v>hen     f 

lUO   it   is   necessan'   to  choose  a 
-   tUOO,   a   limiting   level   k  ^   l.o, 

U.Ul.   ttvn ishen     fl        100  Ihe   relative   limiting   level   k   *   l.b, I t    i>e   set 

ind when    fl       luOU,  thi s   love 1   is k 
forr.ul a^ CS . UO -•.*■• -!" ' • 

Ihese values of k must be used in 

[ he  d 
of imp ulse 
le sS , ch o i 
• r in 1 v   s n 

r r in 1 y   sr 

.1 .      ( 
i s crv atlv 
<v •cil ical 
an 1  tv ansm 
of a   t eedb 
wh ch the 
r i ;n   o f  th 

epemlertce of k on  fl suniewhat inhibits increasing the s 
noise whin expanding the passband 'f before the limiter 

ce of a sufficiently large  f can •-imul tancous ly provide 
all probability of corners ion to a nonlinear regime and 
ill spectral densitv of limited impulse noise    . 1 ' 1 i m 

See Section S.7]  Protection against lumjied and impulse 
simplified in feedhacl systems wliich will be discussed 

1_\'. in radio conmuni cat ion when it is pessible to tune a 
itter to any carrier frequeiuy within a certain band, th 
ack channel permits selecting an optimal carrier in the 
strength of the lumped noise at a given time is minimal. 
e carrier and suitable tuning can be uromated. 

UP] ■«ressi on 
vevL/ ■the 

a- i  arb - 
an arbi 

int erter 
in lib apt 
recei ve 

e exist e 
v i c i n i t \ 

The sc 

encc 
er  XI 
r 
n c e 
of 

lec- 

Such   a  selecti m  of  an   optimal   earner   frequency  can  be  viewed  as   an 
approximation   to selection  of an  optimal   signal  when  the   interference  has  a 
nonumform  spectrum   'see  Section   j5.b),      indeed,   i i"  the   entire   accessible   rang; 
of  frenuencies   is  viewed  as   rt   communication   channel   with   interference,   the 

-451. 
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selection  ui"  tlie  optinuil   signal   in  the   t'i i-sl   appruximaliun  amounts   to  concen- 
tration  of   its   strength   in   that   frequency   sector where  the   intensity  of  the 
interference   is minimal. 

The  same  channel   v\i th   feedhack   can  bo  used   for   interrogating  message 
sections   the  reception  of which  has boon  disrupted by   impulse   interference. 
The  detection  of   impulse   interference  can  be  done  as   shown   in   figure  8.10. 
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CHAPTER   IX 

MULTIPLEXING COMMUNICATION CHANNELS 

9.1.  Matching Channel Carrying Capacity with Source Productivity 

In tins chapter we will consider' several problems in matching message 
sources with a channel.  As shown in lihapter I, it is possible to transmit 
with a high decree of fidelity messages from a source at a fixed rate when 
tin1 carrying capacity of the channel (' exceeds the productivity of the source 
11'.  The creator the i'./W   ratio, the simpler coding is at a given level of 
fidelity.  If the productivity of a source is given, by selecting a channel with 
a carrying capacity if (   I!', it is possible to simplify the receiving and. 
transmitting devices, but cost of a channel will be very high inasmuch as, as a 
rule, it increases muuotonically oith the increase in carrying capacity and 
range of communication.  If, on the other hand, an inexpensive channel with a 
carrying capacity only slightly exceeding the productivity of the source is 
selected, the devices used for encoding and decoding become more expensive.' 
Obviously, generally speaking, there most be a ratio between carrying capacity 
and source productivity at which the tttal cost of .1 communication system is 
a miniinum.  This optimal ratio depends on the level of technological develop- 
ment and, apparently, shows a tendency to lessen ll|. 

It' the productivity of' a source is much le--  than the carrying capacity 
of a channe', the retjui rements for economy require seeking ways to improve use 
of a channel.  for this purpose 1 channel multiplexed.  That is, it is used for 
simultaneous transmission of messages from several sources which are intended, 
generally speaking, for different recipients.  The number of sources is called 
the multiplicity factor of multiplexing. 

Die opposite ci nil tion ma\ exist when the productivity of a source is 
greater than the carrying capacity of the channel.  In t h i ■■■ i i'-e use can be 
made of two or more channel'-, for transmitting a --ingle message, i.e., resort 
is had to concentr.it 1 on of channels.  If these channels are independent, 
their carrying capacities are added. 

In the meist general case n channels may lie used fur transmitting messages 
from different m sources.  fhus concentration and multiplexing of channels may 

< ccur concurrent 1v. 

'Here encoding anil decoding are under^tnod in the broad sense as conversion ol 
a message into a signal and 'ainversion of a received signal into 1 message. 

IV 
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CapubJc combination of the niL-tiiods  of multiplexing and coucentrat j ng 
channels   in designing  conmiuni cat i un  systems jionnits  the most   effective use 
uf  channel   carrying  capacity,   i.e.,  providing  for a high   rate  of  information 
transmission with  a  given permissible probability  of error.     Unfortunately, 
in many existing communication systems channel  carrying capacity   is greatly 
under-used,     for example,   in  cable  communication   lines  the power  of  a  signal 
element  often exceeds   the  spectral   density of  additive  fluctuation   interference 
by many more  times  than   required   to  achieve  the   required   level   of  fidelity. 
Under  such  conditions   fluctuation   i liter ferenee   leads   to  no errors   at   all. 
1 rrurs   are  caused  by   impulse   interference,   interruptions   in   switching  channels, 
and  other  factors  which   in  principle,   can be  completely  eliminated.     in   this 
regard  the opinion   is  widely held  among engineers   that   in wire  communication 
fluctuation   interference   is   of no   interest   and  a  general   communication  theory 
which  devotes  principal   attention   to gaussian   interference   is   not   needed   for 
wire  technology.     Such  neglect  of  theory   is  a  result  of exceedingly   ineffective 
use  uf channel   carrying capacity,     if use  is made of  rational  multiplexing 
methods,   it   is  possible   to   increase  the   rate  of  transmission  of   information 
over   such  channels  by many  times   and  then  the   limiting   factor prohibiting  fur- 
ther  increase  in rate  of transmission with a given  level  of  fidelity   (or vice 
versa)   is  just  exactly  fluctuation   interference. 

Unfortunately,   the   theory  of multiplexing  communication   channels   is 
largely  undeveloped   and our  knowledge   in  this   field   is  not  much  greater  th 
what  was   contained   in   the  work   published by  L).   V.   Ageyev   [2]   in   1955   (see 
also   [5j).     The  theory  of concentrating  channels   is  even   less  developed, 
this  chapter  the  author will  make  no attempt   to  create  a well-ordered  and 
plete  theory of multiplexing but  will   attempt   the modest   task  of  combining 
certain   ideas  expressed   in  different  magazine  articles,   or  perhaps  not   pub 
Iished   anywhere  although generally   accepted,   and   give   the   reader  an   idea  o 
problems   found   in   communication   theory.     In   light   of  the  subject  matter of 
book,   we  will  discuss   transmission  of discrete messages   only. 

sti 11 
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9.2.      Classification   of   Multiplexing   Methods 

\t   the present   time   there   is  no satisfactory  classification  of methods 
fur multiplexing  communication  channels.    The  subdivision  of  systems  of multi- 
plexing   into  frequency  and  time multiplexing which   is   found   in main' works  does 
not  hold up under close scrutiny   inasmuch  as   it  does  not  encompass  those methods 
which  have   found  wide  use,   to  say   nothing of other possible   systems which   for 
one   reason or another are  not   used. 

in  order  to  approach  possible   classification   schemes,   we  will   concentrate 
our  attention  on  a  signal   passing   in  a multiplexed  communication  channel.      In 
many   systems   this   signal   2(tJ   can  be   represented   in   the   form  of  a  s..'n k  of 
different   k  of different    individual   signals: 

*  t 
(9. 

eacn of which carries information about the message from only one of the sources 
We will call such multiplexing systems separable.  The total signal :: (t ) is 
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i 1 
often calJeü a group signal.  if each of the individual signals :   (ti ha^ 

(ij 
r 

rn rea 11 :at ions , (tj; r , ni; i ,k and the transmitted messain «es 

are independent, the group signal has m realisations, 

Individual signals may be orthogonal in the general or intensified sense, 
orthogonal, opposite (when m -- .1) ,   or arbitrary.  An espeeialh important ease 
occurs when i"eal i sat i on of each individual signal is orthogonal to all realjra 
tions of the remaining individual signals.  Such separable multiplexing systems 
will be called orthogonal.  He will note that realisations of a group signal 
in this case are not mutually orthogonal.  Only in one particular case docs a 
group signal of a separable system form a biorthogonal system.  This occurs 

when k   -  2 and ra - if  reali"ations  of  nn  individual   signal (i (t )   a re  oppo- 

(t]J;   mul  each  of  them  is  orthogonal   to   reali 
(I lations   of  the   other   individual   signal   ["        (,t ) (tl 

The known systems of frequency ami time multiplexing arc  examples of 
separable systems.  In the first case individual signals usually are simple, 
i.e., each element is a segment of a sinusoid and the different individual 
signals have their own frequencies,  If the difference between these frequencies 
are divisible by 1/T, the system of frequency multiplexing is orthogonal.  Also, 
frequency multiplexing system can be considered approximately orthogonal if the 
frequency differences are much greater than 1/T,  In the ease of time multiplexing 
individual signals do not overlap in time.  for this purpose the length of element 
T is subdivided into k parts and each individual signal is assigned its own 
interval.  Obviously, time multiplexing systems are orthogonal.  Incidentally, 
this orthogonality can be disrupted if during passage through a channel the in- 
dividual signals are distorted so that mutual overlapping occurs. 

understandably, separable multiplexing systems arc not limited to frequency 
s sufficient to select any ml realirat ions 
n order to construct a separable system with 
gnal.  In the particular case when these 

realizations are made orthogonal or biorthogonal, it is possible to construcl an 
orthogonal separable multiplexing system. 

and time multiplexing systems. It 
and distribute them over k sources 
a code base m for each individual s 

In other systems a signal in a multiplexed channel cannot be represented 
in the form of (9,1J but its envelope or its instantaneous phase, instantaneous 
frequency, or sore other parameter amount.; to the sum of individual signals. 
In these systems which can be called miasi separable, a trans-iitter signal in 
a multiplexed channel is obtained through modulation of a certain carrier fre- 

quency by a group signal i."^"(/l,  Thus, in the case of amplitude modulation 

:{l)     A I i n,V CM') 
/ i 

)••<■,/. 

in   the  case   of  phase  modulation 
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2 (.')        .-1 COS 

in  the  case of  frequencv iiodulation 

»„/ 1 IM, V C'fn [9.2b) 

? (t)     A cos JVC")(/) // (9.2c) 

e t c, 

Therefore, such multiplexed systeirs are often called binary modulation 
system.-',  Sometimes senarable systems are relegated to them under the assump- 
tion that a transmitted signal is formed by means of single pole modulation of 
the carrier frequency by a group signal.  However, inasmuch as single pole 
modulation and demodulation amount to shifting a spectrum, it is more convenient 
to view the shaping of a transmitted signal in separable systems as simple 
addition of individual signals. 

There also exist systems of multiplexing in which neither the transmitted 
signal nor any of its parameters can be represented in the l'o;m of a sum of 
individual signals.  They could he called inseparable but usually they are 
called combination,  bach signal element in such a system must carry informa- 
tion about the messages of k sources.  If each of them is encoded using a code 

base m, a signal element must for this purpose have m realizations Just as in 
separable systems.  However, there is a freer selection of these realizations. 
Specifically, they can form a system which is orthogonal, biorthogonal, or 
orthogonal in the intensified sense.  It is also possible to construct a system 
with a given conditional frequency band of signals with as large a number of 
sources as desired. 

In order to conclude classification of multiplexing systems, it is 
necessary to consider the existence of mixed systems in which the sources art 
subdivided into groups, within each group combination multiplexing occurs, and 
the obtained signals are added.  Thus, combination and also separable nnilti- 
I '"\i ig occur here.  An example is provided by the well-known Kineplex system 
[IJ in which 10 sources are subdivided into 20 groups of 2 sources each, the 
messages from each pair of sources form a combination signal, and all these 
signals arc added Just as in orthogonal systems of frequency multiplexing.' 

As can be seen from the examples presented, multiplexing is nothing other 
than simultaneous encoding of messages from several sources during which process 
a signal common to all is formed.  This encoding can occur in a discrete channel, 
for example, during time and combination multiplexing, or in i continuous 

'often the Kinexplex system is usrd to transmit messages from one and not from 
all 10 sources.  In this case it should not be considered a multiplexed system 
but a communication system with a code base of m ~   2"'.  fhis permits increasing 
the length of an element by ^lO times in comparison with a binary system for 
transmitting in a channel with multibeam propagation using the protective in- 
terval method (see Section " . .r>) . 
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chaniiol (with frequency mult i p lex i ni; and in most other separable and quasi- 
separable systems]. 

Along with classification of multiplexing systems based on the method 
of shaping a signal in a channel, they can also be subdivided into synchronous 
and asynchronous,  in synchronous systems sources emit information at the same 
rate or at multiple rates and each signal element has a strictly defined length 
T.  In asynchronous systems sources can emit information at a varying rate. 
In separable asynchronous systems the individual signals can be synchronous but 
in a total group  ;gnal the starts uf elements ol tin individual signals do 
not coincide. \s l1 he mainly concerned with synchronous systems.  The 
suggested classification of multiplexing systems is shown schematically in 
figure i). 1 .  Some of the terminology used will become clear in what follows. 

Figure 3.\.     Classification ol Multiplex Systems.  Key: 
a, Multiplexed Systerns; b, Synchronous; c, Abynchronoub ; 
d, Separable; e, Quasi-separao le (with binary modulation); 
f, Combination; g, address; h, Mixed; i, Orthogonal; j, Non- 
orthogonal; k, Time multiplexing; 1, Frequency multiplexing; 
n;, MNT; n, MPT; o, MRPT; p, Kineplex; q, Other orthogonal 
separable systems; r, Other nonorIhogonal separable systems; 
s, Other orthogonal combination systems; t, Other nonortho- 
gonal combination systems; u, Ocher mixed systems. 

"he great variety of systems for multiplexing permits selecting in each 
particular case a variation pividing for the best possible use of carrying 
capacity of a channel while retaimnc a high level of fidelity in transmission, 

■1(,1 
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9.3.  Reception Crileria and Oeciiion Systems 

In any synchronous system t"or multiplexini' an Clement of a received 
signal carries information about messages issuing from all k sources.  Let a 
message from each source be encoded using a code base of m.  Then, as already 

indicated, the number of realizations of signal is equal to m .  If the require- 
ment of maximizing the probability of correct reception of all transmitted 
messages is stipulated, the decision system must be determined by the criterion 
of the ideal observer.  In the particular case when all realizations of a signal 
are equiprobable, this criterion coincides with the criterion of maximal likeli- 
hood. 

Let z'[t]   be a received signal.  The decision system which is based on the 
criterion of the ideal observer must identify it with that one of the possibly 
transmitted signals z.,[t] for which the following system of inequalities is met: 

r      I, . .,nit; r   'J 
(9.3.1 

After determining the most probable transmitted signal z.[tj and knowing 
1 

the design  of the system,   it   is possible  to unambiguously  establish  which  symbol 
was  transmitted by which  source. 

Although decision principle   (9.3)   provides   for a maximum probability of 
correct   reception of all  Messages   in  a  multiplexed channel,   it  does  not   always 
guarantee  a  minimum probability  of error p.   in each  of the messages.     This  can 

be  easily  understood when  it   is  considered  that   in  the  case of   incorrect   iden- 
tification of a  received  signal   z'(t)   with  transmitted  signal   z.(tj,   not   al! 

messages  will  b     received  error-free.     The  criterion of the   ideal   observer,   on 
the basis  of which principle   (9.3)  was  obtained,  pertains  to  ihe entire  received 
signal   -'..id  minimizes  the  probability  of  false   identification  of  signal  p. 
regardless  of how many me  sages  are destroyed by error   in  the  process. 

If   the -probability  of error   in  each  of the messages  must   be minimized, 
the   criterion  of the   ideal   observer must   be   applied   to  separate  messages.     We 

will   consider  the   i-th source   in   a  multiplexed  system.     All   n     realizations  of 
signal   z,(t)   can be  subdivided   into m  subsets,   each,  of which  corresponds   to  one 

uf  the   symbols  of  the   i-th message riu ision svstem at which signal z'(t) 
arrives must determine the a priori probabilities of all symbols in a given 
message and select from them the one for which it is maximal.  In other words, 
symbol i, must be recorded in the i-th message if 

^(V IO>/'K".|0. 
r- - \,...,m; r /=/. 
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m  any synchronous  system as  oblaiiu'ii  vhroiiij;h oncodini; all   transraittinl mo^sa^cs 

nsiii);  a  code  with   a bast   of in   .     Then  y.    rcprcsrnts  sii'iply   the  prubahi lity   of 
1, 

error   in  a  communicatiun  system with  a  code  base  ol   in    and  the  task  ol   computing 
it   is  nothing  other  than  that   considered   in  preceding  cliapters.     It   is   true 
that   it   is   not   solved   in  all   cases.     Below  we  will   r.ive    i   sulution  ol"   it    for 
a   few multiplexing  systems.     Wc will   also  i;ive  L-xpressinns   for p.. 

Regardless  of  the  decision  principle,   the probabilitv  of error   in  a 
11. t a!   signal   p     and  the  probability  of  ■■rrer   in   the   i-th message  are   related 

by   the   following   inequalities 

II!,ix /',      /'. • • ^   /'(• ('.).(.') 

Indeed, inasmuch as p  represents the probabi lity that at least one ol' the 

messages is received correct 1\', it may not be less than the probabi lity of error 
p. in any of the messages and at the same time may not be greater than the sun; 

of the probabilities of envr in all messages.  The first inequality become?', an 
equality it the errors in the messages occur simultaneously; the second in- 
equal itv becomes an equal it_\ if with any incorrect identification of signal the 
error occurs in only one of the messages. 

ho will use p.' and n'.' to denot'. the probabilities of orror in the i-th 
1 i    ' i ' 

message when using decision principles i9 .\1 and i[K'\   n-specti vely.  We will 
use p,' and p" for the probabilities of incorrect identification of a i;:u 11 i p 1 exed 

signal,  from the essence of the criteria used in deducing 
uo nave 

•ci s i on  pri nci y le.- 

/' '■   ft. 

P..     /'" 

(.'omiiined  use   of   im^qualltics   i'.i.e'   and   !'.'.' ;   permits   e'.  iluati.n   ol'   tho   cb.ange   in 
pi'oiiahi 1 i t i es   of orror   in   transition   from  one   decision   principle   to  another,     Tims 

where p 
i av 

1,, I. V lu  is the average pro' abi 1 i ty "or in ill unonee 

(Jn the other hand. 

whence 

/',.. ■ •'•P  .,t. 

/'". ■   lP"i ,     '•■/'' 
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l-'or some multiplexing systftus these equalities will l>e made mure exact in what 
follows . 

S.h.     Separable and Quabi-Separable Multiplexed Systems 

Orthogonal Separable Systems 

In orthogonal separable systems realisations of individual signals    [tj 
in (9.1J for diffeient messages are orthogonal.  Different realizations of one 

individual signal (■■ _  for various r) may in this case not be orthogonal.  iVo 

will assume that orthogonality is retained even after passage of a signal through 
the channel.  This means, for example, that for a channel with randomly changing 
phase orthogonality must be met in an intensified sense.  The condition of 
orthogonality retention, at least in the first approximation, can be met for 
all channels used in practice through a suitable selection of signals. 

If orthogonality is provided in such a way that the signals do not overlap 
in time, a system with time multiplexing results,  for each source part of the 
length of signal element T equal to T/k is separated.  In channels with a limited 
passband or multibeam propagation it becomes necessary for the purpose c-f re- 
taining orthogonality to use the entire interval but only that part of it equal 
to T/k -   . where ;  is the maximal stretching of the siiHia! as it passes m        m h h ' 
through the channel. 

In the case of frequency multiplexing, if the individual signals are simple 
segments of sinusoids with frequencies multiples of 1/i, orthogonality is dis- 
rupted with rather fast fading.  Incidentally, under usual conditions of a 
shortwave radio channel when 1' is on the order of tens of milliseconds or less, 
these disruptions in orthogonality can be ignored.  IVith more rapid fa. ing or 
with a greater length of signal element, in the case of frequency multiplexing 
approximate orthogonality is achieved by using narrow-band individual signals, 
spreading them in frequenc) so that the spectra for all practical purposes do 
not overlap even when widening of the spectrum due to fading is taken into 
account. 

Of course other orthogonal separable systems of multiplexing are pus.-ible 
although the>' have not yet found practical application. 

Wc wi 11 consider a decision circuit for an orthogunal separable system 
based on the decision principle of (9.3).  i'o simplify the problem ue will limit 
ourselves to a gaussian channel will' constant parameters.  Let us also assume 
that all messages are statistically independent and that the symbols of the 
messages are equ i probab le .  Inasmuch .i  9 . 3 ! coincides with the decision prin- 

ciple for n signal which is not multiplexed when the code base in m , the de- 
cision that group signal :.(t) was transmitted must lie reached in accordance 

with f?!.24al if 

lon- 
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"or  r  =   1 m   ;   r ^   1 . 

According  to   t'.'.ll,   for a  separable  s>'stom 

(9.1Ü1 

where the subscript ri indicates that individual signal which corresponds to the 
i-th message in group signal ::,(t).  Substituting this expression in (9.10) we 
obtain 

r 
-•'(/) -aV c';1 

hut 

5 
i    r r      » 

.//   n-'(/) •■v1v-:,;<
,-(o 

] --yV V '''UnfUn    ^V •'l/);'
;,(7)l,.'/. 

(.9. 1 1 ) 

After substituting (9.11) in (9.10), considering the eunditton of ortho- 
gonality and assuming that all signals z (t) have the same power, we obtain an 

equivalent decision principle in the form 

v J,••(/):;/(;,:/( v[y •Vi-.'"^//, f 9. i:) 

where the inequalities must be met for all com! inations of individual signals 

• ;. i'tj which differ from that combination which Corns group signal :-. (.t i . 

Consequently, (9. 1-1 must also be met for group signal r. .(tl which differs 

from z.(t,) only in the symbol in a certain i-th message.  Consequently, system 

of inequalities (9.12) is  (iiivalent to system [9.1?). 

Jy^'/V)..'/ •J.-'ci^'o'c 

r     l....,m; r ..-'■-/; ; \...., k 

(9. 15) 

This  principle  must  be  realized   in  the  decision  circuit   containing  mk 
filters   matched  with   all   realizations   of   individual   signals   • (.tl    (Tigure   9.2] 
to  which   the   received   signal   is   delivered.     At   instant   of   readout   the   voltages 

in  each  group  of m  filters  matched with   realizations  of  individual   signals   '        [t 
are  compared   and  decisions   reached   for  each  message   separately. 

It   can  easily  be  seen   that   principle   (9.5)   can  be   relegated   to  such  a  de- 
ci si on  c i rcuit . 

We  can   consider   the   reception   of  signals   in   accordance  with   [9.31   and 
(9.S)   for a  channel   with  a  randomly  changing phase  altogether  similarly   and 

-.loh- 
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.iKu   to i   .my   ^ii.iinu  1   uith   \,arial U-   pi rannt f is   i.ui   cunJitlon   llial    i lui i v ulu.i I 
signals   >'i   '.ariwiiN  ;;•.(.• ssa;;cs   ronivit n  orthiJijuaal   at   tin.   output   ot   tl.t;   . Laiiir. 1. 
In   ali   .MSLS   tin'   Jcrision   iii\'tiit   is   suI'duidc-J   intu  I   scparatv   circuits   fui 
cuii r.i-ss.u,'. ,   t'.uii     f whuii  coinciüi'S  with   tin.-  ik-cisiun  circuit   lor   iiiiJi c iiiu.i 1 

signal it1   usi-il  WIMMUI   r.iul t i p k'xiiii;. •      Uli s   cuuUi   haw  hciMi   assumcJ 
LMiiiir   iuasiiiuch   as   tlu1   signal   Joi'S   not   at'fi'ct   tlu'   result   ot   optimal   pixiccss in;; 
i 1'  tiif)   an   ort ii v.in 11 . 

Ihus,   t'oi"  i.Tt hui'.Diia 1   st'paralik'   ssstcnu;  pfi nci pU-s   (l.». .i)   and   (9.;)]   ai'c 
(.•qu.Vahnt   .iii.l,   CvMi •I'qu^.'ti i !)■ ,   I'or   tlieill   i ni'ipia 1 i t i cs   | 9 . "*'   iifcoint'   cqua 1 i t i es . 
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i-'icjure   S-2.     DL'i.:si'jr    Circuit   tor   a   Separaolc  Syslen . 

iuth   tin'    iss;;::: ' i J:I.   Made   t';.    probahiliL}'   ut'  eirer  p.   durinr.   .'ecept i o»   ol' 

the   i-th  message  do'..s  not   dep' 
orthngomi 1   signals   de  net   al"t\ 
readout .      DUTI. furi',   p     .'an  in 

' i 

nht ai lie.:   fi>i'   mr.iu It i p i c: '-d  e! 

;• I  on  errors   in   roiaai ni nv'  messain s   inasmuch  as 
ct   tlu    \oll.:i',e   in   matclied   filters   at    instant   of 
cal ciliated  u   in.:   V.w    ;ai;ie   ("ünmi 1 as   which   were 

nnels  nitii   the   a.ssunpt ; on   tlutt     ,,1\    indi\idu.il 

mal    ^'-'.t >   r ra'i.-i:,! Vted   .ad   unde i s t andi nt;  \\~   to  he   tin.   ratm  'vtween   the 
p.iwer   of   the   in-.;     idrai   signal   and   the   ''.pi-ct i"a 1   i.iensit>   if  the   addi'ive   inter- 
ference.      If   all   ind'.viduai   signals   are   i soiiiorph i c   and   the   interfereiue   aniounts 
to  nonnal   while  noise,   t'or all   :: ■     .,i,:e--   the   ; rul'ahi 1 i t i es  oi'  error  aie   the   same. 
With    i   ;;i'.e!;  jirohabiiity  of err-:   p.   and   fixed   spectral   aensi'.v   of   i nterfereiua , 

the   power   of   the   group   signal   must   he   \    t lines   greater   than   the   power   ill   an 
unmu 11 i p iexi.'d   clianne I . 

In  a   channel   withnut   lading  errors   in   dil't"eteiit   messagL'S ,   olniousl} ,   are   not 
calculated.      Ihei'efure,   the   pr     aim IM   el   error  v      in   the   total   signal    is 

This   result   holds   true   enly  when   all   ':>e.-s ige.s   are   statistically   independen: 

-•10 
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l-'rnni   (y,14J   it   is   apparent   thai   when  in   -   .1   the   cqu i va h'tit   pi'i! ab i 1 i 1 \   oi   (.'i'ror 
p     c )i nciues  wi th  p. . 

In  a   faUing   cliantu* 1   .aid  also   in   Uu-  case  of   lu!:.ja'J  v\   impulse   inli : 
l'crenee  errors   in different  messages,   generally   sjieakin;',,   are  correlated   and 
the  dependence  between j1     and  p.    is  more  complex.      I'lie   de;;n L   of  this   corre- 

lation  depends   on  the  properties  oi'  the   channel   and   the   specific multiplexed 
system.     Thus,   in  the  case  of selective   fadiiu'  and  frequeiKy mu 11 i pie.x inj.',, 
errors   in  the   i-th   and  j-th  messages   are  weakly   correlated   if  the   spectra   of 

signals   ' and   ■   ■     are  sufficiently  spri.'ad.     In   'lie  cas".1  ot   iiureh'   impulse 
interference,   errors   are  strongl)   correlatevl   for   frequencv   i;;;; 11 i p leM-d  swstL'iiis 
and  are practically   not   cvrrelated   for  time  multiplexed  systems,   and   in   the   case 
of  lumped   interference,   vice  versa, 

he will   determine  the   least  possible  band  occupied  by  a v;roup  signal   in 
an  orthogonal   separable  multiplexed  system.     This   parameter   is   important   because 
it  penults  us  to  judge  the  effective width  of spectrum  and  this   is  especially 
important   in  multiplexing   a   channel   when   limitation-   are   imposed   on   the   trans- 
mission   frequency band. 

A set   of  el 'inents   ot"  signal   of   length   I   occupying   a  possible   band  of   fre- 
quencies   !■   is   isomorphic   to  vectorial   b-dimeiisional   space  where  :■'   -   Jl'l    : .;   the 
signal  base.      Inasmuch   as   the  orthonomal   basis  of  such   a   space  curtains   h  vectors 
the maximum number of mutually  orthogonal   signals   is   equal   tc  Ji 1.     'Ac will   note 
that  there   is  an   infinite  number of orthogonal   systems,   each of which  has   its 
own orientation of basis  vectors. 

It  can  easily be  shown  that   the  maximal   number  JI   signals  ;-;utii.i! ly  ertl.o 
gnnal   in   the   intensified   sense   is   half   this   magnitude.      i\'e  ^: ! 1   consider   a 
complete  system S  of  signals  orthogonal   in  the   i r. ten-'; f i ed  sense W!

-
.K!:  i.,.',e 

been  normalised   in power.     Let   .:   (t)   be  one  of  thest   signals,     ci^na 

conjugate with   it   does   not   enter  this   system   sin^e   i 
dition  of orthogonality   in   the   intensified   sense  Vsitl 

orthogonal   to   ^   ft i   in   the   ardinarv   s.ense   and   als»    ti 
r 

• s  nut   sal !■■ l 
( t i ,      li(.'l> e\ t l 

r 
t he 

a i i   rema i ". i ng 

MI uiga' e  with 

gr.als of 

i.v; other the system by definition.  j-urthermore , two signals 
signals of a system are orthogonal with, one another and consequent ;\ do not 
coincide.  Therefore, by adding conjugate signals to system s, we el tain i 
system of signals which are pairwise orthogonal in the  rdinary sense.  ilsis 
system is complete, for otherwise it would be necess.ar;. ti add to it ,-,   signal 
z   {t}   orthogonal to all signals of the initial system v and siynals connigate 

with them, i.e., orthogonal to all signals of svstem ' in the mt er.s i 1 i ed sense, 
and this contradicts the supposition that S is a cumpleli -ystem et signals 
orthogonal in the intensified sense,  t'onsequent !>■ , s^steii' 'i contai'is e\.ict h 
half the signals of a complete system ortlmgona! in the  rdmin senst . ,.1., 
IT si gnaIs. 

-4üS 
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Lit i tii Ji-pi-iul ■ iii tin.- ;'i ^pf ! : u-^ .'; t!u .h.iiuu! m.I •.'.■. ^-i iv ; t 
s\stiT.. 1 tui ■ , in t !,(.■ . JSI' I ^t- j i', ; ; •. (.■ i .ul i n, .nul ' i ,, .n u > : ■ 
rriv.i'     .:;   tlu    : -tli   .ii'.J   i   th   r.o--■■ .u;(      .ii".    M-.il I.    >i.'::'  l.itrJ   ;t 

. . •       , : !• 

!    thi •     . r i 

;•'..! T i| li M ,: 

', i : it v i n> , 

.i    -1 i , ' i i   .; 
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and .IIT  practically  not   ti rrclati-d  tor  tint   rul t ii'1 < XL-J  s>sti";;: .   aiul   m   t!h   c.i.-i' 
at   iumjH-J   intortrronci.',   \:.f   '.i-r-.a. 

.•i.- will   uf tormint"   tin.'   least   pus-^iblt-'  I'aiu! üccupi od  l>   a  croup rna.   in 
an   .rtho^onal   so parable  mu 11 i p loX'/J  s-.-ti-;;;.      I tu s  paraniotL-r   is   inpi;rt ar.t   ln'causo 
it  ptTmits ii>  to jinlgt.1  tho  i-'fuvtivo \>ultli  of sprctmm and  thi'-   is  ts[ >■. ially 
important   in  mu 111 p KM ni;   a   ihanno 1   whon   limitation,    ari'   imposod   on   tin.'   ti ms- 
iiiEs^iün  t'roquoncy band. 

A vet     t   rk-monts  ol   signal  ot'   length   i   occupy mi;  a possil'lr  band  ct'  fn - 
qucncios   i    i -   isjmor]ihic   tu   rectorial   l'-di mens i unal   space  where  !'       Jli    .;   the 
signal  base.      Inasmuch   as   the  orthonoraal   basis  ot'  sucli   a   space  contains   h  vectors 
the  maximum number ot" mutually  urthogonal   signals   is  oqua.   to  21 !'.     i\e  «ill   note 
f.hat   liiere   is  an   infinite  number of orthogonal   systems,   e  ch of uhich has   its 
own  orientation  of  basis   vectors. 

it   can   easily   be   shown   that   the   r;ia.\imal   :iu;;.liei   o\   signals   v.utu.ilh   ui 
gen.il   in  the   intensified  sense   is  half  tins  magnitude.     l\e  ■■■: l\   icn:-!dcr  a 
coraplfte   sy.ctt.r   ,s  of  signals  ortlU'gona!   in  the   inten: ;fied  sense whivb.  l.a\(. 

•t   .:   ft)   be  one   of  these   signals.     Signal   r     X 
r r 

been normalized   in  power,     1 

"onjugate with   it  dues  not   enter  this   systeii;  siiue   it   du- s  not   s,iti-i\   t,;i>'   . on • 
i..ition of orthugona li tv   in   tl:e   intens i f i i-d   sense  uitb   i   it',     liowevei 

- ■' ■ r 

orthogonai   to   :   (tj   in  the   ürdinar-'   .eiu-e  and  al 
r 

i ; .   n-n.ai ■; uu. cnal-   of 

tho  system by  definition.     l-urtlu-rr.ore,   (AO  signals   loniui'.ate  with  air.   ;.•..   < ther 
signals   of'  a  system  are  orthogonal   with   one    mother   and   ionseqiuntly   do  m t 
coincide.     I'hcrofore,  by  adding  coniugato   -icnals  tu  s\'ste;" s.  we  r'tain   i 
system of signals which  are pairwise  orthogonal   in  l tu     ■rdir.ary  ^etr-e.      Ihis 
system   is   complete,   for  uthcrwise   it   would  be  iief-ssary   ti    add   v    it   ..   v:^nal 
i.it)   orthogonal   to  all   signals   of  the   initial   syster uul  --i.-niv   .■..•■n-ugate 

wi i.h  them,   i.e.,   orthogonal   to all  signals   of s\stem '    in   tl!e   mtei---i t t e. 
am!  this   contradicts   the   suppesi 11 on   that   s   is    i   „ .T,; htt      \sten   et   sign 
orthogonal   in   the   intensified   sense,     fonsequenl iy,   ^\^ter   ■■   .untan 
hall   the   signals   of  a   .. ump h te  sv-,tii;   erthi ^oiia!   in   t.'u      .  :ii  .;•>   - < :;  ( .   , 
IT  si gna Is . 
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■U 
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Now   it   is possible  to Joteraine  the miniiiuil  value of the conJit i una 1   fre- 
quency band of  an ortlo^onal   separable multiplexed  system  if  the  number K  of 
multiplexing messages    nd  the code base m  for each of them are  given.     When 
m  =   2  a  system   is  possible   in which  two   realisations   of an   individual   signal 

(t)   are  opposed,   and orthogonality with  the  other  individual  signals   is met 
in  the ordinary  sense.     I'hen k   ■   211,  whence 

A'...,,, 
k 

Siuii a system permits only coherent reception, 
gonality must be met in the intensified sense, 
signal can in this case he opposed if relative 

(9, 

With incoherent reception ortho- 
Two realizations of an individual 
phase modulation is used.  Then 

• i. in (9.10) 

This formula remains valid also when m  J if m realizations of individual signal 

(ti are formed .n the form of a linear combination of one realization of '.(t. 

and realization '.(.t.) conjugate with it.  Most frequently, however, systems arc 

used in which all realizations of individual signals are mutually orthogonal in 
the intensified sense, for example, IK systems with frequency or time multi- 
plexing.  Since the total number of realizations is nk, for such systems 

^,..,! ;9.i:j 

Thus, if the length of element T is given, in all orthogonal separable 
systems the conditional frequency band i- i-^ proportional to the multiplexing 
factor. 

Nonorthogonal Systems 

In nonorthogonal separable mul t iplexeil systems the probability of error p. 

for the i-th message depends on what symbols the remaining messages contain. 
Thus, in using the decision circuit of Figure 9.2  the voltages at the output of 
the matched filters at instant of readout depend not only on the individual signal 

of the corresponding message ■   (tl but on all remaining individual signals. 

Let signal z'ttj = .:(t) * n(tl, where .: 11 i is a group signal (9.1). arrive 
at the input of a filter matched with a certain realization of individual signal 

• (t).  The voltage at filter output at instant of readout is proportional to 

r r 
*     {•■'m:. i/i.'/ ji (; a,:  '(;,.'• . 

it:* 
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i- twrv l.U tl   i s  a   real i ;at iun  of  tin'   j-t'i   itulivi dual   ^i^nal   i'unt .ii mul   in   :(t i 

I lu' t i r^t tiTin in (.y.lS) ropivsrnt s tin useful vultajio ».untaini nj; int'nrm.i >II 

• ibout tin" Iransmi tti-it nu-ssa^r ami tlu- last t c nv i ^ tlic .u t < on ol thi' aiKlitivo 
i p. l f rUTriK'■.     I he   sin;:  t'ornuiu',   t !u'   ^oionJ  ti-i'm   i^  a  raiuloni \.,iiu    la«,  .i  i'unsi1 

aiH'iui'  of  tlu1  raiulomncs>;  of  tva 1 i ral i on it'i   not   >.M rr>-: m;   information  about 
.i   t ransmi t it'ii  synibul   in  tlu-   i-th I'lf-^ivii-,   i . t-. ,   it   amounts   to  aiKlilional 
svsfom   i ntorfrroiu o .     It   i •-  usually  .allcil  transient   intcrlVri-nce. 

ubviously,   tin- rxisti'nce  of  tr.ui^ient   nitc rfen IKI    inoroases   thf proba- 
bilily  of error mere,   the  stronger   i ■-   the  ile\iation  fror, orthogonality  anJ 
the higher  is   the nultiplexini;   faetor.     lor eaeli   -JMHIIIV   system  the probability 
of  error p    can be  i.'alculated   in   final   foni or  reduceii  to iiiia»lra*ures.     Hie 

i 

distribution  ot' probabilities  of   transient   interference  can  be  con-ulercil  normal 
tor  .m  approximate  evaluation  of  the  probability  ot" error when  the    ul t i p bx i nc 
factor   is   lar^e.     Without   resorting  to  calculations  of  tins \,i- \% i l I  note  that 
the   probabilities   of  error  p     for  ill fforent   messages,   coner.ill;.   sprak iii>;,   arc 
II f ferellt . 

Ihe  onlv   advantage   of nonorthogonal   sep.irable   systems   o\i •   orthogonal 
s\stems   is  the  possibility  of  obtaining  an  arbitrary nul t i p lex i ii.c  factor with 

i  Tivoli  signal  base  anil  this  permits  multiplexing  channels  having  ;i  i:i\en 
frequency  band  I   i%ith   .in   arbitrary  number  ot' messages.     However,   the   smaller 
the   II   k   ratio   is,   the more  nrtho^onal i t y   is  ilisruptoil   in   indi\uiual     icnals, 
i.e.,   fidelity  drops   as   a  consequeiui'  o*'  transient   interference,      \s  uitl  be 
diuwn below,   the  best   use  of   carryinu  capacitv  ot   a  narrou-bm. •nine 1   i s 
provided by nonurtho^onal   combination  systems.     Ihereferi ,   use   is  never  inten 
fionallv  made   of nonorthoiional   separabK   systems.     lhe\'   occur   a^   a   result   of 
disruption   in  orthogonality   in  a   separable  multiplexing  system which   is   in   in- 
tent   orthogonal.      \s   alre.uly  noted,   such  di srujit i ons   can   occur   in  channels 
with  fading,  with  multibeam propagation,  or with  a   long   impulse   reaction.     In 
designing  separable  multiplexed  systems   it   is   important   to  select   individual 
signals   so  that   under the  conditions  existing   in  a   given  channel   or a  channel 
with   a   long   impulse   reaction use  should not   be made  ot'  time  multiplexing.     I'^e 
should be made of  frequency multiplexing   in  a  channel  with  fast   fading. 

I lementarv   calculations   shovi   that   with  a  peimi^-sible   probabilitx   of error 
b 

11 possible   in   the   first   approximation  to   ignore  disruptions   in 

orthegor,1! 11 >    if   the   dispersion   of   the   second   ten;    i -or,!    in   !9.1^     does   not 
• > .• ■ d   1     ol   the   square  of   the   eneri y  of  the   in.'ividuil   signal. 

Quasi-Separablo   Systems 

In  principle  qua ; i-separab  ■    multiplexed  systems  with  double  modulation 
have  no  advantage  over separable   s\.-,tems.     Nevertheless,   ttu>   are  widely  used, 
especially   in  radio  relay  and  t ropi.'soheric  channels because   in  double modulation 
the   requirements  of  stable   frequency   are  eased.     Quasi-separable   svstems   also 
have   several  merits  of  a  technological   ;ind  organizational   nature.     It'  there   is 
in   apparatus which  permits   transmitting  telephone  signals   over  a  c.iven wide 

rn 
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optimal   <\-trn  .K^rJnu:   to   (i>. _'ü I   i 
,    - 10 

.K'I-MIMI iu;   to    [\l.~. it   I 

10       ami   in  .i  ii-'jiioj't in .i'   system 

Ihi^   <*'i'ininj;  i'.ir.ulj.v   .irust-  hmMiisi'   ttu1   tlirc^holil  pivprrt i is   oi   phasi1 

muiiti l,it ion uori1  not   taKon   into  cons i dir.it iuii tuk'vil.   rat i u   i'.»., is  van 
only i»h(.'ii  t !u   nüiso  '.•ini'lopi'  at   IVCIM vci'   input   is  mucli   ifss   than  ttu'  signal 
iiui  li'pi'.     Kut   i-rrurs   Ji'   nut   ivi'ur  midi r   tliost"   iinuli t i ons .      It    in   a   ili.innrl .   il 

ill',   l^r  .i  very   s)i,'rt   timo,   i nt i rt'i-rt r.c«   ;\ii-fils   tlu1  signal   or bfiomi's   mr- 
■.  iril 11'  in   li\rl   v% i t'i  tho  signal   afti-r ik-mo'ilulat inn  tlu'   ritic bi'twm'n  -i^nai 
it- . :'it r n'c rt'i v. <■ not onh Joes not IIUTIM-V but I\IT ilci roasos. In rthcr hords , 

! lu -iiinal at thosi- instants i^ suppivssoj by i nt r rt'oronci ami procoruli 11 eil« an- 
i--i ib i i slu-ii  for   i IU'OITIH"!   symbo)   ri'oopt ion, 

llius,   i o:-put „it i on  ot   probability   of   error   11.   a  nonoptirr.al   s.'stoni viiti' 
pliis,    r.oilu 1 it i on ,   u!)ii!.   loil   to   t lie   result   p       ,••10"      ,   v«as   piTformvi!   i IU'O revet 1> 
!.'i   o.vact   an.ilysjs   it   is  ne^essary  to use   in'teaJ of   i!>.-3),   the more  i"oMple\ 
-iep' : .iorv'o belueen   the   strength   of   the   si^nai   at   the   input   and  the   sSreiu:th   ot 
tb     signal   at   tl-.e  output   of  tho   ilemoiiu 1 ators   in  tlu   il"iluction  of whieh  no  sap 

. ;i -us   uere   naile   t.    1 he   effect   that   the   interference   at   'receiver   input    's 

f 

iker thin tJ.e signal, itu! to consider that in 
^i 

.HI .il 11 .      In 

'   is    ipparent   that   the   probability  ot   error  -i.st   bo   greater  than   in 
!    in   opt i r.i 1   di i i s i on   s m (•'-., 

9.' Co^b i n.U ion   Hi. 11 ipie^eil   Cyst ens 

" • t "Ufjor a i    S\ s t <•"" - 

:   " i ins. i s-. i   p   , ;   ►.   iress u'es,   (.-acli   of  which   is   ciuodid   the   co.Ii    oi'   ba^e 

i^ril   e.enent    in    >  r.-i! t i p leM'd   channi 1   oust   h. j-, r   r r      tea 11 ;at i on»..      Il 

i.i   'Ins,    ri   ili.ations   art    ~>iti«ill\   orthogonal,   a   .^ or.broat ion   orthogonal   mit! 
:■ I. <'   1   -■• -ti r   ri s-;;: ^ . 

!t   is  ]<, s s i |i i,    {,.  .let o rr, i r.t   .i  rnininal   cundrtional   t requeues   band o?   -Mich   a 

gml   ^ust   .T;   in  tho  ca^c  of orthogonal   separated  «ystem?  h\-  equating r    to  a 
has.   if   JI I   .'r  1!   t' r     it lioiiona!   «i^nal«.   in   Xhc   ,-,eiie;.il   rr  the   intenMtiei 
•    p' . f i •. •  . ■  .      \ -    i   r'-sii 11   i»e   >>b ; a i n 

i .n 
■ n ■■ 

/ min       ;/ " . ' ! 

* !.■•.•• na 11 t \    : t    tin      i.l i n i r.   s   n<<    md 

n; -i 

t    i . - f i i; ina 1 i! %    i ii   T he   i n t i-n   i 1 i c.l   sense 

■r'; ir-.its   n   s\stir.s   uhuh   ari    orthogonal   in   tlu-   intensified   st-iisr   prs-^ent 
f hi    ,!• att ■-1   interest   tor   actual   pratice.      \s   an   evar.pP     is   provided  b>    th« 
»ii!i 1.   u-i-d  doublt    freipierivv   tel   ^i .iph\    ibi!1   sv^:,^   i ti  which   r        ..',   k       J   i   ,i 
t ■ 'UT    ■; rr 11   n  il i : it i on-    ra p r- sent   si- -r, nt s   ot   s i nuvoi d^  u (th  ii i f f erent   I'riait'tin" 11 

■""""•- —--   —"-^ JkL 
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Urllio^unj 11 t>    in   tile   i nt i ii> i 1 uil  si-nsi'   IH-IT   t-  pruVadt»!   M   iheve   t fr^iu m u-'- 
.iii' duisibl»-' b>   1   1.     1 i;.i   .ipi'io.x i ii;.it ■.   urthüi'.üiial 11 >   im  tlic   nr. i-nsi t i nl   ■•(.•DM 

It    is   s  it't'l v'1 i'Ilt    th.it    t!u'   I'rrq.u IU'>    wittV.vM   fs   i'.fi.irl'.    i-Xii'i-vl    I    1.      i'it hwiun.i ! 

systrn--   c-1   rai 11 i p !>•   ' riqui-iu*.   11-U-i'.r.iplu   tMI I 1   i'i'tri li   i'uiist nie t i-J   sr il.trly. 

In   thc^v   systems  in     si^iuils   .ur   IIM.I1   in   tlu1   ion;;  ot   --if;: *'l»t s   s'l    ^inu--, iJ-,   ,it 
dlt'trlttit     t n-mU'IVi U'S .        It     thr   dil'torvnci'   lu-tKl'rIJ   ,i.l l.ii' lit    tlrquiIUl' I ■■    (-»jlli 1 
t>    1   I .    i  muntn.il   i\iutlj 11 UJKI!   1 ri'um-iu i   luuul   i ■-   n  ili/i.l   (t>.J^!, 

i  -ir.p.w s ii>;   ;!'.J.'>i   uith   ('.,. 1 " ' ,   Hr   SüH"   tli.i!   t>nl\   v»hi n  v        I J   »1     -t i   i:      h 
.ijui   . i>r.l'm.it i OP,  urthu^i'H.i 1   svstvr.s   ci^upx   ';hi   s.nm    tiiipuiu)   1.    .1     it   '■ < 
,iil   K.I->>    ulu-n   k        I   • ••   »ii't   »VMM dfi'i-il) .       In    ill   f'-r ,i 11; i iii;   i.i   ■       .ift h»! vii. 
Inn.itiufi   sv^ti-ms  iHvU['s   .(  uiiiiT  tri'ijiH-nc*   VMIK!  than  --i p.ir.»i'K1  s\^ti-iti     .iiul 
l art lu'nn^ii'   tlM^  J i 11 Vrrr i •    i tvcti.MSi's   ^ri'.iitlv   urth   .in   nuir.isr   MI   tlir  iMilt 
;• 11-.\ i Ju;   t .i. t of   V . 

\  kli-ctMiui  iiiviit   lor  .i  lu-uiiib >n.it i em  ;".\sli'ni kiscil i'ii  prittcj] h-   ",. ■   .   ..i., 
ri n i :M : •. Hi;  tiu   t>t,il   probability  ot   tTrof  p   ,   Jtr-.  not   dilicr   irm   tlu-   il'-i'i ■• i ■ n 

J,, 
circuit   tor  an unnml 11 plcw J sssti-m u:tii   a  <odi.-  basi-  ul   m   .     It   i ■■  iiiK   IVI .»-'.irv 
i! iff    i Ji'nt i *. y i Pi:  ,<  si^u.il   i'i'.ii 11 :.it i I'll  whuli  has boon   t r.insr. • t ti il,   ti>   Ion   tlu- 
-s-.b. 1-   ^orn-sjviinJiiif;  to   it   for  .ill   mo^sa^vs. 

\   ik-vi^ion  iii\iiit   b.isi-v!  -.in   nilo   ''.'. .'^ i   rcniun; : i ni;   p     i ■;   n.vivh   rciv   . o-: !■ v. 
i 

In  acvordaiui'  u 11 h   ('.'. .'■) ,   it   i-■  nfci-s^ar)   to   sunimatr   '.nv  '.alui-s   ut   thi.-    , j o-. 
tri"i.,ri   prubab i 1 s 111 s  of ma^ivi ludi-s  proportional   to   '.hem.     In  tho  s.asf  ot   c , . i 
prubablo  s>nibols   it   is  posMb.ii'   to  sutnmalo Kia^ni ti'>i"-  »»h.v'tv  aro  propiTt U'tia I 
t ■   1 i kv, s hood  tiiiK 11 en.--.     i*ut   in orvlinafy  di-iision ^jiiuits   lio?" (.'.xampK',   in   i 
ifiijdratufr   tjroutt   or  at   tlu-  output   ot   a matched   filter)   voltages   are   obtained 
v»hich  are  not   propi rtiojj.il   to   i   hkelihooJ  t'uiu'tion but   only  depend monotom- 
^'illv   op,   it.      Inasmuch   as   i^   .i   Circuit   based  on principle   (l',3i    it   sutt'ices   tu 
wonp.iri    lilelihoi'd   tutu'tions,   this   v.in  oe   replaced b>'   .i  comparison   el   magnitudes 
depending moiiotüiuca! ly   on  them.     When  usinj; pnncipli'   (9.51   it   is  necessary   to 
convert   an  oblaimd' v^ilta^e   itor «'x;unple,   the \ alue  ot   the   eine lope   at   r..itched 
t liter   output!   witi   .i magnitude  projuri t t oiia 1   to the   likelihood   lufu.'tion.     In  a 
L' annel   without   tailing   in   the   Mise  of   i IK ohetc;-.:   reception,   accordinc   ti    i-i.J" 

(nr  thi--  purpose   it   i s  necissarv   to  obtain   tlu1   functvon   I   (\     "). 

it^ure  '.'.I  shows   functional   decision  circuits   for a  conb i nat i on   '-\<tin 
wluch  .tin   constructed   in  acconlance  ivith  the  two  niles menti<>ned.     I    r  ^inpli- 
i.it>   tlie   i ase  when r.       J,   k   ■   J   itor  example,   bl i i   is   taken.      1 he   reader   i an 
e.isil\   construct  simrtar  circuits   for  am   m  and \. 

1 in-  jirutabs 111 i es  ot   error   in  ,i  combination  systen   ortb.oconal   n.   tlu    inter 
s! f i ed   sense   in  the  -..JM-   jl   incoherent   recej'tiun  cap.  easily  be   coirpated   it   .ise 
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9.8, \ comparison of an^le with av'.i're.'.at o^ ■! .N-MIM ! \ .■] i 

i able   .'. I . 

\ 1 III'    Cd.li      [ v | 
odr   -re 11 l • 

:i i" ranred   \ c l\ 
d ■■ (•■—,ii'" ,   I our 
howii   i a  I i iMin 

1   i ■    .''.•.!:   i ;. 

t 

t • r, 
(    * .- .    ■ (i 

,,,,,■ 

■    r • 

', a«. ' 

i    '    .i'     •■ 

-;-' ■  - ■■■IM aamummU^ 



•r^v^^wpj i n      «^ i i   -i  m^ii   i ...   , ^H.rj„Vv 

/' 

\'(v'- /iv.n..:. r:1 /if. 
.')■ 

where  V(,>.,yj   is  a Nichulson   t'uiict ion   [10] 

Spec i f i t.il ly ,   i%lu-ii  k        1 , 
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i»hul'.  «.o i n. i Ji1-   hi th   i.>. !.■     .nul ulii;i  1 

1 !      . I      , 9 . k« 

whuh    vMM    .llSi'    bv    .>i'T .1 I IU>I    tl-T      f^.",1,|"l. 

TABLC 3.I 

n 
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Number of message 
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teith   l.irtc  r.ul t ij'Ivx i n^;   t.uiot-.   .uul   sr..i 1 I   ;• n IMIM 1 s t i v-   iM   i-rroi   it    i 

po^si' 1c   t''   ii«.r   rhi-   r.itlicr  pfi'visc   f\ ilu.itiun 

I "•('^-:) [ g . > ~ 1 

I",   th»    >..•■-(   «I    -1%  P.n I. i ,;l\   l.i.liiit;   inr l»l"I.   b>   .ivt-ra^ini:   (9..^M   with   r» ^ 

in ^ t   to  h   .ts  »..is   ilorif   .n  ( hart» r   \.   vn    obt.un 
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1   t row   iy. > I kij--   -.hmtn   hv   N,   I'.   Mi\ IMU^ f i, nki;,   we 
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lur v oTiijnit .it i on lit' prubalu 111 >   Jt' error p.   in  .. messa^r of   ■  lUM   systvMii 

u;   uill   iiv'lr  tli.it   it   ...in  hv  VICWIH!  .is  ,ir  orthogonal   ^in   thi'  VIMUMMI   sense) 
st'paraM».'   ^ystvm.     ImlcoJ,   signal   f^.^li   when m      V        '  can bv  ropresrnted   m 
sin1   t"urm 

.11 
•, i-i     .1. i' '-1^:     ,   i 

i c   i>H i   ■ A i.... / 
C.i.-iO) 

::"('. 

Il.iis,   signal   .(,ti   breaks  down   into  tho   ^uin of  two mutually  ortlu\i;ünal 

individual   signals [t I   and       '   It),   c.uli  of which  lias  two opposed   realiza- 
tions  .uul   carries   infonnition   about   i's  mes^a,i;e.      It   I'ol lows   t rom  this   that 
ei'furs   m  both  mes^aj^es   in   the  absence  ot"   t'adin^   are   independent,   and   further- 
more,  based  on  considerations  of svnmietrv,   n        p,       p   .     Therefore,   the  pro- 

!vibilit\-   ol"   corri'Ct    reception   of  both   messages   is 

1      f>      (I     plU\     /'.)     (I      rd?. I-1-'11 

whence 

/-,     1     |  I      ,: 

(äms i don ng   ['.'. Se I   we  obt n n 

i        i 
ft , i' ; 'i'i'.'i! 

19.-i:) 

(i'.dÄi 

which  c>ine!des  with  the  probahilits   of error   for a  binary  IK  system   in  the  case 
of coherent   reception.     With  Ravleigh  fading,  by  averaging   (.''.l.M  we  obtain 

[■   / (9.4.1 

IVhen 1.   3 and the (iray code is used, the [irobabi lities of error p. in the 

absence of fading can be calculated from figure 9.9.  The heavy airows show 
vectors depicting realizations of signal :(t) and the broken lines indicate 

■is:- 
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;■, iiü-.i.i r 11-.   i'i tin 1.11   Ji I't'c it-lit    :-v. 1 :it i i'ii^ .      Let    ' !ii       , J;I,,I 1   L'ÜU   lv    ! i  .:.      ; ' ' ■ 

\ii  fii'-r  v^cu!--   in   tin.1   first   iiit'ssa^i'   it    ui   i nt i rt cri iii\'   IüIüJH'IH r; t   uimtvi!    .;. 
.irrovi       exv'i'f^s   t liv  m.i,i'.ni indo   \   .in       s,   i n.i: IMKI:  ,1 -   t!u-     ur   ui   tin      i.-i:   1    .:,. 
I lu    i iiti-rl'i. ri'iK't.'   is   on   tlif   othci'  --iJi   ut"   th'.'  bv uiul.i i\    l.ilu-liJ   I   .IüJ     ri',; .:.    . 
tlif   .I'H.I--   tunvspoiKl ini;   to  "0"   nui  "I"   in   the   tir^f   ::i-■ .i-.-r.      Hi'    int« ttcin 
cor.ipni  '.'ii   wiu^!;   is  ort !i.'i>'ii.i 1   to   :irrou    i   h.is   nu  ctttvt   on   •.■i-i..'i-    ,i    the   i i i •■; 
::ii"-■• ,ii;r .      1 !u'  |U\ib;ib i 1 i t \   ol   ■■iuh   ,iii   riTur,   .ir    ^aii   i.-.i:.il\'   lu    o.ikui.iti  ;,    ,■ 

1   f'     «Jt r •!• ' l   J   h :   II 

It'   signal   Uli1   i ^   t ransmi t U-d,   tho  iwobabi 1 i t y   ot'  "C1"  'n^ooranv   "1"   in   \\<    tii   l 
!':o'-.'-.i^o   : ■■■   '. h'■  sair.i.'. 

In  caso   signal   (.UM   or  oil   i ■••   t ransnu tlod,   tin-   mtort'i fon.'t       ii'|n.'iioi:t 
rann i nr,   .i'.^;;.;   n   is >r   c\   :!:iist   cxooi-'d   \   oo -       .v   and   tin ■   i'.apj'i'ii-   wit!'    i   ptT'b.l'; Ii 
ot' 

\ssui:;tiit;   that   all   signals   aro   t ransmi t tod  uni fofinly,   wo   t'ind   t i-it   tho   titai   i-r 
babi lity   ot'  oinor   in   tho   l'irst   niossar.o   is   Oijua 1   to 

/■,    ; (/''.: vt   -\\~  'I'd'1 ^-^ 

■^iV'lhK^-l 
i 9 . l. 

it   oar   oasily  bo   soon   that   tho   p nohal-i 1 i t >•   ut'  ofrov   p ,   in   tho   si-voiiJ  :::o.-- .ii'.i. 
will   bo  tho  same. 

1" J'tornino tho probab i 111}' of t t'fur p. in Lho thif.l ;;IO-SJI;O ui «ill 
;idoi' a^ an oxarnpio signal 00 1, fho ' 1" in tfo tiiirJ mossago will iH'o.'iiit a "' 
it' lho ; nt o r t'i.Tonoo c^m|)onoiit running alonr, arrow o i xooods \ -in v:, "t" t lo 
oninpoiioiit orthogonal tu it running along arrow t oxoocvi:- \ .-os •' '■. "' :: i iai 
c«aiditiiitl occurs wi':1 t raasmi ssi on of aiu othor signal. inasnuoh is tho .i.ti-; 
forolico   ^ onpoiiiiiT s   aro   i nJopoiulont ,   wo   oan   i.-asil\    oalculalo   [llj 

fl 

1   1 i      'f \V 1 h~.\\ ■,.(!:■/: 
.'.'.!(- 

:-[i  'i'(r-/(vn ^.I-.VLWM,. :) 

'Here wo havo   in miml  an  excluding "or"  since   if both   interforer.ci.   components 
exceed  the   indicated magnitude,   as  apparent   t'rom  figure  9.9,   tho  symbol   of  the 
third message will   be   received  correctly. 
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\s alriMtly  noti'J   in  Section   l.b   tor  ivci'pt iun  ol   Kl'l   signals   it   is  juis- 
sibU-   to usi-  JfCis.um   circuit^   n^ual   for optimal   i ru-ohnvnt   mrption,   fur 
fx.unplr, a .pi,ulr.it HIT  ciri-Hiit   with  mati."lvoJ   t'ilti'rs  .mil  (.«in i-lopt' di-t octors,   aiul 
others. 1 lu"  sanu' piM'tain^   to  MRPl .     llowinor,  hcri-  othor Joci si mi  v'iiv.nts 
art.' luissiblc   in whicli  soparatv  docisions  art'   roachod   for f   messa^os.     1 er 
e.xjunplr, a  division  i-ircuit    is   sii^jjosti'd   in   [11]  which   i^  hasi'tl  on   the  a l^ori tliin 
shown   in (y.'«"!   for aiu   mul ti p loxi nj:  factor  on  condition  that   the  tiray   rüde   is 
HSl'd . 

\s   can  easily be  scon,   when   the  liray  code   i^  ii-eii   it   follow    from   (y..'>")• 
that   the  s\'mhol   "L

1
"   in  the   first   messace   i^   recorded   if  0 in   the   second 

iressa^e   it'   -       J J,   in   the   third  iressa^e   it    - "/-   v'   2'.   <   "/2,   in   the 
fourth mess.ii;e   it   -       J       ll J,   and  generally   in  the   i-th  !;u'-;sat:f   n 

, i   - a   "0"   i s   re^i stored   i I" in  other  words     : n  tiu-   t i rst 

ness.ij;,'  "0"   is   reiiistered   if   sm 0  and   in   iTiv.ainnu;  messages   it'  cosfJ 
i -. 

: l 

live this  pen-its   constructing  the decision  circuit   shown   in  lii;uiv  9.11 
signal   receiwd passes   through   the   filter "ll   iv.atched with  a  segment   of  a  sinu- 
soid  with  a   t'reqiurcy  ot"   .   and   a   length  ot'   I.      \t   readout   instants  di\isible h\ 
I   the   - ine   and  cosine   compoiuMits   ot'  the   output   voltage   of   this   filter   are div'is- 
ible bv   V    and  R   .     This   voltace   is shifted   in  phase bv   -/I  and   is  multiplied 

n n & ' • ' 
b\   the   s,ii;.e   voltage   dela\ed   b\    I.       .fter   intecration   a   \ollace   is   obtained   ^hich 
i s   v |-, pert i >'na as    ean   ras , |v   be    seen,    \'\'"       -    \"H'     ,    1 

n     n n     n 
coinciding   in  ^ij;!! 

with   sin   ..      I he   same   .iperation  without   a   change   in  p'r.ase   occurs   ;n   the   second 
i".u 11 i p 1 ler ,   i.e.,   a  \ n 11 .u:e   i ■    oht a i tu'vl  whi v'h   coi nc i de^   in   s i j;n with,   cos   • , 
\t   each   <;;! seipient   ;iii 11 i r 1 i ' ■ i    i   di rect   and de 1 aved   \ o ". t a^e   arrive   at'te i   nui 11 i 

plyinc  the   frequrncv hy  Z.     Fp  the  same  wa.   the  sirn«  of  cos   .'     ":      ire  deter- 
".ined   and   these   alt    used   to   reach   de^i    lens   for   all   r.e^sap-s. 

ili::^ J Delay   1 
i 'J i nc 

r.  if    i 

:--,: 

■   J ^ .  J 

l/I 

First   '-Cc-Thlrd Fourth '  i-th 
ncss.igoon.i      ,       message 

i.v.l:. : 

fiqure 9-''-  Au tocor TI at i on Decision Circuit for 
Messages in on MPPT System. 

Mere it is issuned that 
I 

Ü 
in   (Mj   no  nrnti'Ti   is   r.ide      !    i   ritilir.l   filter.      Iherrfon 

t ••il   there  wh 11)-..   s t r i. ' h    ^pe il i T- i- .   i >-   n >?   ^pt ir.il . 
a   > ircu i t    i i C i; e 

IS'» 
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Wc uill   Jr.u-,    i   .(.'lUiuii  uiic  ik'Cisiun  circuit   tor  tho  bRl'i   [k       Ji  which u.i^ 
tust  usi^l   in  an  Mt    1   system   [9J.     Let   ' 0  cürrt-sponU  to  symbuls  00,   ' ,   -     / J 

tc   symbuls   01, 

t llL'SC    \ .I 1 IK'S    i't 

svmhuls  01   i 1' 

svmbu 1 ^   11   it' 

JO 1s   10   if 

tu  symbuls   11,   anJ .\'J    to  s^'mbuls   1Ü.     Subst i tut ifj^ 

in   (.y.-Ki),   wt-1  find  that   symbuls  00 must   he   resistLTfil   it' 

v,.yn '■ /(•„/(••„>| vjrn--.\-nH',\ 

■ - (.\'jr\ - l<\..\',) -l-A',, \ 'n ! /(■../-■".;. 

-(.rBr'n-i /<'„/{•■„)>|.r„/r'n-/rn.\"n|; 

A'jr,,- /<',. V'n>|.v„.-V„-! i<'J<\\ 

It   can   casi !>■   be   -ion   from   these   i iK-i|iia 1 i t i es   than   in   tin    t'i rst   r.c^sa^e 
svrabol   "0" must   he  rciiistvroJ   it' 

A'n.-V'n  ; l<„f<"n-\-H'nA-\     .■l\1/r',l>u, 

and in the second message it 

y.;- ■-' 

i b'. .'>.' i 

Ihc  quadrature decision   circuit-   shown   in   liinire   9.1J   [if]   which  need-,   no 
further explanation   i^  const i'uc ted  on  the  basis  o!"  thi^   algorithm.     Ue will   onl> 
note   that   one  of   its  merits   is   that   the  iremor}   device  must   "remember"  only   the 
magnitude  of  a   constant   voltage   in   distinction   from  the  dela\    lines   in   the   1.1 i 
^uit   of  livuwe  '.'.11   and  other  authocurre lat ion   .ii\uits  when   the  ph.i'-e  of  ,i 
variable   volt,ige   is   remembered. 

l\e will begin the determination ol ernn probabilities in the v.i^e of ii 
cuherent reception with a UKI'I system. \n evaluation ol the total probabiltt\ 
lit   error  n     for   thi^   system was   obtained   in   [-1.111}. 

Let   svnibul-   00 be   t r.insmt t teti  b>   difterence   in   phasi 

In-     ,  -:   .%     I,   svmbols   11   In      .       .%     1.   and  symbols   10 1<> 

■1, svmbu Is 

il-.en prin 

ciple ly..'»-! van be represent t d in the following form: syrbul "0" in the t ir^t 

message is registered if cos ;   o .nul i :i the second messagi it -in    0. 

Based on (y.f'OJ the principle for registering symbol "0" in the first message 
can be written as t'olluws: 

•In [y] this circuit is called a correlation circuit. 

jyO- 

m—m 
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figure  S.tj.     Ave ragt-  P       abilities  ut   Error   in 
Mi^-jages   ol   nn  MRpJ  Systvm   in   the   C.i^e  of   Coherent 
(Solid   Lines     .did   Incoherent    (Broken   Lines)   Reception. 

Wuh  ,111   üuro.ise in  T!ve   cite  of  t'.ulini;,   flu   prohability  oi   error  in MRPT 
s-.-sterw   iiKTe,.-e-    .ni.l. ui-.t   ,i>   ui  .1   -iii;,;!«    Kl'l   ?->^tei!;.   itoe-^   ii.it   approach   :cru 
with   .m   iiK'i'e.i-e   in  h.      'he  Jepeiuieiifi   ut'  prohabi 1 i 11 e.-   of error   on   rate  ot 
1  ,vl;,i.:   can   he   t'ouiul  1>> the   netliutl  ilescnbeJ   in  '..'hapter   \.      Che   results   are   set 
forth   in  wv'rk-   [9,   1!, !.',   It\.     In work   [!/>]   tlv    reststaiue   to   interference 
;n   DKl'.'   -ysteitis   i n   ttu case   "I   d-ui-r- it\    reception   .s   i nvesv 1 fiali'd. 

Nono'theyuna1   MFT   Syvtens 

.l.a .    ■ i 

-iic;>,  s\ 

■■_.■■; I 

ali:al 
: n    t requeue 1 es   of 

i!' i    (U iacT;call\   Sj-e.ikinc,   tin1   use  uf 
•   i-   Hear K'.ct'i:!   w!-,e;;   the   J i l'l ereiice     betv.een   ailjacent   frequeiiCies 
ai   1   i.      Ihis   ;-err,t-   o1 t ,ii n i ;;c   a   sy.s!e-   lor  '"u 11 i p !e \ i n.u   a   channel 

with   a   smaller passhanii   than  needed   far  a^iven   factor   in   the   case  of an  ortho- i t-i 

i     CtiUIsi .In,. .'   this   the   prububi 1 i ♦. v   ol   error   increa MSI' C-'l.a.   MM    -\ ster, 
uui    ilso   -'.rr.itrv    i -   d i ~ rur t e,l,    i.. .,   th.t    fidelit;.     -eases   to   be   independent   ot 
tin     .elected   kiNin;;   ^cd.  .      Ilia-.,   these   •\-.tii;,-.   as   . •;'  occup}   all   i lit e fined i ale 
pi'siiiuti  b'-lwecn  MKI'l    md    irth   ^ona 1   Mi:, 

ilu    tneon     'i   n^vi   tth..-.;o;>.,i!   Ml'    5\-te-,;s   has   been   de\eloped   \ e r\'   little   am 
^alcujat loti   ■!   error  probabilities   foi   tie:,   is   a  \er\   coniple.\  matter.     he  will 
1 i ;■,: t   ourseKi.'     to   a  qu.i 1 i lat i w   re'i ! >. «   ar.d   coir.par i son   of   resistance   to   inter- 
tererice   in   tioiiort h-'.o'ii.i 1   Mil   '>ystei;.s   ana   MKI'I,     lor   this   purpose   we  will   define 
the  pai.ur.eter ot' nuiiürthüi;unal 11 v   tu-tv.een   two  realisations  of  a  signal: 

/.^|/J--(".-.(/i/rj,|fJ.-,(f).-T(/).^J '9.bS] 

where   miegratiun   is  done   over  an   inter\ai   of signal   .lenient   length,   i.e.,   from 
0   to   I    for  Ml 1   or   fror      i    to   1    for  MRI'l   and   1      =   I   for  Ml 1   and   1      =   21   for MRPI 

•l'». 
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I-igurt-  9.J-la  shows   the  dc'jH'ndence  of p _,   cm 

9.J4b  shows   thx-  deper.iiencc  of 11   .   on   (t    .-   t. )T  for Ml-I 
' ' r. r 

for MHl'l   and  I 1 i;uic 

In MRl'T  systems   the   values  ol"  transmitted  di t't'erences   in  phases   are 
limited by  the magnitude  2-.     In  the  ease  of k-fold multiplexing the   least  value 

-k-t 1 
or     ,'.     -   .'., '   cannot   be  greater than   J " .      Flierelore.   ina.x  n   .   increases 

v        I * ' r. 
rapidly  with   an   increase   in   the multiplexing   factor.      The   values  of max  p,., 

as  '"an be  seen  from  I'igure  9.14a,   are   approximately  equal:   when k   =   2,  O.'M; 
when k   =  3,   0  92;   when  k   =  4,   0.98.     When  k    ■   1,   assuming   in   (il.ötO   mat 

'r 
,  we  can  easily  obtain 

r. I 
(9.OS: 

The  rapid   increase   in  this  parameter  causes   a  sharp  drop   in  the   resistance  to 
interference with  an   increase   in  the multiplexing  factor. 
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t 
\lrhougli  the  ihcory  ot   iitiorl'eToucc-rrsi i-'taiU  codes  with  a haso  c*' m 

AhorL" t"   i'A   a   simph   niirabri'   (spc; ii'jcallv  m       2),   has  horn   rathrr KV 1 1   woikni  out, 

thi' i:ii't .''..'.l  lit' i/odinc  p res».'fi bed  h r   put   1'ii.inl w'ulc  ti-f   :n  • raft i v-v',     \pp.,irciit'% , 

thf   ■oti.p lux i ty  i'i'  t rchno lo.u i ca 1   fca I: ;at j.in   is   iini    ins t i !"i t-J  hy  tiir  sr::ill   ,ul- 

>. .iiitac». s  wiii^li  can  h"  •■ \p' i't'■ '   t'ron;   it--  '.■■. . 

\   t. he i\!   and  inuiv   pt'act i   al   rcthini   oi'   Cüd.ins;   i ;   used   lu r   ^cpa rah !c   and  quasi- 

M.p i ral-! i-   s y.; t f i-:    did   'ia     hrrn   ,; ■', rr.   "hi'   aar.'    i t"   j'ai'allrl   codiih'..      It    aliuHintS   \. c 

• ■ ■;,.h ! i; i IIL',   the   syr.ih'ils   d'   al      t r.i:,.  Mttcd   nif'^a^es   into   utio   code   cumb i nat i uti   and 

tl.i'   f.-dundanc}'   syiiibols   added   to   it   arc   rransrni tied   in   the   I'orni ei'  additiona]   code 

mtssaiu"-.      l-nr  '•.xaii.p I ■  ,    if  a   r:.ii 11 i p lexed   s\-stei:,   is   d-'sii;ned   for   the   t ransrai SS iun 

ni'   ^even  i:iessa^es   and   actuallv   only   t'our   are   I ranstiii tted,   instetid  of  the   rema i n i ni; 

thfce  messages,   it    is   possible   ti'  transmit   clieck   syitibois   I'onn^d   in   accordance 

wit!;   prMiipli    1J..U1   and   i"   I', rr.   a   s\'st. emat i c   code   ['7..!i.      I h i ^   vn:.!''-   ccrrec 

' i IU;  an  enar   in   any  one   .d"   the  messages   or  detecting   s iniii 11 aneous  errors   in   tico 

;: es'.agi"; ,   mi  matter  hois   ;'rcaiu nt I v   thev   m; •ur. 
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Ut" cuurse,   various  mixed molhods  ot   oodin^  ;iri'  possihli-,   lor i,.\.ir.j>U-,   iodine 
by  usin^  an   inte^rativi   i.üdo   in which   t!u-   tirst   st.i>;v  ul   .«vim.;   c  ;  ii.ill< 1   .nul 
the  socund - eiiiicnt i .11 . 

9.7.     Discussion of   Results 

In  stinrin^  up  t lu-   results  v'l   this   t>r;it   ri-\ »i-v   «.il   wtlio.ls   ul   IMII l ip Irxinj; 
co'^nunic.i'1 on  ch.intul-».  wi-  shtuilJ  first   oj    ill  ru>ti    t'iit   thi>   .irr  ,;ri-.iili   \arifd 
.is   to notliods   ol   rra11 :.it ion   ami   is   t"  th«-  b.t<»i«    inlorr »t ion p.ir.imn-tiT«   MIV h   is 
ten t «t .»nc«   to   mtcrltrrn. i-   .ir.d   !r<(u.n>>   (-.«^J   ^» , nj i« J,     I urtJu-rn*>r« ,   ttu   BdiirU«. 
o{    1 ri.t iT I c riTi^i-    fi^i^t  -r.t    »•»Jit-i    1'    " 1 1 " 1; 1 > • •   I   -hifnil^    .irr   .11 MI   i;rx'atl>    •.  : r i ril. 

1 hi       t..    »hu    : «    ic\ » I. j  1 n^    ..    s , y\x :     J .u i' »    t (n    .1 i 1 J i k n 1 t    ! .1^1.   • !     • i  11 i. t : r. ^ 

th«   fj»t   -ui^^iii   «vljti^n.   t»u   t ivV   li in»;  v .^li-  iM-n  :-or<    diltiviilt   !•>   tlu    tail 

t'wi.!   .»Ivrii;  fcitls   miurn.it i i.>n  par.inet« i •-   lu-  rust   ^.ivi-   tlunj^ht   to r.,ir,\   otlu-r 
11 w hn, »ot; i v .i l ,   ikotioeiv,   and  or^an i :at ion.i I   i.Ktois.      It   Uinild  I'e   tooiharil\   to 
t r>   to  s i •■ c   rei-onsnendat i oils   tiT   the   »i-U-vtii-n   ol'   a  mill t tpli xeil   ^ystt'in   appliiabli 
in  .i 1!   ;ases.     Mourner,   se\eral   ^rnci.il   ideas   can be  expressed  here. 

Ii^urv  c.*.lö,i  shows   the  dependeiKc  of   I'requelicy  band occupied b\   a   si^n.il 
and multiplexing  factor for  the principal   systems  considered.     it  was  assumed 
for separable  systems   that   for   individual   signals   relative  phase  telegraphy   is 
used,     liguro  9.15b   shows   for  the  same   systems   the   relationship between   signal 
power  required  to obtain  a  given  level   of  fidelity   (characterised by  the  average 

probabilitv  of error   in  a message  n -   10     l   and  the  multiplexing   factor. 
t . ■     ' i   av ' f 

It   is  very  clear  from  these   figures  that   systems  retaining  a high   level  of  re- 
sistance  tc   interference,   when multiplexing   factor   increases,   require  great 
widening  of  the   frequency  band  occupied  by   these  signals   and,   en  the other  hand, 
in  systems   retaining a  given  frequency band  the   required  power  rapidly   increases 
with  an increase  in  the  factor. 

As was  noted  in  our  chapter,   the problem of multiplexing  a  channel   arise- 
in  those  cases  when  the  carrying capacity of the  channel  greatly exceeds  the 
productivity ol" each of  the  sources  of messages which  are  to be  transmitted. 
In   the  simplest   case   let  each  source  emit  messages  which  are  encoded by  a  se- 
quence of equiprobable  and   independent  binary symbols  at  the   rate  of  v   per 
second,   let  the  channel   have  constant parameters  and  the  passband be delimited 
by  the  value  !•'   [or  it may pass  signals  with  a  frequency band not  exceeding  FJ , 
let  there be   in   it  normal  white  noise with  a  spectral  density of v ,   and   let  the 
power of the  signal   at   channel  output  not  exceed I1.     This  channel  can multiplex 
k messages   if the   following   inequality   is  met: 

*:•</■ InK.- 
V I 

(.9.7Ul 
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whore  tin'   h-tt   -.iJi   rcpri'sonts   tb.i   tv>t.il   JTOJUV 11\ 11)   of   Tin-   *inir«.rs  .irul  tlu- 
rinht   ;-»r:   tin-  L.irryiiij;  ».apav 11)   ul'  tlu   chann»-!.     Itu-   incqu.il tty  cm >M-  rr- 

v« M 11 en  .is   t'c 1 lows : 

r^/n .1 i .» 

..' 

Mquro 9 • ' 3 •  «1) Dff>»,n J«•n<.^• B<'t..<MT M i n i n j | Possibl«1 Frc- 

ijuoricy Banj of S'qndl on "u I t i p 1 c * 1 r-j F.ictor; b) Dependence 
In the Absence ot r.idlnq on Multiplexing r,n.tür in t^c Case 

When p. - 10 '■  1, Separable orthogonal systef», individual 
i 

PPT signal ,, 2, Separable orthogonal systt""-, individual 
siqn.ils; 3, MRPT; '<, Orthogonal MFT systens; 5, Mixed system-- 

frequency multiplexing with combination DRPT signals 
("Kinop lex" lype). 

Ihr 1 ■ c t nit ii  U'Miu;  ri-'thiul   ill prnds   r;.iinl\   on   the   ratio   lu'tween 

th'^  two  factor?  on  the   left    fP,")).     lot- exnmple,   let 
■.■/ 

■ / 

i ,e, , the hi 
wide passhan 
example, in 
over channel 
t e lernet ri c in 
t ransmi tters 
should selec 
wi th a relat 
due to the w 
or any 'other 
he eonside re 
tons i s tech 
conditions o 
i s the sum o 
ohtained  by 

In   the 

capacity   i s 

the 
,   fur 

^h  carrying  capacity  of  the  channel   is  conditioned mainly  by 
d,   and   the   available   signal   power   is  not   great.     this  occurs 
transmitting  telegraph messages  over  tropospheric  radio  channels, 
s  with  passive   relay  using earth  satellites,   or  in  transmitting 
ssagos   over   low-puwer   radio   channels   when   the   rated  speed   of   the 
is  nuicli   less   than   the  passbaml,   etv       Obviously,   in  this   ease  we 

t   a multiplexed  system wh i ch  provi.h's   for  a  iiigh   level  of  fidelitv' 
i vi. ly  small   ratio of   signal   power  to  noise   spectral   density,   if  only 
ide   hand  of   frequencies  used.      In  principle   an  orthogonal   Ml I   system 
orthogonal   combination  system   is  such  a  system.     However,   it   should 

d   that   with   a   large  multiplexing   factor,   designing  combination   s\s- 
nologically  different.     Iherefure,   use   is   sometimes made  under  these 
f  separable  or  mixed multiplexing  systems   in  which  the   total   signal 
f  several   signals,   (.'ach  of which   carries   several   messages   and   is 
the  comb i miti on  method. 

)ther  ext rente   case 
"/ / i .e . ,   the high  carry]ng 

conditioned  by  a   large  signal-to-noise   ratio  and  the passbaml   is 

iy,s- 
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i ntcrt i i I'IK -.■     si-c  i !uii'; • i   » 

■T.C;  .; . ■ .   tl-...t   ■>: tl 
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t    ■■lii'.i i..   :'■■   :. ,JI v'l'i .;   v-. ; 11,   . |',.III;',I ,   v !   i r   . ' ■ : , 

I lie  UMI^II i liu;».    2\    in   ,'.'.' i      i -   ■ ! t ■ :i   kM ! 1 r J   t h     '.'..,.;-■.    v .i rrv . •',,    , .r/ •, i t \ 

"t   tin'  t.ti.innc 1.      Its  essence   is   as   follows.     V . or,!.:;.:  to  the   f n; •• Im k,'\   tLi.Ti-r 

a  signal  passing  thro'i^h  .,  channtl  u i: li   i p.is-1. .HK;  -ti':.tl\    li-itr." t.   1   i- 

coJiip lete 1 y  character i • t i ^(.'J  l»)    its   . a lui.->   i i-.ivUjut    it   ir.t '• f. a ! s     I   t r'.v  i'qn.i 1   ? .■ 

iJl-j    \      It'   .'illy  binar)   -.f-.n.iN    : IT   sent    in   ^'..i'.   a   .iiaMie i .    it    . ■    ipparert   that 

Jl   characterizes   tlie  nia.v iruin pn-.ibl',    rat'     •!   t i .iir-r .   ^ , . i..      It     .in  e.is.lv   !H 

seen   that   this   rate   Jues   r,ut    ch t'iiie   ;!   u^ ,uli    ■ !    t reuiit ncv   ; u 11 i p lev ;iu; 

after  dividing  hand   I    into   i,   r, .il   parts   ^mce   in   ■.   ic!    part   tt,.    \\,,a;st   cartyviiu 

Capacity   Kill    he   equal    to    Jl     1.        it     is   possibh     to   •. v.iod    f lie    \.pi;st    fate   b\ 

refraining  from binary  coding,   specifically h>   usiiu;   i  cv'ir.b mat i on mul t i p U \ . ii,; 

systern. 

Until   recently   the  opiniun  was   Aid! ly  held   that   nul t i p lexm^   »hoiild  be 

applied  only  to  channel:   possessing  .n,  excess   \yquist   . irrvin.-,   c.ipicity.     Ib.ere- 

f ore,   the excess   in   the   signal   to-noise   rati'    usualh   romained  uino-td.     •|r.ly 

p.io. 
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intcrliTriuT  »«hiih   ».»n b«-   ». cJb.i! j «-«J ••nl»   \-\   usinj:   I tt^-»-   JTO?»«. I i •. «•   mtrrv.i^ 
in   f r«"qiM'nv> ,   ..«. .   I'»   .ithirxitii;   .ifj>ro» ««.itc   .■ r! hotooi.i 111»   .•!   the   pri.«   i>f 
;'«'A>r   ii*«-    'I   thr   f r««|'i<ni \   b.in>l. 

In   tiif   •i»i>nJ   (:ri»j;<  .in-   ii»l>t.U.l  pr itu ii'.t 11«   .•» wu f. run«».»*   .itl.Jrr*'"   •.^^T••«^ 
jl' l«>r   tht   r^sj   ;>.irt    t1»« »    .irr   u»«-»!   tor   th«    t t .mst: i •• N i-in   .■!   lonlln^n'^»^ 
:v**.»cr«  hui   in  prirutplt-   tht\   v .m  >•«■   use»!   »m v < s*'I ti I I«   tHr  m 11 ip If i mt;  ■• 
vhirimi   »•.! n  Ji^vntt   r-ss.i^rn .<> . ru !■. i ni... \   .iili'r»'*«   «v«'ro»   .irstHint   to (Jtvi<- 
iMc  i>*tcr.*   in ».tu ch  .1  nc»5Ji;«-*  transnitlcd to a  certain  aJJrc««cc   frccipicntl 
1 ■•   i,h.ir.iv t t-r 1 :>'J !•>   ;VN  uvn  »i^r.il   r«'.i 11 :-it 1 on .     ftrv«-i\«-r»  ol   <■ u h   i.Mrv <.«.<•.■ 
U'    -.itkhr.l   it    9  itrt.un   *t*n»f  with   tin-   i«!,lrr ••T«'' ••   rr.iliratiuii  ol   thr   Ni^n.il 
uul,   to   ttu-  i»lint   po>ksjMf.   J.'   not   ri-.ic!   ti   oth»r   ri .il j 2»it 1 »ms. 

It    •> lu h    1    s\sl»T    wiTr    \v Hv hronous ,    (J    woiliiS   IM     po^Mbl«     lO   r.iV«'    .ill 
rr.il 1 :at Jons  urthoKonal   .irul  to  canpU-'tlN   ilinjnatr   transient   interference. 
Ihe  point   in  .isin^   an  .i-\ ruhrotum'.   s\".*er   is   that   each   source   cm   input   its 
r.css,i|;e   inti)  the   channel   rot^rilirss   nt   other   sources.     In   thi»   process   the 
sources,   inst   .is   the   recipients,   can be  physical I\    located   in   Jifferetit   places 
ir..l   cm  use   m   r. ilt''   connami t .it 1 on   the   •-.ire   t return c>   banJ  or  the   s.ir(-   r.ivlp 
rrli\    1 for  i».irph.   utie   located  on   in   artil'ici.il   eirtli  s,i»t-l | 11 e 1 , 

In  pnncipli"   it   v«i)iiKI I r  possihli-  !.■  construct   such   in  as. nchrenuus 
s\'-t   r    >n   the   l^isis   ,-t    frei(ue!u\   m 1 ? 1 •• 11 v 1 tu;  \\   ass i ^n 1 nj;   .1   Jrequenc)   Kiiul   to 
r.ich   adilressee,   tu  win ch   the   aiKlrissee' s   receiver  won hi  be   tuneil.      Ihen   ruh 
■> luivi' woiiKl h.i'.r   to   tune   its   transmitter  to The b.nul  .-issi^neil   to   its   .wlilressei , 
If,   ■ s,(.f.vi    r.ulii-   cornun 1 cat 1 on   in   ih«'   shortwave   r.inm .   which   is   not   usuiili 

r h : s   u 1 \ •f-.iTi.t.    't'   s 1 c.n.i 1'"i .11 1 :.il ! 'tis    is.ii,; ^ . 11 11 ,!   • .■ 

1   ;"(■ v   1 I ;   nit .; 1 >h 1 >!.  h.i\ c   I'cen  n.ir 11sc ret 1 
flMUCf.CN 

nkl re s 

s\ s t er.s .     I ,icli   ■ 1 ^n 1 I   re.i 11 ;at 1 un   .mount s   to   1   sequenie   ■' t   seve ra I   r.ul 11    irpu 1 ses 
■.» 1 t i    .1  ilitttrent   frev|Uenc\   filler.      i)u    .nJilressfs   .in   ill st 1 n^uisheJ   .is   interv.ils 
ol   tine   1'etueen   impulses   ,is   uell   .is  b\   the   frequencies   ol   the   filters.     ihis 
[•"ermits   ,1   \i-ry   sir.;'!!    device   for   •electing  an  addressee.     Reception   is   .iccoir.- 
plished  usini;  ,1  noti I 1 tic.ir  device   containing  a  drlav    line    itiii   a   coincidence  cir- 
cuit   .uul   reactinc  only   to  a   certain   senuence   of   impulses.      It   only   a   leu   sources 
operate    it   tlu   s.une   lime,   each   receiver   receives   only   the   signals   addressed   to 
it.     Crossi.iU   interference,  which   is   called occurrence  of  "false addresses" 
occurs  when natu   sources   trmsnit   tn-cause  ol   the   iMiulom   combination     !   impulses 
which   ari'   transmitted   l-\   the   different   sources. 

■uch   .1   svster   permits   ot"L'in 1 ; 1 iu:   radio   communication   with   the   s.iro  con- 
■. on ; 1 tu ■■   lor   ^ ■'rrespon.iont s    1^   is   usu.i 1 1\   ;■ to-, 1 .lo,!   tor   in   ,1111 nn.it u   .11.11 1 nc 
in   1 on>;-d i st ance   tolephonic   communication. 

>.     I See  section  '.'.J       In   ,1  multiplexed  communication  channel   the  total 
number  of messages   for which  .1  channel   is  designed   i^   far   fron  always  used. 
Ihis   js   especially   characteristic   of  channels  which  are  multiplexed by  continuous 
telephonic  messages  when   a   channel   is  usually  underused by  öü-^O'.   or more. 
However,   this  also  occurs   in   certain measure  when   discrete  messages   arc  rmlti 
plexed.     Therefore,   it   seems   e-iticini;   to   increase   the  multiplexing   factor   so   .is 

,01 
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:.     ri.illislTt     l f: 1 ullü .il i ,11    .,'.      «•■,     i\ i-• A ;%     ■    il        •>   i ■ v>ni ,l4'II \     »IMVI     ?,■    'tlii     .IT.UMJM-; 

i..»rr>itt4;   .-H'«« it\.     l<i  th is.    ;:   i^   •.■v'<,>l-l.    ".    HIT,.I   tlhii   iiMiml-ri   i*   inc«>.i^f< 

t r .in»in 11 t <-vl   «. iiwi 11 .in- ^us I •   . \ . .•< ,| i. f,.j    k     . f t .• i r   njiumtuJ«    V        w^\   'tic   ".'i.»l   iiv 

.In. t i \ ; t ^    v 5    '. he    •. wAir - i s   I ' . v.-" »  ■   , t ■'  i! i i    • '   .m   t   i    . .n i \ uit   . .i.ip.i, J, 1 v I tr   ! h i- -. 

..••-r«-   .i   vh.irj-  Jr«.«;'   in   tul» J\t>      ■•   i ■ <■   itihln   ^ui   i'.   \hi-  i in* .«la | , • , ih.it   thi 

r.'.CüilK r   v> t    "i »iiu 11 .«rw.'ijs ll \    t r.iiliNr. i ' ! i-v,    ■■ c >. . .n,''c ^    >  «. «^-»I ;    I.       is    i i t \    \r i ] 1 .    t I', i ■■•    .  ir 

!-«•  h.uulUv!. 

In  ihv  u»u.il  B.IU i j'Jt M-.'   ■.>%!.t-s   t r, .nit»-;     .jrrNsni;   ..ip.ui^   i«    »ii'Mti-U 

h\      .u-    .i\i-r.ifi-  " !■ >    tfir   r.j'M-ur   -MI 11    , Mvir,"   1 .n J    r        HH>JS %    i!    .luri^t 

! r»'»jui"nv \   nr.j i! i ]• li' M n»;  .i   w < r! ai n )■ .trt      !   tic   . Ii.ti r< '   | .^ <1, i.i "   is   »t-1   .is i .!•    t ui 

Itu-   i-th  r.c s s .i,;\-,   it   In-, »»in*-s   pni-sil'l»    fii   tr.insiiul    JII   »JJi C i<>n.il   "•■ss.i),,   t-, 

v »nsf   .i{   .i   p.irt t it! I .ir  "ort-nt   .i   »rrt.un   mx-ss.^i-   ; -.   -ii>i   f s .-insn n t ta-M.      ü-,   •■   sjtu.i 

ti.-ti   .»vviirs   in   the   ..is<-   ol   tine   rv   . .--•!. i ti.it ; on   rul t .;-lc » i nj: .     Ii.'uc   i-i(   tt    is 

p.'ss ib u-   • "   ion*! nut   si.it i st i v.i 1   iiu 11 i; i. \ i in;   s\ =. t <r •.   i n  w)u , '    in   i tit n \ < 1   11 

t hi-    t I   i!is:-i s s i  TI      I    .'in    rc.-.ii;c   :c;-:t       " t r.s-: i t t I l;t.    llU'thcf. 

\n   cx.i.-l'lc   .■!    .i   ■•titl'-tl.   il   r\il t •. ;  lc» inv;    -vstc"    I •■   ITm u viel   ' ,i    .is\n 

ihriirums   s^s'cr   »lv s v r: IH-il   in   th«-   ; r.    ■.l;i'.>;   n-'tc.      Xru'thtM   .■ > a-'t'h    is    ,   sip,it.it 1< 

s^sttns   i ;i  uhi.l".  <  K !i   rc.i 11 ; it i <•!    .-t    ir.   i :•..! i v ulu.i 1   *ii;rii   ci. vup ; t-s   'hi    i-iilin 

l rcij-.K-iu s   V .uul  .il   the  .h.imu1)   '    nul   'M'    intin    t i"«1   sr^-rcn!   I   sit    isi.l.    i    t 

t r.iiisr i s s i or,   u!   .i   syrbol.      l\lu n   the   ■■ u ! t i; lc>iii>;   t.utur   i^   lar^c   siu li   si^n.il. 

-,i.   t>c   n.i'i sr- 1 ; l.i .      It   t!u ■.   .IM   r, i.!i    i-rt liukiüti.i 1   their   tot.il   imnl-cr,    is   s|u'v»n   i: 

scstton   '.'..•   AI!1   ;v *.   c.v.i   -.1   Jl I    ir-.l,   . ^nsc.nncT 1 \ ,   thc\    v.in  h\    uscl   m   tli-   1M-ST 

V.IM'   ! ^ i"   transr.itli \\\   1\ \   l-in.ir;.   r.css.im-s   nt   '►i-\;tii;   in  r.u'h  nf^s.-i^r   is    ',■[■.    \\ 

shift    ur   i'v    usir-,^   .i   [-.issi-.e    inter',   il    sister    .       In!    :t    i •■   j'uss.     le    ti     si   ]i-.t 

these   si^n.iis   r.uulor-tv   s^    th.it   t he\   ui 11   'M    urtho^on.i 1   .it"..'   mcri'.isc   T lv, •   nur • 

ln-r.      Hun   it   is   ;essiMi    !      iiuie.r-,    tl'.c   nu 11 iphxinn   l.i.ti'r   to  .i   r .iv;r. i ' u.l» 

^n iT-.r   'I..in   -"11.   hut   .n   th.s   . isi      r   ^^t.iU.   i r,ti rl e rt IK-    .ictinj:    is   .i   .ert.un 

i.l.litiur,   ti-   i". i.tu.itt   n   i nt vi t c reiu'i    ; ■»   i n<-\ 11 .iblo.     Witti   t lie  power  ut   the   in- 

-liNi.iu.il   signals   the   -.inn ,   the   stren^fli   . t   the   .i-osst.ilk   i ntert i-reiue   i<   "qu.il 

To   i n   -    1 i 1'     \»here   I      i-   the   -'reiitth   nl   eile   i ml i ■. i ilu .i 1   nj;n.il   iir.J  n   i^   the   mir; 
S s 

her o\ ncss.i>;es : r.iiis" 11T i .: r .i ,: i .-n inst.mt. Ihe r.itie hetween the poucr 

i)t the si^n.il .nul the speetr.il .htisity .'t The .r.i^st.iU interlereiui u.ll l1e 

eijual   to 

(1 ll 
( '1 I  •   / ■      / 1 

Uith    i   r.ither   iar^e   I 1   proihu t   this   crosstaU    i ntert ereiue  ra\   he   small 

inJ  ileere.i^e  the  probahi I 11}    ilrnst   not    it    ill   as   IOIH;  as  n  Joes  not   exeeoil 

lertain   ra^mtiuie   as   VN.I.   shoV\n   in   ihaptei   '.11,      Ihcreture,   the   maxriiuin 

nu ■r   ol'   I rare-,  i I f ,., I   m n: in   si., 'i    i . s t er   ,. an  he   sijoh   that   the   proba- 

bility   that   n  will   '\.ee.l    i  permissible   !T.av;r i t ikle V\ i 1 1   he   suf't'uient 1>   snail. 

Ihis   same   idea ut'  statist i.al   r.n 11 ; p h \ i n^   is  used   in  as\ iK'h, ronous 

address   systers   whiiii  wen    meiiT i  'iied   in   \oto   J.      Ihe   nonlinear  method   ot'  selec- 

tion   Mn   a   euiiu"idenee   eireuiti   provides   in  tlien,   for  all   praetical   purposes, 

for an  absenee  of  cro^staH    interferenee  i»hen   the  mimbor  of  simultaneously 

operating   transmitters   remains  hi Im.    i   ,-, rf nn permissible   le\el.     With   an   in- 

crease   in   this  number  the   crosstalk   interference   rapidly   increases   and  the  system 

becomes   inoperable. 
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c •«    t t in   -.';'■   ', .    i- 

!    r. .)nit\.}.in. .    ,    ..!;•, 

i. t*   v ■ -. t o r ■ •!   ■ 
• 

■•: f- in iT i   • 

-f     ;■■    ;• 

1 • I.      • »n 

.        I 

vh .■....•.«:' i     )• > n - i   r.    .s    ? ..   ■ *,.    T j ,T 

i     «i!      1   Iht     •< . -•!:.!   ■!<     . ■• i   r      .1. ■   '.Jin, t 

,M. 
.  sh    ,.. r,b sn.it i i-n     error   ■    r n - ? ; ?H   ••« ti.o.S   *!   i>. ..-it, i*     > r   .T-.h   lH.'  ■•< r*!»«)* h 
. .-nhir. it i ■:■.■,   .irv   iltituli.;.   »h.I-.     ill   -.-: i-r-;--: V h    ir<    !'   « , t. ■!   i-   ;r. .*rr<    TU 
rvvO i \ ol   ■ t-r rot  ■!r5r<.t ! i. I     re. i-;'I 1   il' ,    UMl.ill*     r'-J   ;>'V(il    ir     -.^^t" 

ihc   j av -.IITVC   J'..ij-lr r-   h.i.<-    !«   ilth   vh.i.-tl>   wH)i   i-l>-rnt   b\   clc-ict    rcvi; 

tion.     Chapter«   111   Ihrmsch   lv    >rv  Jmottd   to  probU-r.«.   i ir. o 1 \ i ;u:   ■.*'•<■   tjr-t   .'.» 
ci s i on  --yslc'in;   the  M-coni!  kU-.i^ion  <i\stor u.is  ox.ir.inr.1 tnamh   in  M-.ir'fi    11. 
Nearly  .ill   the  existing  recetvinj;  uni t--   in   .u.!uil   use  .ire bast-J   ,•:•,  rii-pent- 
by-clement   reception,   ,i^   thc\    ire   L-OSI^ ulerah h   simpler   to   tv.ih.v   than   those 
ba-ol on  entirely  reception,     intiret)   re.ept; on,   as  u.is  mentiDneJ   m i hapter   I, 
has   n.    .ol'i ant .u;e>-   over  element-In-ejetrent   reci-ption   in  non   r'.\1IIIK!.IIU'»   i^ieodin.i: ■ 
Ihese  facts   explain  the  attention vvlueh   i -  orJmar)   ilevutei!  to olement-by- 
element   reccpt i .'ii. 

i.lemcnt-by-element   reception,  hovvever,   cannut   be  the  opinMin  reception 
method   it"  reduiulan-cy   is  used   in  encoding,   e\cn   it'  the   t'ir'st   avid  second decision 
systems  are  optimal   l.e.^.,   in   the  sense   of  the   ideal   observer).     This   can easily 
be understood from the   to Mowing  discussion. 

'This   result  will   be  proved   in  passing   in  Section   10.^ 
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ilrs  i.:.   l-ii!,  r.v!'t 1   in-.1 .   tin    .'t'tirur   ■'.i.i>ioi'.   ^^--tvi    U r  i-utiritv 
! 1 ,.,(•! 1   :'.   1 ^   . v'r.j I 1., .it v ,1.     1 'f 11    1 n   1 ^ i 1.111 d   , .1 .1   w i .it / '. i 1 v    ■• 1 r ;- U    Ji 
..;-;.:    -. -tir   \ K    . jVr-i V\:, \VA   [ '■ ] .      I !-.i ir i iTf   ihv   : ro'Mi r-   01   ,.U «, 1 ^m in;  Ji-c i si« 11 
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')\'    . :■. 1   IT 1! 1 Tt   . .'M .11 ;-.i,!   in   1 r.^ on 1 tij;   '•i^n.il   ;'   !■     •-', 1 ! !   pi-rnat   tt-urr vrv\ r^ 
tJi.ir.   Ai.  1 ii'i'at-l's   IUKU'IU   1 IV cpt 11.11   ^\>t(.,i'^   i ■•   i5   ct"i>it   nilrffst.     Ihi's»    t-%>- 
'.IT-..   , i i r   tlu    <■ ",t ••. 1.1-!»-(.■ u ;:,!;?   - \ - t i.!";s ,   ..in    ik-i^m-J   01    tin.    tuo   ^.taci'   prill- 
.;; .t-,   i.v.,   thv;.    ti!-t   l r.iii ■-! >. rr   tin.'  ^iüii.il   : ' ; t ■   uilo  .1   . oJv   ^yr.:bol   svLjiH-r.^i' 
i.hi.i    : •;   tl'.t-n  »k. oJivi,     1M.»

T
   111   ^i'titrast   !■•   t tie   usu.i!   --.-tir-   o\   f li-ncnt-b>- 

rlrrcn;   n ^r; l 1 in   tl..'.-.   iiit 1 rit \    ri-cfpi 1 di    .'■■-trr-   Kir   tlu    1 nt'unnat 1 or.  ahuut 
the   'i. lui's   »it   t'hi     1 i«. •.tcriKf 1   probaln 111 U"<  oi'  tlic  ri^i-nt-iMt vil  ^ynluils  .uid  usi.- 
it   in   Ihc  JfvJv.li 1.1 K  |M\'i.-vss.     Ixaniplr-   ^t'   rev rpt 1 uii ;:.i.-tiUHis  basi'd oil  Miih  systcr.^ 
.ifv  'i\,,i;iif 1 ' s  i;n.<thiij   [1]   .nui  tlu   riftlu-J  i't   n-i-H'pt 1 u'li basi'vl on   llu   rust   ri'li.ibk' 
:;yinbyl>   [ 3 .   i-1 . 

ih; s   vh.ipt t- v v,; 1 1 

chamu' 1   .h.ir.ut t ri st i v 
f.\.ii;i!u   ^OHK

1
   iMilni't)    !'i-. opt U':i nt-thinJs   with  various 

,   .is wr l 1   ;is   tin-   reception ir.fthiJi.ls  moiit i onoii which uccupv 
a  rruklli.'   ^rounU  iituom  o IOIMT. t-b\ ■i-kMRcnt   .uul  vntirrty   ivcept ion,      In  aJJitlon, 
certain  coiuii t ions   t'nr  t!u   uso  ol   rodutulatK'y   codos  with  ^ivoii   chamu'l   fraturfs 
will  bo LIOUUCOJ . 

so  as   not   to  complicate  mattors  moro,   this   chaptor will   stiuly   only   tho   case 
of b i na ry codi'S . 

10.2.      Entirety   Reception  with   Fully   Known   Signal   and   Fluctuation   Ncise 

in  the   idealised binary  channel   with  constant   parameters   and   fluctuation 
noise  when-   all   permissible   siiina.s  are  precisely  known  and  the  optimal   reception 
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«^ mimim^^m w^p^^lliw^ni     will ii II  - | wi» ■■■■!■■     !■ ■ ^—      ■ r^ 

;-   i-s^-f.t i il .o  Ji I 11 i'i'iit   t'i-oi-   th,it   ot   c Ifincnt-hy-i'lfiiti'iit   rici-pt i un.      In 
t.ivr.   it   t !u        ici:.'   o t'  i ho  .i I pluil-ft   is   '   ;nui   some  ctulc  k'omhin.it ion  i'onsistin^ 
at   n   ;M!i.ir\    •..:.( cl^   ^ )rri";;>u".Js   to  iMdi   ol    its   k'tti-rs,  Kf m;iy   i-ri;,ii\l   t ho 
si^n.il   i loinoiu   ^i-qui-tivT  ^orrospoiiJi n.i;  to  VAC\\   ^oilo  t'ombinat i on  as   a   lar.mr 
'V I or.r!: t"   of    i   tu-»   ooJ,'   of hast1   . .      i'h o ro to ro   all   the   results   boai'iiii',   on   cu- 
hoivnt   rov' j-v i i n  ot'  signals  with  I.HI«   !VISO  in       J whu'li uviv   lorivoil   in  L'hajUor 

I   ■  i-   bo   . ■ ir.r i i t o 1 \   rolatoil   to  ontitvtv   rov.-onTion  with   ri1!! laootnont   of"  coili 
>< a so '\p 

n   pa rt ion I a f l, otit 11' 11   ili'oi si ,in  n r i n«.1 iji lo  ol' ox: ri ss ] (»n   i .<. 
•vis itTi   sv^tor  of   li^uro   v.',   in  whioi,   t ho   luoa! to":  11 :i      " i i.i  ,    i -   well   ,.t-   11-, 

-ifCMal   i; .■ii'. i i',-i-^   .ii'o   to  ''i    uml'Tst ood   to  n.oan   souroos   rojM'oduoin^   tho   .: ' i, t i 
-: i:.",il-    -  ' riv--1   i:u! i nc   to  "Mt i n    i'oui    >.'o;;:|i i ruit i ons , 

I*   ;•   o.i<-.   t v'   .(i    that   with  o.jiial   powor   : n   t;;o   signal   olonionts   corros 
■'>:; inik   '. ■    O.K'!;  bmar;,    .vr.bil   tno   -I^IM)-  inatohnii;  tho  iliffort^tt   oomhii^at i ons 

:    i  ia i ton:;  . otio   al-..'  h ivo  t!io   samo  powot".     'Ihoivforo  tho  ^haraotori st i cs   of 
i".  .u"t!\i    ;r,tor\ .1   i^stoin aro  a1--!' kept   .n  ontiroty   rocoption,   an.I  this  ponnits 
tb.o   .if.isio-n  prniciplo  ot   oxpro^sion   :.'■;.J.si   anil   tho  oorro<po:ul i in;   dooisii-n   sv'slom 
III    '   I CU! o    / . .;    to   be    llSOi! . 

■ fact i >  11   ut ; 11 rat ; on   o t   t!;oso   ikv i s , o '. St Oil '•     I '-     !'■.  lulo rod   d i f f i .'11 11 
-h'.o'!;.   i-v   ti.o   fact   that   tho'.   iMi'-t   oontain  hard   to-r^ali   '    sourvH1^   whioli 
iv-onrato 1\    ir.ilato   i i no lud 111,1;   tiio   initial   ;■;■; i^o '   tin'   signals   .'o rros;Mr.di i^k.'   ti 

i., o r;:: i 

.: •: !. 11 . ■ 

■■   ,">.H1O   oor:b; I. I t i .'in .      ihr   dooisii>;'   sv^tor   r:i\ ,   h(nvo\or,   bi 
iilii'd  b\   K'orMu:   . r.   ';   onl\   rb.o  voiiroi      f   >  sinv'.lo  v'L'iit i nuoii> 

or   tho   l i ! tor ;:.,it jhod   t v.   r!ii -   si ^nal     and s.' fi 
'■.o  p. rr.ittod   oodo   oorbi nat i ons,   !■..;.,   as   di root   ourront   pnl 

■sir.     -.a'-   ! i-  oasih   radi   nf  -h: ft   ro^istors   . i   !■'.   othor  -ir 

;oui\ ■.■<   oni i t t i ::,: 
\  J i s oroto 

!o  ra an<. 

In   t'Tdor   to  prcvido   a   t'.o; i <   Icr   tin-   ;ystor:,    lot   a--    : .■ i'i: t i n i .■•. 
. : ■■ i. a:   : r: no i!  1 o   tit'   t'x i ro< - i t ::   ; S . Js     whi o';   ::':n-  bo   w ri 11 ol,   ;:    t!io   : ■u : r: 

ho  dooi s ion   svstoir  niust   ror i ■ t <■ r   lotto wiiot-  .i. i   ti   *   r 

-r nt 

j.,,,. '(/) .'.'. HI. : 

where   :   iti   di   -   I        is  the  situial   Otirrosi>t>iuti nc  to  tho  *.oAi    oon'.binati 'n 
M ' 

reji resent mi;  i'ie<sa^i    lottor   \     and   .-'It'   is   the   in  omirii:   signal    iplt:.-   tmi so l . 

i '. o ry  s i gn a , •.av   bo   rep resent od   i :    t fo   fo 

■\ ") 

'/ ' i/i when'i    /      /, 

.■', 'in when7'<?     "/' 

'"(/) when U      I) /•'■/      '/'. 

.^■, i/i when C;      1) / <l     riT , 

wnere  r 
i i 

t !     (i ,n '   ::ia\    ia p ivsont   one   id'   1 w 

either  ;.,(tj   matohino  svir.bol   v      0  or  r.,   t     matohiih'  M-mbol   v 
. i     ■ - . .... 

so; 

inot     ns 

I, ftnnjigm .■...■,,.■.:.-.-.....^...^.—^^i,^.. .^.^^.J.m...wj.ii^^ ^gmaggem^jmatattiaaaigiaBBa iiriyilWlii'rftftfiM'^"' "'••"" ■..-•.'.'.•.- '--i|-|W,-'.■-■'•-..^^-.^J....^'^•''-.. ..-i-. • ■ ....i^.^B 



mmmmmmmmmm* «nnnwmpmmMii ii i i! ii.nvinn.iiPi. im .    nwum m .»>--■ ■••»»wiu imrTmrmrrvm* rjirnm-nwwwsn—r~—T-TTI—■—■.■...i«w.i.Ti—■--. r^Kfn 

I'he  condition  t'roni  roceivini"   letter .\     m:iv  now be  written  .'is 
r 

■. r 
! 1 

r.-;^(/).■■ (M.// i \-J
r'(/)-■■ !■)■■'' . 

f i u. :■; i 

i-   Mr 

tor   ;i 1 i   v\i lues   oi"  ü   *   ;• . 

he Kill   intrü'.luci   the   not.itiun   .•"'(,,i     to mean  a  valur   inviTse   ti 
■i   '  ' 

I i i 
i t 

i.e. 
-V/), ir<'("      -'.^.l 

:.',t.'   easily   <.,ti>t'}   uiir-'e 1 ves   th.it    inetjuality   i, 1U. .■''1    is   ei|ui\Mlerit   to   inequality 

[.-' ' (n .-'(n./; •   [■', 'to-••(')./(  ; • ■ ! 

rT 

s 
r j ii if 

n   fact ,   tlr'   terms   el    iiieqiial;t\    I ll"i.3l   in  whieh 
M 

,i re   euiia 1 

t.i e.'eh  other  and   tiu're t'ivrr  I;.,IV  be   canci'1 leil.      Ih '   rer.iai ni ni'   tt nns   are  not 

eciun 1   to  eac!i   oi I'.cr.   am! 
'i ,    ill 

mav assume onlv two values, l"or them 
! i 

an< 
r 

ii'iioc ,   i I   on h   s i des   ot'   i neoua 1'. tv   111'. 3a I   1 he   ; erir;s 

wliieh   are   •■qua!   to  i  ieh   other   'ire   removed,   the   left   < i de   of   i necui I i t >■   !l"..'-ial 
will   agree with   Uu   n^ht   siih'  of   inee'jality   '10.31,   and   conversi; h'.     Therel'on', 
th.i.'  signs   of"   the   inequality   in  i xpri.'   ■ ions   MO.Sal   and   (10.31   arc  oppos i 1 e. 

i he   addition   to IMJIII   sides   of e.xpp ss i nn   iK),3a)   of   term^   in  which   :        It' 
HI 

::     ' (t)   obviouslv  does   not   chani'e   the   inequalitv, 

Sobtractiiu;  expression   111).3a)   I'ron   ilu.3l   we  obtain   an   inequality  wl1. i;'; 
is   euu i\a lent   to   them 
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he differences   ^   ' [t)   - z   ^ 

(tj   -   :,(.tj.     Lot   us   denote   the   first   uf  these  by   i.(tl,   then   the  seeund  In 

(t) may  .■issuine  unly   two  values;   ".ftl   -   -nft")   or 

"U 
It 

I.et us introduce the further notation: 

,      Ml 
hen :   f t J 

d 

h,     I   if <'("  -^'l 
i,  if -■;;'(')   --.,(/) 

10.b 

( I I 
It 

"I 
r,(t) and inequalit>- (. 10. a) may he rewritten as 

i   i     i'   nr /""i  (/" i) : 
1'his representation of the decision principle is convenient in that both 

sides of the inequality contain the same integrals which for further Generali- 
tät ions mav be cenvenient 1 v denoted bv 

( I Ü . M 
n i) r 

and different among themselves only by the . coefficient. 

In this notation inequality (10."1 assumes the followiiu1, simple form: 

£ h^>t^c' 110. Sai 
i .i 

Iherefore the decision system (figure 10. 1.) corresponding to the principle 
of expression [10.7,), contains only the source of the periodically repeating 
signal ;.(.t) of period I which is multiplied with the incoming signal z'(t). 

Iheir product is integrated over intervals of T, as occurred in e lenient-by- 
element reception.  At moments divisible bv I the values of c. come from the 

output of the integrator and are fed in parallel to .' multipliers4, to each of 
which proceeds the sequence of discrete values ;•.  (q r 1 , . . . ,,") stored in the 

' ' ' M 
[itemory unit.  It is easily seen that every such sequence is nothing else by the 
q-th code combination, in which the "0" symbols are replaced by "-I".  The pro- 
ducts taken from these multipliers are integrated (.summated) over time nT 
and go to the comparator, which chooses the largest of them and determines from 
it the received message letter. 

The decision principles derived may also be applied to the case of the 
channel with variable panunetcrs if the parameters change slowly as compared 
to the length of the code combination and may be predicted with sufficient 
accuracy. 

I'hese multipliers function essentially as polarity switches. 

• soy- 
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Figure 10.1.  Decision SysLein in Coherent Entirely 
Recept ion. 

Cak'ulatiun of the probab i 1 i ty that iiu'qualit)- 1.10.") will not be t'n 1- 
filled, i.e., that a sign will be incorrectly received, encounters the same 
obstacles in entirety reception as were mentioned in Chapter 11! for the case 
of in  J. 

'n some particular cases this probability may be expressed as integrals 
which can be numerically calculated,  further on wo will K'V-' an evaluation of 
this probability which is not a very accurate one but allows fur a comparison 
between entirety and e lenient-by-e lenient reception. 

10.3.  Incoherent Entirety Reception 

If the initial phase of a transmitted signal is unknown, incoherent recep- 
tion must be employed.  Here two cases must be examined separately. 

aj The initial phase of the signal corresponding to the code combination is 
random and unknown, but it is maintained during reception of the whole code 
combination.  This case is no different from o lenient-by-e lenient incoherent re- 
ception, if "element" is understood to me,in the whole signal corresponding to 
the code' combination.  The decision principle of (-l.JSi is obviously optimum 
for this case.  for active-interva1 signals this principle is simplified and 
reduces to expression (4.3Ü1.  The meaning of V must, of course, be 

M 

V «'/ij y [it: At) ill ; |J--..r,^l'. ( 1U.9.I 

,...,.'I is the signal correspond i r.g to the whole code combi where : (C) (q 
q 

nation of letters x  and z ft.) is a function coniugate with : ft I . 
q   q q 

Since the values of V  are formed by adding the corresponding values for 

the elements of the incoming code combination with allowance made for the con- 
stancy of the initial phase, the reception method based on comparison of the 
values of [10.9) may be called the method of coherent cumulation.  The decision 
system for the method of coherent cumulation is very complex, inasmuch as it 
must contain 21 generators of signals : ft1 and z   ft). 
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tl iui!   i-'li.i r.u' 1 r i' 1 .'.rs   t li ah i 1 it\ 

H   !'    Ul' . i \ 'i :M l ,i I i • >i!  i M   i',   can  iisua 1 h 

'v   ivJiKi'il   l«1  comput al i on   i>t    t tu-  piMl'abilit)   o\   vrrov   m   llu-   i/asr   ni'   divi-: 

- I t \     I'.^TI't I iMl . 

0 .!;.     Examples 

r\.!.':';   If- to   cuir.tMft    i'iit i ri'lv    ri'i-fpt i mi  with   •,■ 1 iii;i.'i;t 

Exanp 1 e   1 .     i ■- IM   t in-   iv ial |. i  i 

; :   : ,.!• i i,.. 

.:<    t     pi i'!':; t   < rr -r   c>>r'i ■    ! i, i.   11;   (1 !.■::■.( nt   i".   r 
i. ■ I i . i.-   uO |1     m i  i . I !   ,'    •!.. 

ui,; t'   !■;•   of   tl;. 

I : ll,it . v.'i'   i :;   til 

:   MI;  I-1 c out    ;     knuwi;   uui   tl.at   or i\ r-    in  <■ 

■ri\'!'     .iTv 
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;;   ooJo   , ■ 
I-i'Ooj't Ml;, 
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or..T.t   h\ ■ 
tiio 

t!io  < li-in-r.t 

i;.;or   {■ 

ir<    lo.c '. :;■•   i-. 1 it u  ■■! 

:   Jr   c 
Ll — o: 
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By regarding ih in theso equalities as a paramt'ter wc may ploi i lie depen- 
dence ol" P DU p (curve in l-'iguve 10. dl. 

t'or incoherent reception with coherent cuniulatiun we assume the signals 
corresponding to 0 and 1 to he orthogonal in tlie intensified sense and obtain 

p   ■ ■■.   .'x;. 
-' / 

(10.301 

Under this condition the lull signals corresponding to the combinations 
000 and 111 are also mutually orthogonal, but have triple length.  Therefore 

P,   „ rXj.f- ',' lr (10. a 1J 

wHence 

l': iv 
(lo.s: i 

I curve  1',   li gure   1Ü.0J . 

1'e  will   stud}'   the  case  of   incoherent   cumulation  using   the  example'  of  a 
channel   with   Rayleigh   fadir..:   and  assume   that   the  code   combination  elements   arc 
adequately  spaced   for  complete  decorrelation.     In   this  case  P ma\- be defined 
as   the  probability  of error   in   triplex   time-variant   reception.     from   (b..iS) 
we   find 

''.    /•":'" :';(i    r>   ' t0    rr\    <■,-'    r..-': r,-1 (10.33; 

(curve  c,   I igure   10.6). 

Incqualit)'   (lO.lsj   is   coi'roborated   in   all   three  cases,   as   the   figure  shows. 

Example  2.     Let   us   figure  I',   and  P,  and  find  an  estimate   fur  1'-   in Hamming 
1-1 .i ■ 

code   (0.3)   which  can   d.tect   any   odd  number of errors   in  a  six-symbol   combination 
lor   this   code  d   .      =   2  and m   -   C~   =   13       In  e lement-bv-e lenient   reception,   as 

m in - 
is  easi ly  ascertained   (assumiag  p ••'   ll , 

i'    i    (i ■-/.!• .<-r. 

f*.    '"/M1    n' .  i'/'ii    /)• . /■"    i.V. 
f10.31) 

where p is the error probability which in incoherent reception and with no 
fading is 

/■      h- 

[10.33) 

Probabilitv p, in a coherent cumulation svstem mav be defined as the proba- 
u ■      ■ 

bility of erroneous reception of an element of double length: 
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■>■■,'{      'I' [lü.35a) 

Let us use (10.18) to bound !'_ from below according to which 1'., ■ 1',, 
.i .1—4 

and   (10.27)   to bound   it   from  above.     Then 

V,     m/U     T.fR.r.U .V). (10.3b) 
i 

Figure 10.7 shows the dependence of I', and P. on h", figured by substituting 

expression (10..''5) into expression (10.34), as well as the area of possible 
values of l'_ derived bv means of the indicated estimate. 

12    V 

Figure 10.7.  Probability of Incorrect Code 
Combination Reception with (6, 5) Code in Absence 
of Fading. 

In slow Raylcigh fading P and P are figured by averaging expression (10.34 

with respect to h.  Here it is assumed that h hardly manages to change through- 
out the code combination reception.  In the case where lr (the mathematical ex- 

poctation of the value of Iv ) is large enough the following approximations are 
defined: 

3.5J    1,00 

(10.57) 

In the given case P and I1 are so close to each other that they give an 

adequately exact estimate of P. in confirmity with expression (10.18). 

if measures are taken in a channel with Rayleigh fading to decorrelate 
errors, and the h values for the signal elements may be considered independent, 
then in accord with expression (5.17a) 

1 

A"-I 2 (10.38) 

In this case entirety reception may be accomplished by the incoherent 
cumulation method and the value of p. is defined as the probability of error in 

duplex reception (see (6.37)): 

HUHU ii»iwtrmmjMtiMiiy»i»iMi^^  .v!...,..^,.,...,,,.....,,      ^ , , 
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Figure   10.8.     Probability  of   Incorrect.   Code   Combi nal ion 
Reception  with   (6,5)   Code   In   Royleigh   Fading;    , 
Slow   taJing  without   docorrel at ion ;    ,   Fading  v.! i H 
e r rur   decor re lat i (jn . 

By  substituting  exjiress i un   (10.ÖS)   in  expression   (10.öl     we  deter.nine   the 
relationships   ..>!'  P.   and  1',   to ii.     To bound  P.   I'I\.M:;  above we "utst   substitute  eN 

' J 4 .i 

pressioil   (.lÜ.Ö'Jj    in  expression   liü.J"),     l-i^ure   10.s   shew;-   the   results   for  .i 
channel   with   Pay 1ei yj.   fading.      In  analysing   then,   it   should  be  mentioned   that 
error  decorre lat i un   is   a   necessary   condition   for  effectively  usinu  i!-."   redun- 
dancy  of a  given  code   in both  e I ement-by-e lenient   and entirety   reception. 

I \ a luat i ons   of  the   reJiability  of entirely   reception   for oflur  > .. de<  may 
also be   derived   in   similar   fashion. 

10.6.     Reception   Based  on   the  Most.   Reliable   Symbols   and  Waqner   Method 

The  method  of  reception based  on   the  most    ■■■. Hal it    symbol:-   propo--   d  ! > 
Borodin   [bj   occupies   an   intermediate   pasttion  t-etueen   the  rlrrenl   !\v-eler,ent 
and  entirety methods  of   reception.     Its  basis   is   that    in   any  cjdi   cor.bi nai i .ui 
(d   .   -Ii   svmbols,   and   in  some  case?   e\'en more,   \v..\v be  erased  and   the   trans- 

min 
mittcd   letter   recogniied   idecodedi   from  the   remaii 

is 

• ynbels   must   '-e   erased   to  make   this   pair   indistin- 

svKilio Is.      I nasmnc!;   as   any 
vair of code   coiubi naf ions  has   at   least   d   .      locations  where  sviiibols   do  not 

i::i n 

agree ,   nu   i ess   t lian  d 
tni i shab 1 e . 

mi n 

Pet   the   first    '•,cision  svstem,   the    .awe   one   a:-    m   e lenient-h>-e lemetit   re- 
ception,   determine   the  a   posteriori   probabilities   of  the  symin.'ls    i;ul make   tlv.' 
[vreliminary  decision  that   a  svniliul   li.avin,»;  the  gre.itt.vsl   a  posteri' n   proPaP; ii- 

has  been   transmitted.     The   regenerated  code  combination  derived   in   this  i,,i\ 
■'.(jes  to  the  second  decision  syst'Ti,  but,   in  contrast   to  element   by-e UM-.ent 
reception,   i nformal i on   about   the   a  posteriori   probability  of every   regenerate« 
symbol   is   al.su   fed   tu   the   second  decision   svstem   N iguia    10. ir1   .     Luiring  A<-- 
codim;   it   is   just   the   symbols  which   have   the 
("most   reliable")   that   are   la! en   into   consul 

; rea t est    a   post er;. •ol aP;  i it 
i ; .. 1 i i n   in 1 he  numbei   uh i ^h 

ii*-^t„^.'.*r^,,t,.i;wll!ll-l-.v'.'-^..'r.^.~..*.~:i.^,.**;^u^^  ■,j.r,jA.a^A..,:.w;.-i^.^^-..-:„, .^^.. ,, ■-,.,.|.,.,,i.i,.-M.r„,.,.,Mn—^U.w:; 
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neoilcil  to distinguish  une p^nni s-;il h'  combination   troni another.     This  number 
Joes  not   excceJ  n-i! +   1 . 

mi n 

lliis  [.ietiioJ  of   reception must   [irovide  higher   reliability   than  e lement-by- 
element   reception  because   it   use-'.   ; nl'ori:iat i en  about   the   a  posteriori   prnba- 
liililie.-   of   tiie   regenerated   svmhvils  which   is   lost   in  e leüient-by-element   re- 
ception,     .'.ecerth''lo--; ,   it  must   IT  in  principle he   inferior to entirety  re- 
ception   in   fid« lit',- be  ;uisr   flu   information  about   the   loast   relial'ility  symbols 
is   In ro   completel)'   lost.      It   may   le   said   tha'    reception  Kith   respect   to   the 
most   reliable   Symbol.-,   i-   to  entirety   reception   .e    diversity   reception  usinr,  a 
selection  method   is   to  d;\ei-sit\    .-ecejit ion   accoi\lin.u  to   an  optimum  addition 
meMiod. 

i 9 :iö 1    F i rs t jV'ibi 11 
o——,— cte c i s i i m  
t'd     system 

Second 
itlec i s i on 

V 'system 

1  I 
A pos ! e r i or i   p ru! a- 

l> I i ! I y    i if    y '     Sy:-ii'0 I S 

■ iqvire   I 0 . SJ •     '".y^tem "f   Reception with  Respect 
;.   Most   Re ! i ic le  Svbi. I s . 

in   tin 
p ri ibah i 1 i '. \'   ■ 11    .i   n ^ et'ie i air 

iactu.it i   ;.  ;.' ;   e   it    is   easy   to  show  that   the  a  posteriori 
;v:;ibi'!   i     .i  "ionotonic   function of    c.   .     Tliere- 

r..re,   tho most   reliable   s\".;bols   ar-   tl 
\ aha-;. 

which  have  the   liierest  match i in' 

lot   a     pause   oi.   the  part i c: i ,i f >  i   '■   •''  code1-   of  type   fn,   n   P   whicii   differ 
n   that   n   1   symb 'Is   ir   the       -b, : .;t i-a.   ari'   int'cu-mat ional   and.   the  n-th   is   a 

.■heel   symiiol   uhich   is    let'.-r:. i neu  b\   dieikin^   for  parity.      Hie  previous   section 
exami nes   a   M- ,   a i   > o-:-- •■,n i c!i   is 
! :a::,::i; m',  d i s t .inci'  b f.-t Wi'i. n   an\    t wi 

amp le  i'f  .in   ( n ,   n   1 l   cod./      The   le ist 
na   i ons   lor  sue;'',   ct ides   1-   d 

ir a n 

act   us    i      ; ■ ■.    111., t 
!■• -e.Mid.-    to   t hi'    I ■ t ' e)-   - 

e i ■. meat   re?'. ■:: i on   ,;'  t •><■. 

■   th   m.i   i   t;:   r 1' " 'aii 

i-i ; v   r 

i-l mat 

reliabb'   ■ ymb 
.e : .t    OIV     oi 
ill   decodnu,. 

; - in   w i 
:a i  -a- 

:    i    ' j;; 

:' : i n   . o;;;[i i rat , i.ai   is   pein,^   t ransmi t tea which   cor- 
\n  undt'-cted  erroi   will   .ecu:-   in  clement-by- 

■onts    ice   incorrr   tlv   rcce'ved.     i et   then, be   the 
i ;   cnso   ■ .   c 

: r   ; 
0  and     .   c.       0  am 

i r   i 
■r   -1 noi    t hi    , ode   i n nues t ; o?i  cont a i r. 
r   >     . ':, i cl    i;i t'fers   I'rom  thi    t rans 

ii •   a r. i; r  \ ! i ■•|i c 0 
u:   1 

■A i t h   p- -pec t    tot lie   no' cu I    i a   t'CCept ; 

Iv  one   r-ymbi. 1   mav  be  eraseii  so   tr.al   at 
1   > . rna 1 s  v.' ill   !'e , t ,d en   into  cons i .h rat i on 

.OU      . i   ' 

!'\ -el enienl 
r   i 

lor  on 1 v   I lie   i - t h   svml u 1   wi 

Vl'U    COT. 

it her     i n  e leu en t 

•suit      '.   e 1 e uent - b v -i i emen t 

^y-t-rt^^i .-i, ■■ .^....r. ■ ■ .^^... mi' -^ irg^n-i ■ i r, 
lliiM-i-mri,,.,, ,.-..   ■.—....,. ..   ^^ ^,.,-t...^......-ttv,.,v;  ,■■,>,,. II^I||II 
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reception will  be  a detected  error,   but   reception  according   to must   reliable 
symbols will  give a correct   result  only  in  case  the erroneously  received 
SNinbol   is   least   reliable,   i.e.. 

hKA' .'i, i .-• /) f 10.-tÜ) 

It is easy to show that only when (10.40) is fulfilled does entirety 
reception also provide correct decoding.  In Fact, in that case 

p.rf, i (;..f,>o 

for anv i ^ i, while .-. c. • C and !, , c.    .• . c. ! .  if, however, expression 
- '       i r i i r i    ' j i' i ' 

(10.40) is not fulfilled, then there is some k-th symbol fur which |c. '    c. 
K 1 

at all values of i = k. Then 

fV.M'. .a o, 

since .; .  < 0 and i.; . ! > L, c, I.  Hence, there is a code combihat ion which 
j r j r'    k r k' 

corresponds to some letter .\  and differs from the transmitted combination onlv 
q 

in the i-th and k-th symbols and for which 

P;^ |f',,.,r,,V-n, 

This reasoning shows that in the case of fluctuation noise and code (n, n- 
entirety reception and reception with respect to most reliable symbols are 
equivalent in fidelity.  The same situation is also true for hinan* codes 
with a uniform weight.  Kork [3] gives proof of this,  It would, however, be 
incorrect to generalize this conclusion to other codes or even to the class of 
codes whose d .  =2. 

mm 

Another receiving method which occupies middle ground between element-by- 
element and entirety reception is called the Wagner method [4].  This method 
is designed only for binary cedes with even d . .  This tvpe of code in el'Miient 

m i n 
bv-elemcnt   reception  allows   the  correction  of f fd       / "M-1 1 errors  and,   in   addition, 

mm ' 
error detection   if  the  number  of erroneous 1v   received   elements   is   d   .   /2. 

m i n 

The Wagner system, like that in figure 10.9, feeds the sequence of regene- 
rated symbols to the second decision system, as well as the information about 
their a posteriori probabilities.  This information, however is used only in 
case element-by-clemenf decoding by the means of parity-checking indicates 

"min/2 errors.  In this case the least reliable symbol is changed to its oppo- 

site and, if it actually was incorrect, the number of errors is reduced to 
(d . /2)-l.    These other mistakes mav be eliminated bv paritv-checks. mm ' . i    . 

From the above it is evident that Wagner's method makes less use of the 
information about a posteriori probabilities than does Borodin's method 
(reception based on the most reliable symbols).  Borodin's method allows 

"•" ■-'■■>- ■ -■■ .--■■> ;„,-.'i..... ^u-w ^..i..^..-.j.-.^w.^,...,,.,,, .--■■..:,■. r.V ,.■■.—.Jl^..; j, 'f-^ ,ii,' IJilB-lMi-'  s..-... ^.■■.. -.. -.. ■   .. 



the  corift i on  errors  no norv  th.m  d       -1   in  number  on  ».otuhttun  th.it   flu-   in 
m i ii 

correctly   receiveil   symbols   h.i\o   lower   ,1 [ujsti'riori   probabilities   tli.m   the   »or 
rectl\-  received  symbols,  wheri;is  ha^ner's method permits   the  coTectioii  ot 
onlv  J        J  errors   it   ,i  symbol   having   the   U-.ist   ,i posteriori   nrobabilitv  enters nun • ' ' ■ 
into  the  number  ol   incorrect 1>    receued  symbols. 

In   the   particular  case   ot    (n,   n-ii   codes   tor  which   vl J   tlu'   hatrur 
' w i n 

method   is  not  essential!)   ditt'erent   t'rom  Korodin's  methoi/  which,   .is  >»e IM\I 

seen,   in   this   case  provides   the   <ame   n-habilitv   as   doe^   entiret>    reieptiun. 
It   should  be  noted   that   Kurodin's   metliod   i-   applicable   to  vode>.   ol   am   base, 
whereas  Warner's  method   is  designed onl\-  lor binary  codes. 

10.7.     Suboptimal   Entirety   Reception   for   Codes   Permitting   Mdjoriiy   Docodint) 

In element-by-el emeflt   reception based  on  the  criterion  ot   ma.\ir..il   likeli- 
hood  a symbol  having  tiie  greatest   likelihood   function   is  determined  Iron each 
value  of c.   obtained   as   a   result   ot   demodulation.      in   optimal   entiietv    p'Cep- 

i ' 

tion   likelihood   functions  are  determined   for all   permissible   code  combinations 
for  the entire  aggregate  ot    random  values  ot   c..      this   leads   to   a  need  to  sort 

a   large number of   inequalities   of  the   llÜ.s.)   type  and   this   leads   to  the   com- 
plexity  found   in   technological   realization  of  enthety   receptioi . 

Let y.   (s 1 ,kj   be  the   information  symbol  of  a  systematic   In,   V 

code.      In e lement-b\-clement   reception   it   is   decided  thai 0   if 

u-f.-.;».-,   H) ■(■.• 10.41) 

In optimal entiretv reception the decision tu record letter \  (i.e., the de- i.i r 

c i s i i:n about the entire aggregate of information symbols in a combination!, 
i s made i f 

i. U ;i.i f., ! v ) 
(i o. i:) 

for all q / r. 

Naturally   thought   arises   about   the  possibility  ot'  constructing   reception 
principles   for which  the   likelihood  function   is  determined   tor each   information 
symbol   separately but,   in distinction   from element-by-element   reception,  "n 
the basis  of an  analysis  of all   values  of c.     In  this  process   the  decision 

i ' 

that  y     =0 must   be   reached   if 

::■(.,. •  '''1   I  ", ..■(. (1C.451 

but the values of c ,c depend not onlv on svmbol v. but on all remaining 
In' • ■ ■ i 

information  symbols  v    of  a   transmitted  code  combination.     Here   onlv   information 
' s 

symbols are considered inasmuch as the check symbols are determined by them un- 
ambiguously.  If the a priori probabilities of information symbols are known. 

SJO 
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'i.jurc    10.IÜ.      Co^por i SCK1   u'   ^i't^<'ü'.    <or   Cct r < . p-(j 
Sign.lK   Using    >    (7.    3)    Ct-'Oc .       •,   ( !•—v'-1-t .    r Ic-«•' t 
roct'plion   .•.it'1   i-rror   torrcclion;   T .   W.ujni-r    -CI'HH). 

3,    Borodin   nc I f>Otl .    «,    Bccrptior    JtCOrdi^g    t (.    p'ir>- 
tiplr    (10^6).    5.    Opti^.ll    .fiirrt,    rctcplii.". 

Conjiliyn-j    tnJcr   W^ic^    Use    u<    ^fJunJ.l^t       CvU«".     is    A d v i s ,ife 11' 

Iht   l lit nUuc t I >.»n   cl   fi-lurul.uu \    \ ;i   rt-s^.i^f   iodine,    il    ^ i>.lt    t'.is(    -    iv   i;i\rfi, 
r..iK«.-s    it   ncsv*s.ir)    cithtl    to    ifn<tlu-n   thv   tirrr   .illus.iti.)   ? ■     t f .n sr.i sv I.-H   ■!    !fi 
^i'.rn r-.c s s .i ^ i.   ^r   to .shorlcn   s)>;ii.il   i.-!<rtr.t   Ii-nnlh,     In  citfsir   v .i       ihi   rfs«-.i^c 
i.i>nIJ   be   seilt   in   tlu-   s.uaf   t i^.c   l'\   -r.iii--   ol   ,i  iiim -1 r.lnr.l.itiv \    > oilc    id.I   ! tu 
length  of  tlu'  cl'*n>i-nt   lurrcsj^'nJin^lx   intrf.isrd. 

In nosl   I.'.ISL'S  docrv.ismj;  vfu-  i-Icnent   Ictuit'i   ItMil- 
probability ot   error.     I!,us.   i.>r ix.irp)«-,   in iluvtu.itiu 
i-rrjr  proh.ibility   is   LMUSI-J  '\   th«   Ji-v n-.isc   in   sitn.i!   y 
noise,   also h\   t.'.vj'.inJ i iik;  tl.i   Inqui'iiki   Kind  u.viipif.!  I. 
the  proh.ibi 1 j Ij   of erroneous   elermt   ri'iiptinn   i ^   jidin 
reduntlansv   code  than  with   .i   ^  1«    u:ilu>iit   :« .lunJ.uu > .      I 
pn b.ibi 111 v   is   not   cancelled  l'\   thi-   corrtv: i n^   v.ip.ibili 
introduction  of  redund.uu)   does   not   r.u ■-<    teopt ion   I i >1 
Ihe  question  here   .irises    is   ti'  '.«h.it    corulitu-ns   rust   he 
d.mc)   code   for   its  use   to  en.iMe   recept;i>n   lidelitx   !.) 
to  non-redundancy  encoding  uith   the   ^.ir»   rc-s.i^e   t r.irisr 
same   signa1   power. 
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Ihe   .inswer  to  this   question  depends    M,  the   channel   character! <t iv <   and 
the   systen  of  siRnals   enploycil.      Ih<   "on-   sharp!',   erroi   j-roh.ih: 11 f \   ri*es    r 
an   elercnt   is   shortened,   the  -en   ditfiiult   it   i >-   to  canc'l   this   vi'-v   ir. 
error  probability by  coiic   reduniarui, .      Ihus,   for i-xanple,   it   has   --ho^%n   in 
i.hapter \II   tliat   in  multipath  proja^-'tion   channels   the   reduction   of   element 
length   tu  a  value  o.i   the  order  of  the  hear  rath  difference   resulted   in  ven 
abrupt   increase  in  error probability.     Undei   these  sonditions   it   is  pi.unlv 
inadvisable   t0  emjiloy   a   redundanc)   cotle   and  decrease   element    length.      \  mjre 
correct   solution wuul I  he   to  use    i   code   of    larce  base  r.   enabling   elenert 
length   To be   increase.,  uith   the   sane   r.tU   M   infemation   transmission. 



! f.   \.r     > »M     !?-.«■  ;ruli .»!•) 11! *   •!   'tri't   .I^«s  not   ifuri-.i»c,   or   iiur<.ivf. 
,.nli   wrj   ^ll^:hll^.  wht-n   llu-   Uti,»».  .»t   .1   >il:n.il   rlcncnt    . •>   short <n«>l.      I ti   .1 
.h.mnt I   wish   rv I ..t i\ «• l»   r.ipiJ   tulitit   sJwrt rnin>;  tlu    Irnclh  o»   .m rlttacnt   Av 
.rv.iM--   st-.  ; ivv r  (n«:   .«!   thr   >> ir-t-   :i-     inv rra^ci  the  turrc I .it i on hrtwrcn 
■..ilm-s   .M   t (u-   l r.in*e«»»».»n   l.». t^r   !>r   .uliurnt   flmcnls.     Ina^mich  .is   tluM- 
(w.'   {.».t^r-.   .u t   in v^po^itf  Ji r «•> t 1 i>fis ,  unJcr   lhr»c  vunJitions   shorten «nc  an 
••lifjcnt   ii«ii.ill\   Ic.'iJs  on\\   to  .1  s-.ill   iM' r»-.i*r   in  ihr  probability  an«!  »ooe- 
t mc*   U'^pfv 1 al li   for   y\".   ••■stiTsi   r\ i-n   to  .1   reduv t i«»n.     In   tlu-   case   o!   powcrtul 
l'ut    11 ! riN(u»nt   and ITU'I    ir.pil.c   1 nt t r f * rr tu <•   tht-  probability  ol   nror  Jt-pt-nJ'; 
; r .1. l ; > iJl»   not   at    ill   on   T h<-   Iin^th   ol   an   i-lrrmt.     Whrn   thrrr   1«.     ».iti.hin>; 
n-Msi"   it'rii-t   interruption-«   in  lOECum cat ion'   ^hl^.^l   is   char.utcri sl ic  ot   »any 

k it-K   khanni-I«,   tlu   prol'ahi 111»   ol   trror   invri-iM* uith  tlu-   rated  transnis^inn 
••pfi'.l  no   last«-»   than   linriti-.    uhu-   t.'   the   nun.iso   in   the  nuobcr  ot   eleoenls 
t.illii-.t;   ; 11   .'TU-   1 nt er mpl 1 ti 1.      In   ill   ttu-s(    i .i»e«   the  use  ot   lorrect inj;  wodes , 
i-   .1   rule,   iiu reales   t'i>lelit^ . 

Ir.v.    11, u  on  in  this   si-,«!,.!!  we     li.il!   nrit   ourselws   to  the   , .i^e  i>l   binary 
,oJis   1 ji    1   vh.innel   witl.   I lui t u.it 1 ><n  noise. 

let   us   : 1 inl   the   »oiulitior.   uiuh t   whi.h   it    1 ••    > 1\ 1 s.il« 1<-   to  use   .1   reiluiulatu\ 
■ )Jc   in   .«n   u t r.» • 1 nte n il   ■>\ster   in   n'hcrenl   rntirety   receptien.     let 

.aerate   «i^nal   power    uul   tine    issi^n«,!   to   t ransni ss 1 on   ot'   .1  x.essa^e   letter 
,,>vh    kor.bl nat 1 on 1   I     In   t •'• i » •     ''-e  »'ill   ^orpire   rc.-ption   conditions   \oth   .1 

reilundanc) ^ .>,lo, i.i,t-i , o,le »orl'ination ol whiili contains n elements, I ot which 
ire 1 nl orr.at 1 onai , and Lorulitions with 1 non • reilundani) coüe ' in whivli the code 

.  »nbination   ,,'r.'.iiiis   \   ehrnnts. 

the   nm se - res 1 s t an ce   .t   this   ^ \ . t c-   is   aileqiiatel\'   character 1 ;ed  )'\   the 
r 1 11 1 ~ur   >.   t t  1 m l.o\   ,11 s t .mi ,    hol v»i «Ti   ! v«.     , o,!,    , orh 1 n,it 1 ons 

r 

"   /' 
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»here   :   itj   aiul   ;   il1    ire   ll\e   signals   k orrespondi np   to  the   two  code   combinations 

sec   l.haple 1    III    . 

In   the   , .is'.'  ot   the  n  n   1 <  ii.n.'.in, >   code   the  pur  oi   nearest   code   conbination 
JiMers   onl>    in  "tu   ehnent.      Ihentori    t;. much out   one   iler.ent   the   mte^rnnJ 
in   expression   I!U.1

S
I   1 •■   dif'te.ent   t ror   :ero   and  equals   [;   (ti        ;   ft)]    . 

■nice   the   'Ir-'Ti?   length   in   thi-   turn-r< ,lun,lanvN   code   is   l     |. ,   then 

let   us   renn,!   the   re.»der   that   entirets   and  clement-b>-elenent   reception  are 
cum \ a lent   to  .1  non-reilundancv  code. 
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No leb 

1.  (Sei" Sccltoii 10.11  Hy "rut i n-ty icvcpt i on" tlu^- chaptfr, .is mdinari ly 

means IIK- re^fpl iun mcthovJ in whiih the ilocisiun system analyzes in its en- 
tirety the signal segment which corresjiomis to the K oAv  eomhi nal i on.  U times 

entirety reception is mcntioneii in the sense o\'   inalvsis of i signal iorres- 

ponilin^ to an entire ineominn message,  it is e.is\ to show th.it it iny coJe 

combination sequence in this si^n.il has the same a priori prob.ib i li t \ , then 
such reception cl the entire SI);IM1 h.is no .uhart.i^e ovii entiret)1 reception 

of inJividual combinations, nisi as in i non-reJutuiancy code nvhon ill synbol 

sequences are permissible and evjuiprobab le) entirety i-eci-ption has no advantage 
over element-by-clement recefition. 

In actual tact, not all code combination sequences are equiprubab le lor 

man> sources.  This is a consequence of" redundant*)' in the source alphabet. 

This redundant) is, however, on'; nari ly difficult to tit i lire to raise recep- 

tion reliability. l\e will note that for a memory channel in which the values 

of c. are correlated, if furthermore condition (10.1") is not mil. entirely re- 

ception can have an advantage over element-by-e lenient reception even in the 

case of primitive coding. 

(See sections 10.J and io.^l  Ihe main 

entiret) reception and methods ol reception appr 
remember continuous (continual) values of c v^i i 

the separate signal elements or their sum.  I or 

vices are needed, for example, the summators m 

are more difficult to make than the discrete dev 

reception.  Ihis problem is made simpler if enti 
signals \% i th parallel coding (see 'section 9.0), 

of demodulation of c. are processed simultaneous 
i ' 

tor   an   extended  period. 

diffi cultv   in   n •ali:at ion ot 
O x l -; t i r.i;   it   is the  ru id    to 
ch   n e   obtained in pn cess ! J-IJ. 

this jMiri'osc  ,ni. i! o):  mc norv   lie - 
1 i >;iii es   10. J   am 1   10.3, u h i. h 
1 Cl'S used   in   ch •rent-bv-element 
retv reception   i s   used for 
si net in   this   e. se   tin result s 
lv  an d  thec  neci not   b e   stored 

l\c  ^ill   note  that   the  complex   (widebandl   si^n.ils  mentioned   in  '.hapters  \11 
and  \lll   can   also be  considered  as   the   result   ot'  sequential   or parallel   coding 
by  the most   redundant   code   (n,   1)   considering  one  of  the  components   an   infor- 
mation  element   and  all   lemaining   the   cheel   elerr<-nts.     Uitli   such,   an   approach 
[ll]   different   methods   of   receiving   such   ■.i.,:.il     alst   ariount   to  optimal   co- 
herent   entiret)   reception,   to   incoherent   entirety   reception   (with  coherent 
or   incoherent   cumulation',   ano  to  element   I ■   element    reception.     sue1',   a   point 
of  view   is   possible   in   invest i gat i ng  diversitv   reception   [M].      In   this   case 
optimal   coherent   additi <n   amounts   to  notlung etliei   Than  coherent   er,i;i' t\   re- 
ception  and quadratic  addition   to   incoherent   entirety   reception  with   incoherent 
cumulation.      Ihe  method  of   selection   in   the   case    ■!'   diversity   reception   is   ., 
particular  case  of  decoding  based  on   the  most   reliable   symbols,   and   the  method 
of discrete  addition   is  element-bv-elemcnt   reception  \»ith   the   correction  pf 
errors.     Such   a single approach  tn  the  different   proMejns  of  recrivini;   sig 
nals   is   ven   useful   since   'I   permits   diicct   appln ition  it'  the   results   obtained 
m  one   area   to  the  solution  of main-  other  problems.     lurthermore,   IT    load;   te 
the   idea   that   .1   might   be   possible   to   apple   several   methods   (rainlv   ^uboptiral 

^am^m 
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Ji'vo loped   tor anv  otlicr case   itur exainpii',   fur diversity   recept ion I   to  the 
construetion  of new  systems   in  other  areas   (fur example,   in multiplexing  and 
combining  channels,  etc.) 

5.     (See  Section   10.-M     I'he   first   inequality   in expression   (10,2")   is 
obvious.     Let   us  pause  on  the  proof  of  the  second   incqualit). 

We will   consider  .ill   examples  of undetected  errors.     So   that should  an  error 
occur   (event A.)   in entirety   reception   it   is   necessary  and sufficient   that   for 

the  svmbols   correspondi IU'.  to ones   in  one  of  these examples   inequality   (1U.J;) 
vo  met.     Ke  vs i 11   ure  h     ,1        1 , ,'   -   1)   to   indicate  the  event   that   for   the 

k-th   example  of  an  undetected error   (lO.Jli    is  met.     Then   \.   is   equivalent   to 

occurrence   of   at    least   one  event   K, . 

Is  .i  certain  s-th  example   is   the  sum of   the n  tli  and  v-th  exampl.--«  of  an 
undetected  error,   event   li    can  occur onlv when  at   least   one  event   I-'    or  H 

s • n v 
occurs.  It follows that for event \~ it i-- necessarv and sufficient that at 

least me of n events !■' pertaining to exanples of error nut represented in 

the form of a sum of other examples occur.  Inasmuch as the probability of each 
event H  is not greater than ;-, the urn 

I',     IV.i     I-..';,   or   /■, or n. i   JVM 

ivh i ell   was   to   In    i I'L \ ed . 

Pi.'.', ) 

■I.      (.See section 10,"j  We will present the derivation of principle  It'. 4b 
fur .i code permitting; maiorit)' decodinj; usin^ thr system of separate checKs 
in [10.4.iJ and 1.1Ü.4Ö.I).  Ue will assume that the results of df-modu! at i on uf 
c.  which are nutuallv independent and proportional to the l.icari tli of the 
jm ■    ' '  ' 

likeliiio<ui ratio in clement •element reception correspond to symbols 

(.■■•■.'•/   11 

f...     «i 
■i-j-li. 

j in 

I 10.59: 

where  k   i^   a  proportionality   factor;   am is  a   received  sienal   element   cor 

res'ondinii  to  sx-mbol   v.   .     Ue will   note  that   for  anv optimal   circuit   in  element- 
■ in ' 

by-clement reception of binary signals the results of demodulation, it' not ex- 
pressed h\   formula (lu.^yi, in an case are monotonic rexersibli functions of 
the likelihood ratio.  Iherefore, thev can be transformed into c.  values which 

y ni 

are  presented by   thi^   form la. 

Kc  will   find  tin    likelihood   ratio   for   symbol   y    by  assumini;   that   c-   and 

.•.11   c       cor re<i'oridi in;   to  symbi^s   on   the   nch'c   of  system   (10.~Vi   are   known.     Ke 

will   consider   that   svmbels  v       can  have   1  \aliie  of 0 or   1,   the  onlv   limitation 
■ 1 m 

bem^ that equation^ i.l'J.-l."') ror 1 civen v  must be net.  Ihis means that when 

0  the   v        (m • in ,r)   entt nn,;   into   one   equation   there   rust   be   an   even 

7,1 

MÜÜMMM n WMH 
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iiumbcM-   i't'  '.'iK's   [or  no  ein.1:-   ;it   all]   ,inü  vvhfii  y.       1   tlu-iv  must   iic  .in  add   lurnLn-T 
i'l    ones . 

i he   likclihuoJ   ratio   I or  \ .   inidt-r  tticso  i'ündi l ions   is 

i) 

;. i :M:' 
r i o. 6 'J 

■• »,    n 

die  Jcnsitics  enter in.',   inlu  thv  product   un  tin.'  riJit   s i J«.   o\   (IU.GüJ   dipfii 
MI   iwü.nuwn   par.uiu'loi'-"   y     .      |(v   u--: nr,   ,i   ^ciK'i'al i reJ   ^rilerion   > I   r;,.\;::.al    lili 

i u > i 

\ a 
.e   wi 11   I'Cp laCi    tin. at "r   and   vln:   ::; i ii.it i-r   i :•   [ 10. bv' 1   '..'i f;;   ! 'if i r     ax ■ ::,.i ! 

lies   '. ar\ i tu;   tliv   \ a lut1 ■   ol      mK' ! s 1 i i'.ht   . :   tlu.'   M 1 at ; onsh : ps   i IM» 

bv   i ,,i;a* i uns   i 1 Ü . -1; 

■-[ 

>thcr V\i.>rds,   IM-  wi il   assunu   that 

'     in ' '■ '    (   ',i       ';:■ ■ '.'  ' ''. f-.'i .  I'     ) 

..'  i; 

n 
I. ■. 

-■• I 

i n 

l.ikin^   the   1 ui.ari t h:;: ot   tiii~   i iii-qua 1 i ty ,   we write  the  dtvisiun   principle 
ti.e   forr.i 

i. 
'   M   .   .     i) 

.1 
)■   '.     ■ . '.':>■ 

•V :..,.!•, .I.. I.   ■■ 
iIÜ.G1 

'.■,(.■  uili   Li.>n-; idei" one  ef   the   tt-Tins   in   the   tirst   SLJ 

in i> 11 ■'■; 'j, ( I u. o 

;    id ru!   the   : axin: ncee   --a r-.    ' e   si t t   all   pos-; ib le   set ^ '. a I ues   v 
■   ; 

ü   sat i s l"v i n.    uviiUi t ;  •!;>   i I u . -I r 
t'   this   cond i t i JI;   i -  :.et   an.:   tin.   '.aiu. 

thuSe   v'oii'a i n i p.,;  an  e1. en  !iui:.bvr c\   enes . 

i:i. 
are   1 i '.e.l,   tliell 

L (■'■ 
■■'.') 

I L   |   ■ ;, 

Intruducimi   iJistcaJ   jf  '.        the   values   et'   ; ,      tust   as   in 
■  i", u:i  • 

exact 1. ,   assunum;   :. I   when   -.■       -   V  an.: ..   -1   when  v. 
!in ; in IM ■ jüi 

I I 0 .(.d |   i n   the   1 . J I owi ta    iunn : 

.: ,   or,  more 

ivc  mav   rcu r i t «^ 

i   ■.    ■. ) 

■■ V li-.l   ■; !•. !:■,(• 

^^Mfa^attMl^l^^i^Mt^-t^M^^^»^^^^  >w    ■-,.-,        | ,    !,   .il-     ,   |.1,B-.--.^;-    - -■-■^. :   -i-.■■■.-■.-   „  .m,^   (|   ,,....j;,..     ..■■■■. .-..^■,, -'*'-""-'---t . -,■- ■■.■■,.■■.■■...■,..:... ■- . 
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;v] „,..,.,,:,. 

wherf 

-■.(■-■J )    -■!•■*.>•!">     ") and 

",(■■■..   >      - (';■'■;        I). 

aiul  we  will   UM.'  A   to  doiiu  c  a  set   ul"  sequences  ub 

an (.■veil   nuinber  of  negative  values, 

(in   -    1 r 1   eunt a i n ; nr 

ihe   terras   in   the  second  sum   in   (lO.üi.l   can be   represented  s i ;:.i 1 ar !\ ,   the 
'illy  exception  beim;   that   it   is  necessary   to maximize  with   respect   to    ■,   >']■ 

vdiere  I'   is   the   -•.''-  et'  seuuences  et      .     containini.1   an  odd  number el' •■l 

in 
ne^ative  values. 

Substituting   tlie.;e  expressions   in   (lO.bl.l   and   also   cunsidering   (10.591, 
we obtain  after ubviou.s   transformation  the   following  decision principle  about 
v,   -.-  0: 

i!   ^    T    f („ ■ •..       nm    t 
( 10.0. 

l\e will  now  seel   values  entering   into  this   formula of maxima.     We will 
Hline   that   for   a   certain   value   i,   i.e.,   for   terms   of   a   certain   equation   fror: 

svstem  (I'J.-l.'i   there   is  amuni;  th an  even  number  of noüativo ones.     In  order 

to maximize   the   first   sum   iwhen ;    •   \>   it    is   sufficient   to set   all   . .     corres- 
jm 

pundinii   to positive  i .     equal   to   <■!   ar.d   the   remaimnv equal   to   -1. 
' ' ' im      ' '      im     ' 

\s   a   result   the   I i r;:t  maximum   is   equal   to V 

-!      i t   i .'•   not   po-s i b I c   ' o irake  a 1 1 sum   iwlK-n     . •:■ 

uf  negat i ve   v a 1 Lies   o 

1 n maxi i:.i z i nv;  the   second 

pus i t i \ e   s i nee   t he  nui ;be i 

l m 
i n t he i'. i . en examp 1 ■. 

i in i 

; even and the numbei 

tive   ^ must be odd.  obviously, under tlK-se conditions the maximum o! the 

-e^ond sum wrll occur if in it um.' term ha\'im.i the hast absolute mnvn i tear is 

negative.  thus, the maximum of the second sum v.i 11 be V min where 

im min is the least value of the medulu: of v., with a given }   and when m   !, 
. . . , r . 

Reasoning similarlv for the ca-.o when amem; c., there is an odd number ol 
1 III 

negative  ones,    it   can   easily  be   seen   that   the  maximum  of   the   first   sum will   be 

v 1.. i';  ,11,111 

i .Hi 
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and  the maximum ot'" the  second  sum will  bo V I.J.I.     Notiiij'   ;I1Sü tiiat   thv   function 
r rT- I 

s^n[1   assumes   the  value  uf +1   if an  even  number of negative  factors  enters   intu 
PI i. 

the product   and -I   otherwise,   it   is possible  to  represent  the  expression   in 
the brackets  of   (10.6JI   in  the  form 

':"^    X   '-"■ r:   "-„X    --''■-       ?!'■, 'mn^n   •!■■■ (10.63; 
'• -   "   1 

nally, the decision principle for deciding; that v., = 0 takes the form 

which coincides with (JO.-lbj. 

We will note in conclusion that in ordinary element-by-element majority de- 
coding the indicated principle can be written in the form 

/I n -• I 

inus,   the  essence of  analog  dccodinK  amounts   to   i in roduc in.u wii.uhtin^  factors 
c.        .    .      In  other  words,   the  "weight"  of each   of  t lie   checks   (10.4.")    is   deter 
j ni m i n 

mined by   the   least   modulus   of  the   loyarith .  of  the   likelihood   ratio  of   the 
ssmibo Is   i nc hided   in   it. 
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CHAPTER    XI 

FEEDBACK   SYSTEMS 

11.1.     Method  ot:   Stalislicdl   Sequonti.il   •■•",il','i     lor   Sicjn.il   DI--Lf 1^1 n^t i'' 

In   the  pri'ix-di r.)',   ^haptiMs  ',%■/  vonsuk-ivJ   i <. . c;: i .i;  i-.i-t III.HN   I'.ist .:  > i;    .;. 
.mil;.-i-;   it"  an   ,i:i'i \ i HL',   ^ii^n.il   re 111 ;.it i >ii   a.s   ;i   rrsult   ul' whu!    . IU   .1       hyjintii 
oses   is   to  ,i  t ratis'tii t ted  code symbol  or  ,-odc cviahinal ii'ji vvas  seU-ctcd   in 
i.. .'i\i,iiuf   u ; th   .i   ci-! t .i i r.   ^ n t e ! i ■•n     i  ' r  ■  \ .i":  \>  ,   'AM-   I ri t e I I   i,   .1   :• .i>. i r ,. : 

i i kel ihoodl .      lo   achieve   a   hi^h   level   e!    tutelit)    it    i ■■   e;.-ri;t i . . ,   .iloiii'   Mt' 
I'iv\ i di iu:   for  tin.'  best   possible  select ion   et   t IM;;--:-i 111 a   --I.T. ii'    .nul   opti- >'. 
or   close   to   : t .   des j j;n   on    i   deci ■> i^r   ■ ■. ■■ 11 ■■ .   t e   • i   \ i ie   t'..'!'   - u t t u ; ent   ; i »e ; 

i;,   M)    irr i \ i nc   s i i'.na 1 ■ 

It    is   jTw1. ed   i n   -t at i > t i ca 1   .!i A ; s ; , :.   t Iu . r\   j 1 ,   1 
ol   tin-   procedure   can   be   heightened,   it    i-.   ,.   !■     .it   ot 

; IT i :. ' ' .'   - l ci'.a^    lo   perra t    .i 1. r..;   i-. i t !:   ■      !■!.•;•(     :• . : ■•'. 

t i . ■ I 

lit t he   ol't .i i P. i i.c Jwc'-.   t'l .in i. '■ ■ ; 

pi---, '.'p- ■.ai:!'' - ; cna • 'ist Pi' • c PI ■•".;'■■ d u ii: . i''.;- 
; )ue ]• ip. t i.i. ■ i en 11 , 1 p ■■':•.•;]■, ''. •■ pi . i \ :.: t in N-p, 
lee Peas .ii-    I'c.i     r-d .;, d.i P. cy    ; i  : : .-dv .■ c   dup ,:; : : : .  . 
■;        ■: i ,;n i 1   .v ; ! !   : i    ii'p' .it i   I   " .I:P-'   * I ; ■       .:    ■ :.. ■•   ; i .■ 
i\ i r i.;-    : ?    ; ■    PI -- ■■ i P !-    t,.   .■■:*;:,    .   -:.'•■,:; ! / .P*   ;   ^ ■ : 

; i . . r i ,    ;    •    i< 
♦ i..    . . 

1 ,   p   r ^■,ed   ' 'il    .it.    tre.-t 

I    i \  ,        .. ;       i   ;■ 1 

:   ;,    •   I ; p,.i;     P     : 

i:     i   t  -p i, i;   p.i>; 11   ; :   ■ ,   " 

pi   it      .;-■ .1 .p    .-.pet in ;    •v,-     - i 

.•■.•..■        ; ■  ; P     •      .   t P' -     i    ' 

•;.•!       • i    ! . ■      .     ,.; ! .i t . • I 

•;,■■-,•■: l    .ii   ■•■•:•.. 

,   1  ul i I.     •,.•...!    .PI-,,; 

i ..■   ti-i    P ,.  . 1    .; Pa; P    h      PI 
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In  t'/u'  scv"i>nJ  puss t!» i l ' t \   x\n   ihiiM.Mi  Tf   iipi-.j!   .1  ■-1, fi,. i   !•   i < .n. hnl  ii 
thv   lr.il^miHi-1    i I M-11   b-i-ivl  i'n   the   ; n II-IT tt j ■ n   w,Js i ^ !■   i^   -.,•'•   xK    ij   if,   ;,'., 
IVUTSC   ih.tmu-1,      ihis   , ii! t i.n.it i ui;  f.t\   iv>nsist   i1)   j,  si-^uria. i    i«1    it ,< r, i>! 
1 JikkiJi-ii l   s\E\bül>,   or;   .<   rv-v vi 11 (J   ■ U.T'   ft    -i^riil    irtd   (ii,-i-»t ,   it    •   i > * t „i. r,   % J i [>u 
I.iti-J  > i>;8i.i,l   fi'rrin-.l   t ru'    the     i^n.il   Mii-n. •.,'   iti    »; v i,(<il..iu <   bi?1),   ,i  viM.wvi   lau, 
i t i, .      SiKh   .i   wji.it'.ot;   c    a  «llrJ   .(TV   i ;i! ,v rr.i ? j > r.    tri-.!f'i.*    •-v--{l-n   | .'t> j . 

hi   .s.K.jlU'n   :      'thf-t-   \*c  run   ..ni.tSt   i ■■      I   •>>.t»-n-   s^rntsr.- •• i M >i   <.\--i(r.s 
Or   Cütnplt*Ä    ttv.ii.ivt     ■■>'-tiT>-    .,:       ,,■!.    .,i,_i     ,    .;     „i: i    '.    j    i    . a •- j    i.    ». (,- ; s   ,1     i 
■■i^a.i!   i •>   rr   .!uJ   i ti   '•os-.i   i.a^i-s     n   thr   ii^' (.in»:  rii.l   .KUI   m  (.'tt-.<i t .M ^   or» 
the  t r.insir,i 111 r,^  .. nJ   ( LI . 

Kc^^rJ h-".-i   >'!   wherf   Uu-  Jii i-.i fti   ■,-^   t..*irn.i  tu  Sri'pi-.ät   .i   ^t^n.«!,   it-   r iv   li 
ri'iiMVfJ  .i^   .i   ti'puJt   tl   .ma U •• i-i  >'t    i   v Dis! j nui>'.« ■-.   i rv« s ■, v.si   si^-n.ai      'iti   ur   ^* 
i  JtstTi'Sc   scmiiTui'   <•!   LüUi-   s^^^^'l■■,  i>i't.ii;K-J   11-1 li>w i iij;   urihiui'^      Irni-nt  '('% 
rii-r.i-nt   ik-moJu 1 .it i nn   ''!   th<-   rrvi-i\i-»,ä   ss^n.it.      It«   tin    litst   . .i-x   M   h«n r   !«.-i-J 
I'.ivk   in  J   . ^r.t i r.iusjs   ^li.uuu't   nr ,   usiti);  the   tt'TOi nolu^v   oi  I ,   ^ i .   ( ijn   ("1. 
! (.•fvii'^t.k  lii^i«,   Ji-KisiiMi  anJ   i •.  tlu   sdoicw  V.JS'-   Ict.'Jl'.uk   in   i  lii*'« it'll   ih-ir.tul 
'or   .illt-1   -U- i v ; ,.n      ,      | :•   pr i IU i )• I< ,   ci   v .  .i ^ c ,   r. i xcJ   s v sf rir>   .i! i     ils*1  jms ■ 
-ibIf. 

Uu'  i itr i't   mt »'rr.it i mi  wunt.Hiuil   ii.  .i   tn->ivtivi   .;i;i',.il,   1.1,.   in .1  -i^n.il 
it'tcr  tlu-  .in.il)--;-   vt  vv.hscfi   1  vli^j^siT.  to   iv j i-.it    1   transmission   1 •-  rr.uhixl.   1 t- 
1);   ir-.'iwrl.iiit   w .'..ir.n.'tcr t •■ t 1 *   o\    1   I i-r.nb.iv I   sv^-ti l\'\ 1 k>';!*< ! >•,    f\ fll    .«    IT u- > t rt.i 

-1 i.n.i]   <tjniMU>   ..ii't.ti:-.   11.{ .TT.it 1 on   .iluml   .1   t r.msn.i ttvJ mi-ssa^i" ul-.uh   ^ an   tu 
-or.i   Jf^ic   IT   UM-J   'u   UKII-JSI-   ti lr 1 i f 1   ..t;cn   i"t    i-plion   i^   riptiti J M.h 
. v •-1 er--   11;   i«liivl;    1   ri-M-^ti  I   >.i);!i.il   !•    rrt.uru'!   .itul   tlu    1 :i!\ IT,,IT 1' v,   ■. on t .1 i fi^-J 
in   it   p lit 1.1,' 1;.   usi'4   .ui-   i.illiJ   -v"'Oi\   ^\>li.r^.      Ml   I 1 ovv:i   toi-dbjil    ^y^tt-ms 
in   „Ktu.il   u--i'   .ii'i   iiu!;r,( t-^c.   ^\'-trr>.   1 . •- . ,   tlic   1 nt 0rn.1t i on   , iiit .n üIN!   in   .1   re • 
f Ci. t o ■^ i ^n.i i   is   1 n- t r! v. ,il h    K". t .     '.on- ,!•' ivstvns   .iro   -u.i.-(-,   'iirpli-r   t'l.iir 
r.cniorv  ■ivstrriv   .iii.i  un.u 1   üfvlin.tn   »i'iuli t ion-,   .iro  I'ti!1.   slight h   intvnor  to 
t ho"    in   Ii's, 1 «-1 .Ulv. i     to    1 i.loi !'r rfiv r    [i!1.      ' T 1 >    i ii   thosr   i. .iS05   hhotl   tho   p.uor 

■t    .in   .irii.r.':^   «i^n.il   :      .on    ■-r.ili    in     ■■: p.i r i ^or,   v. \ ly.   spovtr.il   nuisc   vl>n>;t\ 
Jo   rvinorv   s\ , 11 .ii     i  pr>i:   iiiKi.I   jih .int i.-o.      In  uh.it   tolnnv--   ur  vi i i.- o n 

i.li-i   or,l\   n>'iiroFror\   -.\-.ion-- 

11.   .iJvi i t ;   :! ,   t < i Ji'.K f    -. -11 ■  ■    111    ■ .ii'.!;•. u;i >1   into  >\ s t o" '•   u i th   .i   1 ir.: toJ 
or  iinliritovl  nun-boi   oi   topot 11 i on-.       ^--tr-»,   uith   an 1 in ti'i!   ropotitu-ns, 
stfiotls   -po.uiiik;,   .ii'i      ".\\   pi's'-iblt-  v«fion  r;os>ai;os   or 11; i n.it o   I ro:;   a   si>uroo 

v» i th   a   LOIU rol ! ab 1 o   rat    .      It   a   ■.oin\o  hi-    t   lixoil   .  ito,   to   ut i 1 ; :o   loiJb.uk 
proxisiun must   l>o  r.avk    i ;r   i  butt'or  no:.. r\   lutuooii  -om.o  ar.J  iriululator.      In- 
asmuch   .is   tlu-   si:«,   ut   suoh   a iiioro'rv   it'   t'initi  .   tho   numbor  ot   possiblo 

Unl'urtunatv i>',   in   the   translation  oi   \>orl    |~]   tho   tcrminolu|;y   usoii   in   it   is 
distorted.     I he  tenn  feedback   "betöre  decision"   (nredecision   teedbackl   and 
"after decision"   (jii.: tdoo i - i on   feedback)   are   translated  as   "i nfonnat i on"  and 
"decision"   feedback,   although   these  concepts   do   not   quite   coincide. 

.Ml 



ri-j'ft 111 »'n-»   ;-■   linitcJ   > i lu ■    ulu-ti   t K-   nn-riurv    i ••   uvi-r lo.ulrJ   npc t 11 i »'tis  must 
vi-.i-i   •>,.   th.il   ink.   i nt i'iT:   t i v i,   cMiTt-   '.  '.'■   .i   --'uii.1    •« i 1 1   nut   If   vonpliti-!v 
Kist,     ilotai-\ cr,   it   tlu   M.'C  iM   tin   ^uttti   nn-inur>    is   sut't ici ont 1\   »'.MMT.   tlu- 
I'rub.i • i 111 >   ot   o\ r t 1 u.uli ii»;   is   .li^h;    iiiJ   ii    M.t-   : i t ■• t   .i|i|'ru.v mat tun  tin-  t.ur. 
bf?    ot    ii-pi-1 i I i ul\s   ..in   It    > .'ii--i Irfi-J   un 1 ir;i ' < vl . 

IS.5-      IntcrrugJt ion   b^slv^s   in   j   Dist'rtf  Cufnol 

P r i n, i po I   C^jracl i-' i s ; i c"<   (.'t    ' 'u"   S i^p U*s l   Sy» t i'r 

Vii o\ i-rwlu-Iroi it»; m.iinrit) i>l r»i'.tiii>: tii-^i'i.» s^strrs nr i nti'jro^.it i 'ti 
s\s;vr.1' usia^ .i Jt,sv.ri-tf wh.iinu'l. IhiMt-l iTi-, «i1 will ^;n'.l^■ itvmt TIUT sont-- 
wh.it   nori    in   Ji't.ul   th.iii  .ill   ntlu-i   tsj'v"«.     Ul   .i   t i HISIM t tf»l  mfss.i^i'  li- 
I l-iiUIW-UK i      CUvlcJ. It!     till'     -iim]    U   •> t      I III l  t  I Oi;   i t  I    'II     --V-:!!.    v\\\\      IHITlvs,      [<. 

timic   comb mal i ons    nc  Jccuticil  .inJ  st-nt   to  th.-   rfvijnfiu   IM'C-   si'vt I-rti   .'. J ' . 
In  Ihss  prüccs*»   .i   ^ont i rraal tun   si^t;.il   i^   srnt   »\ii   thu    rr\rt^i-   liiatirif!.      It 
ttu-   kotlv  v utnb i suit i «n  obtaiiU'J   it   tlu   jutput   i>\   i\\v   tirst   ill i i ^ i en  ^iraut   i ■- 
furb! itJi-n,   it   : ■-  iTUM-d  atul  .in   inu-rr i^.ition   -;>;i-..il   i >-   -mt    '\ i i   tlu    n'\ir>< 
.h.üHu-!.      In   (h.     VN.I'.,    i   . oJ»    . .-rl> i n.it i i'ii   whuh   i ■   rivi-1 . c!   i.ui-in.ll)   r.u 
rioul,   .i   r«.->. i p 11-n t      .  \\   when   it    i-    ..  ;crr,i-   ib..      >\.' .     l\1.in   .iti   i r,! t i r.^;.it i ■■n 
M^tial    is   rvi-i" s veil   Tlu      ppro.xini.it i   coiU'   i orbi n.it i i>ii   ; ■•   i ipt-.it ill   .mJ   lb.cn   i n • 
t'onti.it s i<!i  t r.uisr. i s s i. n kiintimu's. 

lot ' s   as'siinie   that   ,i  i. oüi-   is   ^ i v ITI   I t or   s j •• p j i v-11»   ui   u i I 1   lint   uursc 1 \ • 
to  tin-   ^ »si'  ot   ..   ^roup  binar\    11. ,1    - .^ M'     iiui  ur  u \ '. .    ils^    iissuni"   that   thi' 
prui'CM i i-s  ot   the   thatuu'l   ari'  kno\«ri.      Ilu-n   it   is   ;,.si!'l'    '. L   >li't < rv,,i tu-   thi' 
probabi 111>   ot   .i  vlii^.tcJ i-rror  I"     ,   i.e..   tlu'   riul'.il-; ! 11 >   th.it   mstr.iJ   -t 

thf   t ranstr 11 ti-J   v mli'   ^ imbi n.it i nn   -orr  ntbi-r  ol   thf   t uibui.irn   ^oAr   .otnbin.i 
ti^.Tis   is   rfvi-1 \ i'i-   ami  tlu-  prolMbilitv   o\    in  uiuloti ct fJ  i i r. r   is   I      ,   i.e.. 

t.)u-   pn'babilit>   that   .i  pmmttr,!   i umbi nat i. 
nif   ; raiisn tlt-il,     ntn i * .is !•• . 

re«, i-1 \ ■ .1  \\b '. ch  ill !t ers   t rum  t 

i 
■j 1 

Jl' iu 

whore    ;   is   t!u   probabilit)   ot        nvi t    • > i.i-|'t inn   ot   .i   ^o.ii    . ur.b i n M i c;. . 

Know i nj;-thist.   probabilities    uul    il-.'   the   Inutl-   i>t   ..   . ^v.i    covb ir.it ion   n 
and  the  nmr.bi-r ot   sntonnaliun   syml'uls   k   m   it,   it    ;-   pos.sibU    to   di 11 r". i n r   the 
main  Lharacton st i cs  ol' .i  ^i\en   svstom to which  the   relative   transmission  rate 
S   and tlie  eumxalent prv.babi I i ty  ^ '.' error p    pertain. 

by   relative   transmission   rate we  nvean   the   ratio between   the mathematical 
expo«, tatioti ot   a  number  ot   i nt'ormat i on  s.xibols   reaching  .i  recipient   .md the 
total   number of code   symbols  passed   in  the   forward   channel.     When  every  code 
combinatioil   is   received  the probahilitv   is   j       p       that   the   recipient   is   issued 

de 
1.   information  symbols  and  the  probability   is  1'       that  not   a  single  symbol   is 

delivered  to him.     Iherefo.c,   for  the  simplest   svstem 
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combination.     Al!   combinatiuns   roceivcJ without   detected  errors   are   recordi'd 
in  appropriate meüu-vn   tcll':.   and o'lls  corresponding  to corabinations   in which 
errors   are  detected   remained  unfilled.     After  coppletion  of   reception  of the 
codojyam  numbers   (addressesi   of  combinations  not   received  are   sent   over   the 
reverse  channel  und these combinations  arc  then  repealed uver  the   forward 
channels.     The process   continues  until   the  entire  codogram,  which   is  then  sent 
to  the  recipient,   is   received   (without  detected  errors!. 

tinder  ordinary  conditions   an  .-hldress   interrogation  system does  not   have 
any  noteworthy  advantages  over  a blocking  system  and only when  the  values  of M 
are  very   larjie  docs   it   y;i\e  a  certain  ^ain   in   relative  transmission   rate,    "n 
the othef hand,   the  address  svstem lias definite shortcomings.     The [»rincipal 
one   is   the possibility  of occurrence  of  specific errors   in  the   case  of   incorrect 
reception of an address  transmitted ova"- a  reverse  channel.    Therefore,   it   is 
necessary  to  employ   coraple.v  encoding  and  decoding with error  corre;tion   in  the 
reverse   channeI. 

Peru I ■iar 11 ies  o\   Duplex   Interrogation  Systems 

li\terrüj;at i on  system^  are  usually  duple.\,   i.e.,   in  them   information   is 
exchanged  in both,  di in-ct ions.     In  this  proces ;  e,.cl.  oi'  the  two  one-Kay  channels 
i-   used partialls   a-   a   fonv.ird   and partiallv  as   .,   reverse  charnel.     Ky  usinc 
any  nu-thud  of mul t iple.v in^,   it    is   possible   to   transmit   o\.er  one  channel   a tr.aiii 
message   as  well   as   au\iliar\   ^icnal^     t'  confirmation   and   interrogation.      It   is 
most   convenient   to  use   time mu 11 ip IcxinCi   alternatini:   code  combinations  carrying 
the  main  message with   sen ice   combinations.     It    is   ea^y   to  see   that   the   relative 
t ran-r i s-, i en   rati    for  Mich    i   dupli \   I-1 'clmi;   -\str:-   i<    letermined  by   formula 
I 11.11 i   when  n   «   n     replaces   i>,   where   n     is   the  number  o!'  symbols   in   the  service 

combination  which,   generally   speal mg,   ma-,   differ   fret:;   n: 

n  *  n 
l!        P,   1 de 111. i: i 

He  will   ^all   such   a   dujiie.x   svstem  a   systiT with,   separated   servici   signals. 
;i>we\''r,   "ii re   freuuenth   a   du;^ie\   interrogation   sv^t'M;   is   i :r.i'lerMMited  differentlv 
i.e.,   w 11 b.  unseparat ed   sen ice   signals in rose   of   mak i tii   bet t er   ust 
.1   the   ..haniuls.     j.r   this  purpose   confirmation   signals   ..iv   r-ot   transmitted but 
mterrogati   n   signals   ,tri    transmitted whei o'er ni'cessar) ,   i.e.,  when,   in error   is 
detected   in   a   coir.binali  in   ;ransmitti-d  o\er   the   etlier   channel,   i nt o rrupt i ni;   for 
this  period  of  time   the   t ransmi s« ioi,  of  the mani  message.      In   \h:<  process, 
under< t.md.ib h ,   a  code  combirat ion  differing   t i\-,  those  use;   for  the rain 
message   is  assigned  fer  tin    interrogation  signal.     Hie  t i'ansmi ss i on  of  a com- 
bination  of mam message   is  viewed  s imul t atvuis ly   as   confirmation  of   reception 
of  the   last   combinatiun. 

\t   lirst   glance   such   a   s\-tem  seems  very   simple   and  permits   greatly   in- 
creasing  the  use of  ch.iiinels,   especially   in  channels  of  satisfactory quality 
when   interrogation  signals  are  transmitted   infrequently.     I'ut   in   fact   the  syster 
becomes  more  complex   due   to  efforts   to  a\oid  serious   distortions   in   a  message 
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caused by incorrect reception of interrogation instead of a transmitted message 
combination, and vice versa,  ll must he kept in mind that in such a duplex 
system an interrogation combination is protected from error no better than any 
other code combination.  if an interrogation signal is received even with a 
detected error, it will not be recognized and instead of repetition of an in- 
correctly received combination an interrogation signal will he sent and at 
best this leads to added delay.  If an error is not detected, a code combina- 
tion in one of the messages will be lost and an extra one will appear in the 
the other. 

To avoid this, use is made of the complicated operating algorithm of a du- 
plex interrogation system which, in general terms, amounts to the following. 
Any detected error is considered simultaneously as an interrogation signal. 
Therefore, in the detection of an error, just as i'' obtaining an i i.te rrogat i on 
signal, an interrogation signal is also sent in the reverse direction, after 
which M + 1 combinations from a ca1culater-repeater are repeated,  \t the same 
time the receiver is blocked for M combinations.  Thus, with the occurrence of 
a detected error in one direction, both receivers are blocked and the last 
M + 1 combinations are repeated in both directions.  A more detailed descrip- 
tion of this cross blocking algorithm can be found in work [S, 9). 

The equivalent probability of error in such a duplex system in the first 
approximation (without consideration of undetected errors in the interrogation 
signal,! is expressed by the same formula ( 1 I .-l | as in the simplest system de- 
scribed earlier.  The relative transmission rate can be determined by considering 
that the recipient is issued 1 information symbols on condition that the pre- 
ceding M combinations in both directions are received without detected errors. 
Therefore, 

.s  *' (I P , r',: 11  P' v', " de       de 
1 

where  I",     is  the  nrobabi 1itv of detected  error   in  the  opposite  direction, 
de ' 

Comparing   (.1I.13J   and   (11.121,  we   can   see   that   the   system with   the  un- 
scparatcd  service  signals  permits   increasing  the   relative  transmission   rate  on 
condi t i on   that 

.M 11      I1',  V de n  +  n ! 1 

This   condition   is  met   onlv   in   rather  good   channels  when  1".    •     I   and when   the 

blocking  of M   is   not   long.      in   low quality   ch:.n..els,   especially   in   transmission 
at  a  high   rate  and over   long distances   (which   leads   to a   large value  ot   vi, 
the  system w>th   separated   service  signals   is  most   advantageous. 

Selection   of   a   Code   for   ai     I n ter ro.-)<il i on   System 

At   the  present   time   no methods   are   known  which  permit   finding   for  an   in- 
terrogation  system an  optimal   code  providing   for  a  maximum  relative   trans- 
mission   rate  with   a  given   level   of  fidelity  or maximum   fidelity   at   a   given   rate. 
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fi'lui'i'   M.3.'   Cunslrucl i im  ol   o  Tv/o-Slagc 
I Lo iii Live   Cude . 

\n   it'.Maiivi   svsieii.    il'   tlu'ei-   ■t.n.'os   ur moiv   is   ounst mctcd  sii;ii lar 1 v.     Work 
[l"j   L.iu'W-   that   a   cu.!-.   with   oiu   clitcl'   symlm 1   aivl  a  sir.ipli'   Jlu'ck   for  parity   h 
:;n  uptira!   code  t'or  euch  staut1.     Kitii  an   i »eft.'as c   in  the  nunibor ul   start's   it 

.biv   t. uli'   !"ui'   ;i   s::;all   uHiuivalent   prul'ahi 1 i t\'   oi'   ei"ror  as   tk'S i red 
\s\i\\    i   l ran-vi::i ss i ^n   rate   ai uuntin,;   t o  2"".   ul'   the   channel   Larr.vinj', capaeity. 

Hu   -^ ierti 'i:  of   i      K.e   I'.u-  an   i nterrocal i on  system  in  a  > iscrete  ^luuine] 
iiavini;  a  :,>■:.uiv   i>   1)1'   r.ua;    ii.*ei-r-.t.     In  :;u-t   c.ises   encountered   in  ]'i-actioe 
uheii   the   [irobalM lits   el'  errer   p   ohanues  sluuly,   this   code   can  he   su  selected  as 
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(11.1b) 

this means that in states when p  nut a sinj.'.le code combination will reach 

0 

the  recipient,   i.e.,   the  transmitted  combination will  be   repeated until   the 
probability  of error  in  the  chaniu 1   decreases.     In  "j^ood"  conditions  when p       p 

messages  will   be  transmitted with a  probability  not    less   than  that   prescribed. 

Condition   (11.1b)   can  always  be met   by  selecting  a  sufficiently   long  com- 
bination   (which   increases   I1,     for   larije  values  of n)   and  a  sufficient   blockint» 

de ' ^ 
length of M.  At the same time, when p ■ ji  the relative transmission rate S can 

be rather groat.  Inasmuch as p  is greater than the median value, "good" states 

of a channel when p  p  will occupy more than 50'!. of the time and the average 

transmission rate of information will be sufficiently great, 

Without pausing over the details of selecting a code, we will present a 
somewhat simplified example,  let there be in a channel with equal probabilities 
three states described by the probabilities of error p   10"', p., on the order 

of 10"- , and p.,  10"J or even p- - O.S (complete disruption in communication] 

and the average duration in each state be equal to 10 seconds.  We will use a 
rated speed of transmission equal to 1,000 bauds and require that the equivalent 

- 10 
probability of error not exceed p  -; 10 

These conditions can be met by using a Bou::-Chüudkhuri [63,-iSj code in a 
blocking system where M = 5.  figure 1 1 .-1 shows for this instance the dependence 
of average time t  required for the transmission of the code combination on the 

probability of error p constructed in accordance with formulas (11.151, (11.11), 
and (11.9j.  The dependence of p on p from figure 11,2 is also entered then1. 

for an illustration of the role played by clocking the broken line shows the 
curve for tj in a system without blocking.  As can be seen from the figure, in 
the first channel state (p ■ 10'') a message is transmitted at a great rate on 
the order of lb combinations (about "20 bits) per second, and the equivalent 

- 10 -2 
probability ol error is much less than 10   .  In the second state (p - 10  ) 
the rate of transmission is much reduced and MI one second not more than the 
1-2 combinations (45-90 bits) are transmitted and the equivalent probability of 

error reaches 10   .  In the third ..täte (p  0.1) the code combination could be 
transmitted on the average over a period of two years or more if the state1 were 
maintained.  In actual fact, transmission com; .etely ceases in this state and 
the receiver remains blocked until the state changes.  The probability of re- 
ceiving a code combination in this state is so slight that it does not affect 
the averagi equivalent probability of error which, thusly, does not exceed 

10   .  The average transmission rate is about six combinations (2"*0 bits) per 
second, i.e., higher than 27",, of the channel carrying capacity in the best 
s t a t e. 
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Figure ,11.^).     Equivalent   FrobabiliLy  of 
Error  p    and  Average  Time  of Transmission 

e 
of   the  Code  Combination   t.   for  a   {(>3,   ^5) 

Code When  v  =   1000   Bauds:    ,   M =  3; 
-   -   -   -,   M =  0. 

As can be seen from the figure, this code gives good results with a channel 
in which the median value of probability of error is clos1: to 10'- ,  Kith a 
smaller median value of p longer code combinations should be used and with a 
large median value shorter combinations should be used.  Thus, an interrogation 
system permits successful use of "bad" ch.nnels in which the probability of 
error fluctuates around a rather large value and even brief disruptions in 
communi cat ion occur. 

11.4.  Interrogation Systems in a Continuous Channel 

Interrogation systems in a continuous channel are different from those 
described above in that a decision to repeal a certain signal segment is reached 
not in the process of decoding but in the first decision system based on an 
analysis of a received continuous signal.  Their advantage lies in the fact that 
for reaching a decision use is made of all information included in an arriving 
signal while with interrogation in a discrete channel some of the information is 
inevitably lost in the process of demodulation. 

A transmitted message may be encoded. In a primitive code.  for detection 
of a possible error and reaching a decision about interrogation, the first de- 
cision system, as a rule, determines the likelihood, functions for possible 
transmitted symbols and compares them.  If one of them greatly exceeds the 
others, a final decision is reached and a received message after decoding is 
sent to the recipient.  If for two symbols the values of the likelihood function 
are close to one another this signal is rejected and an interrogation signal is 
sent over the reverse channel. 

for an example we will consider a binary system with signals orthogonal 
in the intensified sense with an active pause and in the case of incoherent 
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i\'i'c]il. i on.     The  .1 priori   prohabi I i t ics  of both  symbols  will   bv cons'uk'VvA   tu 
bo   tho  sa'ne.     The  ,1 posten uri   probability   that   sir.nal    •     was   t r/msrni t tou 

orri-spoiiil i iig  to  symbol   "Ü",   acconlin^   to   tlie   Hayes   furniula,   is 

ishoro   !(:'   0!   ami \<[:.'   li   aro   likoiiluunl   functions   for  symbol   ".'1"  and  "1" 
rospoo tivc1y. 

If  tho  decision   is   reached   that   svir.bol   "0" was   l raiisr: i r t ed,   the  a  posteriori 
probability   pl.U   .: ' 1   amounts   to   the   p robab i 1 i t _\'   of  correct    recopii  wi  of  an   element 
of  signal   .;' 11 l   and   I   -   p[ü   :.' ]   is   the  probability  of   incorrect   recoption   of  this 
clement.     Ke  will   reqiii r'o   that   in   a   feedback   system  the  i robability  ■ f   m   un- 
deteC.^'d error   for a   svmbol   not   oxceed  a   cortain   ci\oii   calue  of 1'     .     lor   this 

u e 
pmipose  symbol   "Ü"  must   be  scat   to   tin    recipient   only   on   condition   thai 
I   -   p(U  :')       1'       and  similarh'  sxaübel   "l"   if   1   - ell   Z'I   •   p     .      1-  ,, M   p-- 
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mainin.c   -MSOS   a  siijnal   element   is   rejected  and  an   interrogation  signal   is  si-",t 
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of   Luterrogat ion  and  cont'i finat ion   in   tin'   furn, uf  rather  loiii^  comb inat ions. 
It"  the   ratevl  speed of"  transmission   in  the   forward  and   reverse  channels   is 
the  same,   element-by-e lom-.'nt   check   is  no   loi'.^er possible.     It   is   necessary  tu 
check  whole  code combinations  containing at   least   as many symbols   as  are   in 
the   service  signals.     An   interrogation  signal   is   sent   in  that   case  when  during 
demodulation  at   least   one   uf   the  elements   of  the  code  combination   the  dif- 

ference  V,   -   V?   is   in   the  erasure   zone. 
Ü 1 

1'he ma.\imal   rate of  transmission  with  a  given   level   of  fidelity  or maximal 
fidelity  with  a  given rate  must   he   provided  by  selection  of  an  optimal   erasure 
zone   [l^J   which   plays the   same   role   as   selection   of   >he   code   in   a   discrete 
channe 1 . 

In  a  continuous   channel   it   is   also  possible  to   implement   a  duplex   inter- 
rogation  system  in  the  same way  as   in   a  discrete   channel,   i.e.,   by  using 
separated  or unseparated  service   signals.      In   the   latter  case   it   is   necessan 
to  use  cross  blocking. 

If  a main message   is  encoded with   redundancy,   it   is  possible  to  effect  en- 
tirety   interrogation   reception.      In   this   case  a  single  decision  system evaluates 
the   likelihood   functions   for all   penmssibU   combinations  and   if one  of  them 
greatly   exceeds   all   others,   it   is   issued   co   the   recipient.      If  the   diffetence 
between   the  two  greatest   values   of   the   likelihood   functions   is   not   great,   i.e., 
the   level   of  fidelitv  of  the  decision   reached   is   low,   an   interrogation   is  sent. 

t   i also  possible   to   combine interrogation  svstems   in  discrete   and  con- 
tinuous   channels  in   effecting  a   check   of each  symbol   of a   combination   falling 

and   then   checking,   the  entire  combination   for  the  presence 
Accorui ..g   ^o  some  data  such  a  system  could  be   very  effec- 

tive   if   the  code  and  erasure   zone   are   selected  properly. 

in  the  erasure  zone 
of detected  errors. 

It.5.      Systems  With   Information   Feedback 

SysL^~  With   Reverse   Check   and   Repeat 

A  system with  reverse  check   and   repeat   is  the  simplest  of the  systems  with 
information   feedback   in   a  discrete   channel   [26],     A  message  transmitted  over  a 
forward   channel   is  encoded with   the  minimal   redundancy   required   to  discriminate 
one  service  combination  of "negation."    The   last  M  transmitted  code  combinations, 
where  M   is   determined   from expression   [11.1Ü1   are  stored   in   the   calculator- 
repeater- of  the  transmitter,     1'lie   received  code  symbols   are   recorded   in  a  unit 
of  the  buffer memory   of   the   receiver  and  sent   over  the   reverse   channel.     The 
code   symbols   arriving  over  the   reverse  channel   are   compared with   those  stored 
in   tiie   repeater and   if   they  do  not   coincide,   a  negation  signal   is   sent   over the 
forward   channel   and  then   all   M  combinations   from  the   repeater  are   repeated. 

■In  principle   it  should  be possible   to   limit  oneself  to  repetition  of one  com- 
bination  of even  oiu   symbol,   but   this   leads   to complexity   in   the   control   system, 
an   increase   in   the  size  of  the  buffer  memory,   and   retention  oi"  the  probability 
of  overloadi in   just   as   in   an   Interrogation   system without   blocking. 
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Biised on  the   reevtved negation  signal, M  cumhinat ions  are  erased   in  the Imt't'er 
memory  of  the   receiver.     lach   received combinatiun   is   issued  to  the   recipient 
only when M  combinations  not   contained an  erasure  signal  have been   received 
aft er   it. 

The  possibility  that   there will   be  an   incorrect  symbol   in  a  message   issued 
to  a   recipient   occurs  only when  the   first   symbol   is   received   incorrectly   in  the 
reverse   channel   and  a   repeated   incorrect   symbol  was  transformed   into   a   correct 
symbol   in   the   reverse  channel.     Such   a  pair of errors   is   called  an   imui'i    error. 
in  a binary  system  the probability  of  this   is 

uc 
Pu.-. (11.26.) 

where  p     and  p,   are  the  probabilities   of  error   in  the   forward  and   reverse 

channels   respect ively. 

We will   note  that   incorrect   reception  of a  negation  signal   does   not   in- 
crease  the  probability of an  undetected error.     After  it  lias been  checked  two 
negation  signals will  be   sent  over  the   reverse  channel   and  two M combinations 
will  be  erased   in  the   receiver buffer memory.     It   i.:  only  necessary  to provide 
for  a  sufficient   reserve.     If the   information  combination   is   received  as   a 
negation  signal,   the  erased  symbols   are  simply   repeated. 

It   is   apparent   from   [11.26]   that   such   a  system  can well  be  used whi ■"   the 
probability  of error   in   the   reverse   channel   is  much   less   than    n  the   forwaid, 
for example,   in  the   transmission  of messages   from a spacecraft  when   it   is 
possible   to  use   for  the   reverse  channel   a  ground transmitter of much   greater 
power   than   the  onboard  transmitter. 

Reasoning  as   in  the  preceding  section,   we   can  show   that   the  equivalent   pro- 
babi 1 i tv  of  (.'fror   i s 

p 1 ue 
iv    i - p, ni--?) 

where p.  is the probability that an error which was detected occurred in the 1 de       ' 
forward or reverse channel 

Pde  t1-/'./'-1" -(' ■/'.''I1  /'.>"■ (11.281 

where  n   is   the  number of  symbols   in  a   combination. 

The   relative   rate  of transmission   can  be  determined   approximately  by   taking 
into  account   the   fact   that   a   code   combination   is  emitted   to  a   recipient   if   it 
is  not   a  negation   signal   and   if   it   and  the   following M  combinations   are   re- 
ceived  correctly   in the  forward and  reverse  channels  or  if errors were  not 
detected.     The probability  that  a  transmitted  combination   is  not  a  negation 
signal   is  equal   to  the probability  that  one  combination passed  without  detected 
errors   in  the   forward  and   reverse  channels.     Thus   (if the  probability  of an un- 
detected   image  error   is   ignored), 

nH- 
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il i t'l iTi'iuv   !'i-twi'f:,   tin •    t'orr-.u 1 .i   .in. .fi,   ! \-   • hi    t'.u I   tt'at      In    t 
■.;i,.!i.ii-   AW   I'nil    t IM:;-",I 11 ill   ,<\i-;   tin    ti-i'u.. ;-vl   i'liaiuu'i .      I'hus ,   t lu-   <\,stri!i  lu'ii.v'. 
^1. ■-ctiSM.-ti,   at    i   .M'.-'ii   U'Vi11   ot'   t ult-11 t y ,   ivrr^Js   an   intt-rro^at i ur,  sv^ttT1   i :■ 
■;|H'L'vi  by  n   k   t.:::i'>   Juc   lo  tin'   larui.'   loail  iMl   the   i'i-vcr^i'   tiiannt'1 . 

Ihr   l'ori'..'! 1 a-;   obtaiiU''.!   rr'aii!   \ a I ul   fur    i   ui.pl-x   svstiiii  .. riMm'.iT t iu .      In 
this   case  units   tons i st i »v;  nl   n   symiMils   ai"c   sent   OVIM' eaiii   Channel   just   as   in   a 
liujilo.v   i nt i'tTo^at ! on   system   in   a   di sci'ete   ehanni'I ,   the   only   ili fforence   heiiu; 
that   the   cheel   symtnils   in   these   uiiit^   t'orn  a   rode   eoiuhinat i on,   not   with   the   in 
t'oiT it inn   entering   into  this   unit   hut   with,   those which   are   euntained   in   a  unit 
oMatned  over   mother  oiiannel.      lims,   until   detection ut'  errors   (occurs,    i   load 

■n   tin    chan.neis   in  roth  s\.-rer.s   is   the  same   it'  one   and   the  same   code   is   used. 

i he  d i t't'e rer.c-  between  duplex  systems  with   interrogation  and   t ransi'd ssi on 
o'    died-,   syn'.bols   e.i.'r   a   reverse   channel   becor.es   net i crab 1 ■■   il   case--   of   error 
defection  are   taken   into  consideration.     It   amounts   to  the   fact   that   a   system 
with,  the   transmission  of cheel   symbols  dues  not   need  the  i. ross  blocking wliicli   is 
e-'sentia!   for   a   systen with   i nt ■.■ rre/.at ; on .     ThcM-efore .   or.ly   coefficient   i    n 
v,i;;c!.   allov.s   for   the  use   it'  a  channel   as   a   reverse   channel   mist   be   introdaced 
;n   fonnula   I'I.^L;   for  the   relative   rate  of  transmission.     Lomparinj;  this   result 
uith   :, ll.lJ.    anu   i 11,13',  we  set   that,   all   other  thinp-   renjainin;.:  equal,   a 
duplex  system with  the  transmissi MI of check   symbols   is  somewhat   more  effective 
than  an   interrogation  system.     In  a  technical   respect   they  are  approximately 
equ:.  ilent   a 1 t h.'Uj'.h   a   sy-'-ten;  with   x\\c   transmission   of   died,   syuibols   needs   a 

1 rr.-,e  :-;er:i'r\-   and   the   i'unctioninj^  of   its   algorithm   is   sonvwhat   more  complex. 

'> ! 1   tne   id'    -    ibeut    .ode   selection   and   transmission   oi    iiilormation   in     bad 
eis  with.   i;er..irc   as  j-r^smt ^ .1   at   the  end  ot"  Section   I i . ^,   with  slight 

i c at i   n - ,    ■   :: i; n   ',    \ ■ ■'.   !"or  t hi    ■ \- ■ t "i:  nnde r   d i scuss i M: .      I n  S.vsti-ms  wi t h 
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Duplex  ^y.sii-niN   ul   r.ivlio  cunui.uiu . .it i on   in\ol\in>;   ii-t li ^ I lun   iioi    rtt'^i 
traces  cm be   re h'^aled  to  systems  i>i   i nt onr.at i on   t'iJ!'i,t    n.   ,i  i out i niu'ii'- 
channel   [3J .      In   tlvem   mt'urmat i oil   is   t fan--mi 11 eJ  only  u\ei   -In it   sevM'icnt ^   ■ '. 
time  while   tiiero   i.s  helj;IUenetJ   loni-.itiun   ul   the   lower   layers   ot   the   i  'iio 
sphere   caused  hy   a passing meteor.     Hurini;  .ill   reraininy;   t i ;■•(.■   souiui: nr.  pulse 
are   sent   to  both   channels.      Inl'omation   aiumt   the  ;   i^s i !■ i 1 i r >   ut   tian^nuttin, 
i nt'oi'inat i on   is   extracted  t tui;.  tin.'  pulses   arriving  i ver   the   ivvorst.'   cliannrl. 

Ihe   J i scont i nuüiis   cunuiiuil icat i on   I'a.seJ   on   such   pi'inci]  Us   |      aNo   |.'SM1 !O 

in   slu)rtwa\o   channels   when   then     ire   ans    .it^er   chaniii-l--   w i t li   sU.u   i  uluir.      I: 
this   case  by   using   the   intormatiun   obtained   ijver  tile   reverse   ch.inin i   rcssat.es 
are  transmitted  unly  when  tlie  transmission   factor o('  '.he  channel       i \ci eas   a 

communication   i>   interrupted   and  oiil\ 
0 

certain threshold value   .  When 
o 

sounding pulses essential to evaluate . are transmitted.  Ihis permits, with 

a given level of fidelity, increasing the rated speed of transmission inasmuch 
as It is conducted only with a good channel .state.  Ihe awrage rate ot' infor- 

mation transmission when the threshold   is selected optimally i• much great 

than in the case of ordinary continuous communication with tlie same level ot 

fidelity [JU-JJJ. 

11.6.  Adaptive Hethods of Encoding and Decoding 

Ihe existence ot' teedbacK permits adapting the methods of transmitting 
and receiving signals to channel statt.'.  Communication systems in which a code 

remains unchanged but the method of decoding and use of feedback change 
in accordance with a channel state are called systems with adaptive decoding. 
The same systems in which with a change in channel state the method of codins 

also changes (.in the narrow or broad sense1 are called systems with adaptive 
coding. 

We will present an example to explain the possibil 

coding.  Lot a message be encoded by a code with a rani 

I, specifically (.", 4) group code.  In the recei 
nun 

t i es of adaptive do - 

a 1 Hamming distaiu e 

e r , a I eng uit h an or- 

dinnry clement-by-element decision system, there is a demodulator with a zero 

zone formed by two symmetrical thresholds selected in accurdan v with (ll.-l.l 

and also a counter which counts the number of times the result )f demodulation 

falls in the zero zone over a specific time interval.  In the channel in a goo., 
state this is a little probable and with worsening in the state this probabi- 

lity increases.  Thus, the readings of the counter permit Judging tlu state ol 

the channe 1 . 

If the number of times a demodulated signal falls in the zero Zone is not 

recorded, a received code combination is decoded in the usual way and a single 

error can be corrected.  When a demodulated signal falls in the zero zone once 

or twice over the length of a code combination, the corresponding symbols arc 

rejected and decoding is done based on the remaining "most reliable" symbols 

(see Section 10.6J.  If the number of times reaches three or four, the code is 

used only to detect errors.  In other words, the code combination is decoded 
only on condition that it is a permitted one.  Otherwise an interrogation is 

SO 1 - 
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^•, •■.!   in i ■   thi'   !r\ii   i    Ji.jiuu'I.     i in.ills,   it   more   than   luiir  v.ilin-^   u!   thf  dv- 
:■ »n.u 1 it c-l     i^n.il   till   ;n  tlu-   .•(.TO   .iMir .   litvoJiiii;  s'vrii  of  .i JM'run 11 tj   cunvhina- 
ti.it   is   nut   pir f'u!"iu'i.i   i i n tsinuch  .is   in   .1   tli.innrl   in   1  had  st.itr   tiic  probability 

1    in  uM>U-t i-v led  iMruf   i^  i.fiMti   .nul  ,,!i   1 nti-rro^ai i on   is  sent   owv   the   iH-versf 
.•h iniu-i . 

luth  .1  prop i i"   scli^tion  ol"  t li rcsho Ids   suv.ii   a   systc-m  fan  prcnulc   lur  an 
i xvved 1111J \   hi,:h   U-\ (.•!   ol   t'idflity.      \t   tin.'  saui-   time  the  avoraj^e  rate of   in- 
f'orn.it 1 on  t ra:is iv.i ss 1 or.  turns  out   to lu'  higher  titan   in  an ordinary   interrogation 
■>\s|i't:;  ,-!•  .in    M\lin.i;\    -ystein \s 1 t h   i 11 t'oniiat i on  system or  an ordinary  system with 
int'oriiuit 1 on  tfedhaok   1 nasiv.iuii  as  errors  are  eorrected without   interrogation 
and  rei   Mt   in   1     aairnl  with  satisfactory  states.     111 rt hermore,  with  an  ordinary 
interro^ati   r   -) .ten.,   and espeeially  with  a  system providing;  tor correction  of 
errors,   ,1   u^uld  be   necessa:-)'   tu  use   a  much  more   complex  code   to  obtain  such 
.1   le\el   1 t'  fidrhtv .      \ more  detailed  discussion   of  these methods   and  also  a 
lescrip'.i   n  et      thcr r.iethods  ol'  adapt ix'e  decoding  can be   found   in  work   [23J. 

N'etlujds  ol   adaptive  codwu:  pd sent   aoditional   possibilities   for  channels 
with   ■■lowl_\   ch ai'.i; i iii;  parameters.      \   siiii]ile   code  with   low  redundancy   is  used   in 

■   .haiuu'l   in    1  £OoA   s'. i!-   and with  wor-.m 1 nr,   in   the   state  a  switch   is  made 
t.'WatV   .1   i::ui\    complex   code   witli   greater   ridmulan c\ ,   slowing   the   rate   of   infor- 
mat i 'i,   t .•■ansmi ssi on  but   inaint ai uiiu',   a   ;',i\on   leci-l   of   fidelilv.     The  state  of a 

an  ho   oKl^ed   t i"om Ulials   which   are   sent   over   the   reverse 
chaiine!    u',   r.ore  simpl)',   by   countiiu'   the   frequency  of  arrival   of   interrogation 
-1gna1s . 

I;; nn,.". i p k'xed channel- adaptive codini; can hi' lone by   -hanging the multi- 
plexing ; utor and this is e;.s> to do in tlie case of sources with a controllable 
1 at e. 

Ihe   thco"y  of ,i..inli\-'  codini   has   not   actual h'  been worked  out   and  there- 
fore  we  must   limit  ourselves   to  tlu-   ideas  expressed  above. 

Notes 

1.      Ihe   existence     f  a   f"edbacl    channel   in  princip.le  can   nu rea.se   the 
cari'ying  capacity  of  a   forward  channel   with memory.      Ihis   increase  occurs   only 
because   informat:  'ii   is    ibtaiiusl   about   the   stat-    of  ,    channel   and   c nrot   exceed 
the   rate   at   which   it   i'    transmitted   |10J.     for  a   constant   channel   the  channel 
capacity   •annot   be   increase^i by  1.   1 ng  feedback   [19]. 

In .chaniK'ls   used   in   1 racti^e   the   rate   of   dringe  of  slate   ;s   usual I)'   slow 
ami  th.e  conditions  themselves  are measured without   very great   accuracy.     There- 
fore,   information   about   tlu   st ite  of  a   forward   channel   is   extracted   from  a   re 
verse  channel  with   a  slow   rate  and   it   can be  considered  tnat   for  all   practical 
ptirposes   the existence  of  feedback  has  no effect   on  the carrving  capacity. 

(See  Section   11.Si     la  calculating   the   relative   rate  of  transmission 
in   the   simplest   system   fll.Jl   and   in  a   system with   separated  service   signals 
(I1.1J)   no   account   was   t Ten  u1   the   delay   incurred   hv   incorrect   reception   of 
service   signals.      Ihi1.  de'ay  occurs   if  an    isvmraet r; cal   principle  of  decoding 

-■  - -■-— 
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scr1.'i i-i.'   -i^n.il^   is  u.si.'ii   lor iwutfct : im   .i^aiir't    instrth  .uul   ilropuuts    IIK!   L'I. 

o.xt ra   ropiMt   cuvk1   con.LMiuit ions   ,iri-   n-jrctod.      In   this   process   a   CüI;
1
!'mat uui 

is   not   issiU'J   to   a   rccipu'iit    i 1'   it    is   a   irpc-t i t i on   01   a   p IT\ i i'iis 1 >■   t lans;:.: I t (.•>: 
combination  uccurniu;   is   a  conscqucnci'  of t rans t on; at i ■ h  ot   a   conl'i rmat i on 
signal   in'o  an   i ntorro^at i on  signal   in   the   ri-v^rso  chanm-1 . 

IVc   will   use   I'        .   to  «lonoto   tho   p robah i 1 i I x'   ot    incoiToct    focopt i ^n   ol    a 
conl 

coiu'i r:::al i on   signal.      Ihon   rho   p robal'i 1 i t \   tliat   a  coKil ination  usoJ   in   tin-   ;o 
wai\l  channel   is  nut   an' extra   repetition   is   e<|iial   t.;   1   -  p _      ..      In   lir.ht   o'' 

v"()n i 
this   the   rate   oi'   relative   rate   ot    t ransiiii ss i on   in   a   sin.ples;   -N'-.te!:;   i: 

"   "    PJc>-    -   ''c 
i ! 

on 

in   a  b lockin^   s>s ten 

n M+ 

cuni' 

ami   in  a  duplex  system with   separable   service   signals 

n  +  n f 1 
conf 

I he   correction s nt rodnced  lie re   can  greatly   rediKt   the   rato   ot   transinissiu; 
it' a  confirmation  signal   is  often   t rans foniied   intc   ar.   interrogation  sig.nal. 
lo avoid   this   the   asyimnctry  of  the  princinle   tor decoding  ser\'ice  nulsc   trains 
should not  be  pushed  to  the   limit. 

3.      fSee  Section   '11.3)      i'lie  value  of   " !u    , 
errc.1   in   the   case  of  disruption   in   COKUHUI, i , it..r,   ! I 1 . s-i   is   a   vc-rs    important 
characteristic  of  systems   intended   for  channels   in which  such  disrupti ;.ns   c. 
occur.      The   less   1'       (Ü..V|   is,   the   griMter   is   the  certaints   tliat   .iurini'   tlu- 

ue • ' ■" 
time  of  such   a  disruption   false   i nl'orinat i .■!!   duo-   not   n re -i n i ent 

As   fo 1 low;,   from   I I 1 s   ea s v   ' o   n r o1; i de   I o ]•  .r i    . a . ^1 •. ■ 

(Ü.5)   as   desired   by   selection   of   the   tode 
to liave  a   larve  number of  ch.ecJ   svmbols  n 

: -r   Hi 
I has  when  ; 

ID   ' ;   when   n :.(J  1'     10.3 ■ 
ue 

wlien   n 

for   this   purpose   it   is   not   at   all   necessary   fur   the   code   I.   iiavi    gri 
dtincy.     Thus,   the   code  e.xanuned  abo\"   lt>3,   -la)   providiiu;   for  I'       C 

has   a   redundancy   of  onlv  about   0.29. 

h i -  purpose   i t   i s   sul1 i c;cut 
!.        ;"'   !'      I 0 . " ■ 

uc 
V        .0  1'     i 0. 3 I        i'J' ' ■' ;   et. 

re,tun 
C . .-      ■: 

lie 

In  many  channels   "incomplete"  disruptions   in   commuiu cat 1 on  may   occur  wlien 
the  [vrobabilit)   ol' error p   is   cln;,c   to  0.3  but   does   not   reach   this   value.      \ 
question   occurs   as   to  whether   it    is   possibh    to   guarantee   tliat    ; r.   all   state- 
of  a  channel   the  probability   of  an  undetected  error does   not   cKceetl  !'     (0.3' 

as   calculated   from   formulas   (11,S>.      |'1" lie   answe I    W I i al t I ."'.at I ve   i i 
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about ten combinations will be recorded when n 10" i.e., three orders 

higher than the v lue which was considered as permissible!. This does not 

occur in blocking since when p ■ 5*10 " an average of one code combination will 
be recorded during a period of" a day or longer.  At the same time the existence 
of blocking has almost no effect on the average transmission rate as is 
apparent from a comparison of the curves for ] 
when most of the information is transmitted. 

10 i.e. in that state 

5.  (.See Section ! 1 .-1)  In most works interrogations systems in a con- 
tinuous channel are considered in which the decision to interrogate is reached 
not by comparison of readings of the demodulator with the thresholds of the 
zero zone but by analysis of the shape of the envelope of the received sum of 
signal and interference which are not subjected to optimal (or subopti'ial) 
processing ir.  matched filters or devices equivalent to them.  By way of cri- 
teria for evajuation of the shape of a signal, use is made of boundary dis- 
tortions, splitting, or other parameters obtained from a comparison of signal 
shape with a certain standard.  These methods are based on the fact that there 
is a correJatijn between states of a channel and distortions in the shape of the 
envelope.  Nevertheless, they may not provide for an optimal statistical evalua- 
tion of the state of a channel and therefore lead, compared with the zero zone 
method, to a reduction either in level of fidelity or rate of transmission. 
At the s;ime time they are no simpler th.-n optimal or suboptimal methods with a 
zero zone. 

b.  (See Section 11.5}  The principle problem in constructing a system with 
information feedback in protection against transformation of a negation signal 
into a combination of the main message or vice versa,  Although these phenomena 
do not directly cause errors in a message arriving for a recipient fit" the 
little likely cases of image errors are neglected.) , they may lead to overloading 
or units in the buffer memory on the transmitting or receiving end and there- 
by disrupt transmission.  Therefore, it is always necessary to introduce a 
certain amount of redundancy in order to protect a negation signal from such 
trans format i ons. 

In transmission from sources with a controllable rate the need for a 
buffer memory on the transmitting end disappears.  Therefore, in such systems 
the use of information feedback is more advisable especially if it is possible 
to use a memory unit with a large capacity on the receiving end.  The indicated 
problems can be solved relatively easily in those cases when brief messages 
are to be transmitted.  Nevertheless, concern should always be shown for pro 
tecting a negation signal against transformation [s]. 

jU-lnllWti.ii' I'  ti t—mr- 
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CONCLUrION 

TIK' qik'Stiuas  osMiined   in   this  book   and  xhv   rvsults  derived  enahle  .is 
tu  compare different   systouus  ol'  t ransmi tt ing discrete messages   and uisoly 
select  tiie bi'st   system  for  any   i;iven  conditions.     This  selection   reduces  to 
determination  of   the   coding  method,   the   systeii,  and method  of   s;i;nal   format urn, 
method  of  reception,   etc.      I he   author will   deem  his   task   fulfi lied   to  a  sub- 
stantial   degree   if he  has   succeeded   in  convincing   the   reader  of  the   importance 
of  careful   cor.^ i derat ion  of  all   channel   characteristics,   without   which   a  chosen 
system will    icver make  a  good   showing. 

It  would,   huwever,   be   a  mistake   to   try   to   find ni.ivorsal   solutions  here 
which wc-uld make   it  possible  to  design  an optimum  system of communications 
from   a   f.'w   given  parameters.      Ihe   relations   given   and   f.riiiulas   and   graphs   worked 
out   can  serve  as  basic  data   for  the  design  of  systems   for  transmitting discrete 
messages,   but   they   are by  n • means   ready-made  prescriptions.     There  can  be   no 
such,  prescriptions  because  t'le  conditions  under which  communications  systems 
operate   are  extremely   \aried.      Under  different   conditions   Various   engineering, 
economic,   tactical,   or other  demands   affecting   the  design  of   the whole   system 
or  of   individual   parts   thereof .nay  plav   the  dominant   role. 

In  the design  of coramunicat ions  systems  certain  supplementary  stipulations 
may  be  made-  depending  on   the  spetific  use  to  which   they  are   to be  put,      !n   some 
cases,   for example,   the  economic   factor   is  decisive   and  the   system must  be   so 
designed  as   to  afford   the   least   total   expenditure  on   construction  of  the  equin- 
ment   and   its   operation   for  a   certain   period   of  time.      In   Other   cases   th"   correct 
criterion  may  be   minimum weight   or  volume  of   the  whole  apparatus.     At   times   the 
requirements   as   to  weight   and   volume  may    I'ffer   for   the   sending   and   receiving 
equipment,   for oxamj le,  when  one  end  of  the  communu at i uns   line   i ^   stationan 
and   t lie  ot iu i'  on   a  mi v i ng  el-ie , t . 

\everthe less ,   in  all   t!u   numen'U^   case^   ot   comrum i cat i ons   systems  design, 
skill   iii  ev iLwating   the  probability  of err<'r   and   ir  determining  how   it   uii; 
change   in.   certain   vanatiotis   uf   the  s. .ti-i- ,1  nect-'sarv   oonditivin   for  a   c^'1 

uiered    ijj-roach   to   the   [vroblem   laced. 

file   vi-;   majority  ot   the   -vster.s   tor  t ransn.i tt i ng  discrete r.'.'ssages  wine! 
• iiL'   at   present   in  operation   are   t.i!'   iron   being  optimurr.      \   partial   explanati»1!! 
ot    this   is   that   developing   .md   putt inc.   inti    opr-itiiti   new   ■•.■..n.'-   of   ^ omrun; c-1 i' r. 
usual 1\-  take1   many   wars;   and   t b, i s   '■■.ids   te   a  cms i di-rab k1   lag   ot   pi.ictical 
a ccoi;:p I i shmenf-•   i'lhiiui   t Iv.'ore t 1 c.i!   adv itices.      \!u)tlu'r   VMSUII   t'oi   this   la,;   is 
the   inadeuuate   acquaintaiKe  en   t lie  pait   ul   i.any   engineers   engaged   in   the   develop 
ment   and  operation  ot'  comruni cat »uns   svstems  with   the   latest   tlicoretical   tiiuling- 
A  not   un i mpu't ant   ii.-l-'   m   tins   is   played  b>   the   i naccess ibi I i t v   oi   man;.'   theoie 
tical   W'.uks   ..■■cause   ol    tiu.'   cnmplexit)   uf'   tin    mathematics   used   and   because   thev 
do   not   lea;   t '   precis*    re^ umir.enda t i otis . 

")6R- 
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In  tliis  cunnect i on  it  may In«  reniai-ked  tlint  during the maily VLNITH  uf tin' 
existence of general   coHununicatiun  theory   (approximately  until   the  middle  of 
the   1950'.s)   the   chief  theoretical   lesults   consisted   in  explaining  and generali- 
sing  the methods   of  communication uliich  up   to   that   time  had   already been   formed 
mainly on  the   intuition  of their developers   [e.g.,  pulse-code  rnodulation,   seven- 
element  erjx)r-detecting  code,   etc.).      In  the   last   few years   the  situation  has 
changed  and theory has  begun  to  exert   an  active   influence  on  the  development   of 
new  systems   [e.g.,   kineplex,   Rake,   etc.). 

Here   it   is   appropriate  to  point   out   that   the  tremendous   achievements   in 
the  field of deveJopirn, various  communication systems  over  a period oi" many de- 
cades  during which  communication   fheorv was   coping   into  being were  the   result 
of  "natural selection."    Along with methods  of  transmission   an 1   recoption 
greatly a.lvanced   for their  time  ami which became  firmly   implanted   in  the  arsenal 
of modern  technology,  many   inventors  suggested  and developed  every yiar various 
systems which  did  not  withstand   the  test   of time.     1 ven  now  great   sum':  are 
wasted on  experimental   research  of communication  methods  which  could be   imme- 
diately   rejected  as   a   result   of  theoretical   analysis.     At   the  same   time  many 
achievements   in  theory  have  been  clearly put   to   inadäquate  use   in  practice. 

Thus,   in  electric  wire   communication  almost   no use   is  nade  of optimal   or 
c lose-to-cp'" ina 1   methuus   of  processing  a  signal.     Specialists   in   tins  area  still 
are  under  the   impression   that   the  principal   problem   in  a   communication  system 
is   to   reproduce   the  shape  of  a   transmitted  signal   as  accurately   as   possible 
while,   in  actuality,   only  extraction of the   information  contained   in   it   i^   im- 
portant.     It   is  often said   in  justification uf nonoptimal   systems   in which 
much   information   is   lost   that    in   cable   channels   fluctuation  noise   is   so   insig- 
nificant   that   existing methods   of   reception   provide   for   a  high   level   of  fidelity. 
Hut   this  situation,   as   already   noted,   has   led   to  clearly   inadequale  use  of 
channel   carrying  capacity.     The  appl i cat ion  of  very  simple  method';   for optimi- 
zing  the  shape  of a  signal   and  pro-essing   it   would have made   it   possible   to 
greatly   increase   the   rate  of   inforiiat i on   transmission   (e.g.,   grc it ly   mere.on' 
tin-   multiplexing   factor)   ami  would  have  yieldrd   great   economic   gain. 

A  consideration  of  the   radio  communication 
in widest  use  shows   that  modernisation of  it   base 
plest   practicable   recommendations  of theory   (.ippl 
orthogonal   signals,   effective  methods   of  adding   i 
methods   for suppressing   impulse   interference,   u«e 
could  have  provided  a  power   gain  on   the  order  of 
while   retaining  the   same   level   oi   tidi|it\   and   re 
possible   tu   reduce   transmitter  power  'v   ten   t;r--- 
power   to  greatly   increase   the   |i\rl   of  fidelit>, 
it    is   possible  with   the   present    level   of  equjpmen 
systems  yielding  greater power giin--    nul   ilso  per 
the   rate of   inform it»on   transmission. 

svstem with retiuency Vv i ng 
d  oil   the   use ot   on 1v  t he   sj n- 
i . at i on  of   -. tt ched   ft 1 ters   for 

n  dhersit^   t •e». ept i'-ii,   suit .th 1 
of   feedback channe 1 ■: ,  et... > 

10-JO  db.      11 ) i ^   "ran-   t h..T 
certion   at   wi iti Id  have  been 

oj   whi le   n i i ■, ■    'ig   t hv   •- an e 
i \    i--1 ng  r.o •i     > ,.-ri< \   rrth.sl-- 

t   t -.    c real e   k •ommun«cat i on 
rj 111 ng   .i   gn -it   i n crease   . 7-. 

\mong  the   trends   noted   in   The  past   few   years   in   the  deiie lc>proerit   of  «y^t^-ms 
for  the  transmission  of discrete   information  particular   itteiUion   should be  de- 
voted   to  the  use  of  a   feedbacl   channel   in  all   case^  ^here  possible.      lr  conjunc- 
tion   ^ith   a  wisely   selected   ncthod  of   coding,   feeilb.uk   svster^   pre\ide   for   a 
high   levi-l   of   fidelity  and   reception when   the   charact eri--t i cs   of   i   i h.sniu-1    ire 
1 east    favorabIe. 

- W.> - 
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Another iiromisiiig  trend   (at   icast   tor   radio channels  emploN-ing   ioiui- 
spheric  or  trüpospheric wa\e propagatiun)   is   the use  of wideband  signals.     As 
was   indicated,   stich  systems  permit   actively   combatting multibeam wave  propaga- 
tion  and  also using  this  phenomenon  to   increase  the   Fidelity ol"  reception. 
They  provide,   furthermore,   Cor  the  possibility  of  reliable  suppression  ol"  im- 
pulse   interference  and  also used  some  conditions  simplify  the  problem  of 
assigning   a   large iHimber of chantuls   to  a   limited  t ivquency   range. 

It   should  be  noted   that   for   the   i nip 1 ementat i jn  of  optimal   or   clos'-to- 
optimal   communication  systems,  high   frequencv  precision whU'h   is  not   ah ays 
aclwe.aMe  with   the  present-day   level   of  equ.prnent   to  stabilize   t'r"queiKies 
is   required.      Ihis   forces   resort    in   some   cast.1   to automatic   frequency   tuning. 
The  essence  of  automatic   tuning amounts   tu  transmitt'ng  over  a  communication 
channel,   along with  the  main message,   intunnat ion  aiiotit   a   reference   frequency 
used   in   shaping  the signal.     This   informatiiii   is  extracted  by   the   receiving 
device   and   used   in   the   decision   circuit   tor   reception   of   the  main   message. 

She   transmission  of   information   a.iuut   frequency   ent..< Is  main'   interesting 
problems.      Included   in  them  are  problems   concert ing  the   required  additinnaS 
channel   carrying  capacity.,   the best   meth >d>  of ixtraction  and use  of   this   in- 
formation,   possible metliods  ^\   coding,   etc.     Unf »rtunately,   the  extent   of  this 
work  does  not   periiii t   devoting attention   to   tiiese pi   I'l'.'ms, 

lb"  problem of  synchronizing   decision   circu.ts   is   c.oselv   associated with 
this.     Usually   a distinction   ss  made  '/erwren luat   (determination  of   instants 
of arrival  of beginning of  signal   elementsi   .uui csch.al   synchronization   (deter- 
mination  of  l?r::'   -ymlu'l   in  a  code  combination'.     Ihese  prol'li-ms  have  been 
rather well   resolved   m mod.-rn  comreuni cat ion  equipment,   at   Je.ist   in   iruolierent 
receptio'ii  i.'ircuits,     HoweviT,   --vnch-ron i zat i oft  tlu^i-s   his  been   little  dineluped 
.uui  it   is  diff!.cult   to  s.n   what   pos s i b i 1 i 111 -  will  be   t oti.ai   in   it   for   im- 
proving  .iiid  -1 i'j'1 . f>) üg  existing  systems.     Iherevta,   ue  .irr   forced  to   limit 
ourselves   to  ,i   con^i der.'.t i >n  of  she  ei'tfet1'   of   i n.u i. n r,u • c-   ,n   ■•ynchrofiii zat ion 
on   i nt ert ■•.■'"'■nee   resistance   .irui   t.-   siviTa!   general    idea--. 

\   wide   range   ut   jrublens   .ni-e-    in   -'udvjng «uthod-   tor   extracting   'nlor- 
i.j.ition   about   the   state   of   ,i  chaniu 1    tro;-    ,i   signal    I SJM >. i f i > a 1 I >. ,   i t!St ant aiieous 
values   of   the   con.poiienl s   oi   the   t rj.t^'  ; ■• ■ i  ■;;   t.i.t    i       uui   its   usi    lor   optinzitu; 
signal   p roces»-! in;.     l\c   were   tof\ed   in   .ro-.t   ^ i^-' •-   to   lirit   oiiFsiIve--   to  a   con- 
sideration   of   ttee  e^trert    situitiniis   wl-i-n   nothnu:   w „s   IE.^WI,    ii-ouJ   tlu   value  ot 
the  transmission  t.ivte'    uid when   it    ;■   MIOWI; iv.i^tlx.      It   i-   true   tlj.it   ; ;■  -.ni. 
cast's  this   information  has   iiJt!>      t   -1,1 < 'te., ?   «-■n   resistatui    lo   i nti-rt ennce 
but   si'itnet :lt:r--,   for  eAimple,   in  di\ersit>   reieptii-n,   Tiecti'.v   t.idi-,,;,   jntei- 
rogation   s-.-ter.s,   el.  .,   it   t •<   extrmelv    itnj'ortant.      Ihe   t.isl   .ir.r-.-nts   to   pr« 
dieting   tlu   values  o!   the   t r ansisi ■ s i .HI   (.«ctor  lM«ed  on   ubserv .it i oits   ot   .*   signal 
.'Vi-r   a  certain   segment   of   tine   and   ?<■   synthesis   ^t   di-«,isi,'n   circuit'-. 

Man>   other  pfübliir.s  which  ha\e  net   yet   ben,   .u-pletel)   resoKcvS were  no! 
conssdered   in   the   book .      \  detailed   listing   ot'   then would   ' .\Vv   toe  rasch   •»f.ue. 
Undouibtt. d ly,   with   further de» e iopmi-jn«    in   tfit    tin    r^   aiu!   tt-hnelog)   tif   ? raus 
mttmg discrete  message^,   thes«   pri'hlt'ir.s   will   h«    ri  •» I     J ,   but    it   the   «-are   tir.e 
life   will   present   us   with   new   proMenis. 

--0- 
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Only a thorough and comprehcnsivt» deru lopnient of theory cJosrlv- tied to 
liracticc will permit us in the future to rapidly and corrcctJy i'iiul solutions 
to problems which arise in connection with transmitting discrete messages, the 
grea' variety and complexity of which can only be foreseen with great difficuitv 
at th e [5resent time 
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PRINCIPAL   SYMBOLS   USED 

A(tJ 

\'   Bk 
a . ,   b  , 

rk       rk 

B 

C 

1) 

d 

envelüpe ot" received signal 

Fourier coefi"! ei ents of a   received  signal 

l;0Lirier coefficients   of a   transmitted  signal   element   corres- 
ponding  to  svmbol   n 1 ' ■ r 

base of signal   I system)    [B   ■   Jl-T) 

channel   jiassband 

Kotelnikov distance  between  signals 

Hamming  distance between   code  combinations 

f:i(x) r-" integral  exjionential   function 

l; stipulated signal   frequency band   (of  a system) 

G(fJ power spectral   density 

g(tj impulse   response  of  a  linear system   (of a  filter) 

II(  ) entropy 

11'(x) productivity of message source, entropy per unit time 

h(.\) differential entropy 
-j 

h" ratio between power of signal element and interference 
spectral density 

h" mathematical expectation of h" when there is fading 

l(x,y} amount of information contained in x relative to y 

I'(x,y) rate of transmission of information contained in x relative 
to y 

1 (x) = i J (ix)  Bessel function of imaginary argument n n                      t>   .  e. 
J (xl Bessel function of the n-th order 
n 

k ratio between regular component of transmission coefficient 
and fluctuating component 

k divisibility of channel multiplexing 

L duration of channel reaction to impulse 

LjM parameters describing rate of fading 

L size of source alphabet 

m code base 

-^TK. 
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— ^~T '■•-■-      '■ 1 r*~" — '  .»■■ii...■—'■'»i    ' -"v   ■ " ' . ' '■■••■•   ■" "'" ■  •""• ■      -     ■        -   -  ■ "W» 

II 

I n , ( ,: 

n (t) 

H (   \   P (   .) 

q 

R,   r.   RCr) 

S 

S 

number of symbols   in code combination 

systematic  code,   combinations of which  contain  k   information 
symbols  and  n   -  k  verification 

additive   interference 

power 

signal power 

probabi11ty 

probability of error 

probabi 'ity of incorrect reception of a group signa 
multiplexed channel 

equivalent probability of error 

numb.er of branches in diversity reception 

i n a 

j-(- V) /„K-VW/r. Q-funct ion 

ratio between mean-square values of signal and interference 
at detector input 

correlat i on coeffi ci ent 

state of source or channel 

relative transmission rate 

filter transfer function 

si (.v) - r' 

V , X , Y 
r  r  r 

w( ) 

X 

X' 

y 

y* 

2 

Z' 

z(t) 

%' bk 

integral sine 

duration of signal clement 

duration of part of signal element being analyzed 

magnitudes determined by formulas (3.10) and (,4.11) 

density of probability distribution of a random variable 

transmitted message 

received message 

transmitted code symbol or sequence of code symbols 

received code symbol or sequence of code symbols 

transmitted signal 

received signal 

function conjugate with z(t) 

Fouriei coefficients of an element of interference 

-574- 
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r 

l" 

cuei'f icient   in   (.■'>.(■!)   dtrriul i HL;  C>;I   ^ i 

L't'fcvt i Vf  noi so  ,).!.■• -band 

indicatur of f rnusi'ii tt i i    linearity   ■ • 

cliamu' 1   t r.m^ini ss i ofi   t':ut .< i 

cuphasal   and  t|uatiraturo  (.■on'pmuTit       ' 

regular .'(.miponent   oi'  transfer  cot'i'i'i ■ 

t'luctuat: nu;   .'oiruHfH   nl   . f"   r ,■ UK foi 

i ntrr I'IMTMLO   sp^ct ra 1   Ji':m i "y 

parruneler ot' iioiU'rrhoiitnM I i l)' 

d i spoi's i - :: 

di spei'H i •;   "!"   ! ^,.:-i <' r  ... ,' 'T i v-!. ■■;        : 

I i- ;;!■■ 1 

!   1 v-M   I 

■       L II t 

k 

'I'   (2) /: [ 
i ntc i" a 1   ot"  cen -1 ai i 

Crai!.[K'  ! und i o 

i ni t i 11   phasf 

antiu 1 ar  frctnu-ncN' 

The mathomati jal   (.■ 
zor.t a 1   1 i no ,   for t.vxa,mp !• 

''•.:   i>f'   a   rantK-;.. 
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SUBJECT INDEX 

pd^t erinr i probate i 1 i t y .? 1 
priori prohab i 1 i ty 25, .I" 

dapfive encoding and decoding r.t'i-f-oj 
ddress interrogation  r-IS-.^l'.' 
Iphabet  R-'J, SO 
nuW i fude modulat i on  I 12-1-15, JOJ-JOd, 28-1-280 
nalog decoding (see also:  Intirety reeeptionl  r>23 
na I yt i c ^i gna i  1 S'-i 
s\nch I'onous address systems  SOI 

Base     ir-HS,   3"S,   39h,   -LSU--!.^ 
ayes   formula     23,   297y,   'iS.S 

Binary   rclativi.'  phase modulation     (l'l'M'M)     -IS'.l-.U'o 
■ frequeue}'  modulation   (BIAI)      l~.S,   -ITd 

phase  meilu I at i on   ( BI'M)      l";-;,   -IKl 
Hinary un it      11 
Blocking   .'r-:.is 

Carry i m1, capac 11 ;•     1 ;,s- id? 
--of a   fading  channel     .':i0"-5(i'.' 

--of undetermined  |)liase     2r>(!-2.rio 
--in  the  case  of diversity   reception     .>5' 

--of a  noiseless  discrete  channel     fil 
--of an  erasure  channel     82 
--of a  noiisymmet ri ca 1   channel     S-1-8S 
--of ;i  symmetrical   channel     dO-^d 

nuinnel     ■!-(> 
--discrete     -18,   ST.,   -ISi),   r.-l] 

- -cons t anl    Iuni form 1      pi 
- - cont i nuous     1 S ,   l.'o ,   ,"11 
- erasure     2-1 ,   S2 

-'■larkoc     S" 
--with  error  croup i n<,',     ^~ 
- -with  memory   Inonuniformi      iq 

i <ide 
- -bin;.i-.'     . <>,   "'> 
- -b lock i n;4 
- - Hour.-Choudkhur i     s I 
--c}'c 1 i ca 1     Sd 
- - den ;ely   packed     ".i,   K'7, 

eipiidi st-i.it     'to 
--ilrey     is 2 
--grouj'    ",., 

-interference   t-'-i-t mt     (>ä,   '•.?n   'o2 
- i rreduc ib 1 e     ,'.7 

--keyinK     1"-".    I"'-1 

- -opt i ma I   nonun i form     So ,   S!' 
--packet     Si 
- - recurrent     81 
- -systemat i r     T"7 

-urn form 
-   S7o   - 
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49(1-500, sor., r.jo-ro: 

:o(i, JSI-JSS 

Code combination  10, 5-1, (o 
--periiüssible 63 

Code  symbol  9 
Coding 9 

--interiVrc-ncc resistant OS 
--parallel  -I'Jo 
--primary (primi t i vc)  55 
--random b9 

Combination multiplexing systems  -IdO, 473-49(1 
Combining of channels  452 
Communication system 4 

--dense  lid 
--equidi stant  145- 147 
--simple  117, 44 7 
--synchronous  11, 114 
--with active delay  1J7, 157, 145 

--using biorthogonal signals  149, 215 
--using orthogonal signals  141 
--with a passive delay  14 1, 20 
--with interrogation  549, 542 
--with opposed signals  157 

Compensation of impulse interference  I5S, ill, I4S 
--of beams  591 

Co r re1 a t i on mat r i x  20S , 28", 515 
--check  SO 
--generat i ng  79 

Correlation interval (see:  lime correlation! 
Correlation matrix  208, 2S~, 515 

--check SO 
--generating  7;) 

Correlation time 251-254, 571 ^"^ 

Decision system 'circuit, principle! 19 
Oecoding 0, 10, 24 

--analog  52" 
- -majuri t y si, \^~ 
- - sequenti a!     HI 

Oecorrelat i tin    20 ,   s] 
- -of errors    ss,   2''5 

De It-i-function     417,    lij 
Detect i ng ,    idea I      1 SI 

- - 1 i near     255- 25(i 
--quadratic     22S-255 

Detecto,,    linear   amplitude     184,   255 
- - frequency     225 
--phase     1,-9 
--quadratic     140,   229 

Di sc ret i ;at i on     ti 
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Distribution  normal     JJ.   121,   131 
--"chi   si|uare"     .VM- 

-normal - locari thmi c     .'"<',   ' .'!• 
--RavliM^h     ri>3,   -"l' 

--genera I i rod   IRU-'.'  il i st •. il> it i on i     -"3,   3~', 

'.MijiUw  systems  with   i nt riM->n',at i MI     I^J"»- v'>n 

MTivtivo  iiassband   inoisol      P-5-Po,   220-23(1 
--of   rivqik'nc it's  oocupiij  by  a  signal   ( comli t imial )     ll(v,   1 

li,.;.n   functions  arul  values     .■:i'"'' 
I Icment   ot"  a   s igna i      111 

of   i mossagc 
! nlartjcd  alphabet     I 2 
Intiivty  n-i-opt ion    jr.,   r.i'.«^..^ 

--basoil  on   instantaneous   fivqueivv     223 
- - eoluTont      1 3h ,   23(',   2~" 
-coher^'.t     :.ni.-:;io 
- ;11 vo i'S 11 y     525 ,   3<i2 
--ci>lu'rent     52" 
- tl'Odlli'lK'S'      525 

- 1 ncolu'rent     52" ,   55S 
--of dihereto  add 11 ion     55 I 
-of   1inear  addit iun     55 5 

- of  ,|uadiMt i e   add i t : on     55"   5 15 
- lUvtum  diagram  based   on  maxiimiin  power     5IS 

--based   on  maximal    likelilu-od      vb1 ,   5b' 
spat i al     525 

- I ime      i25 
■   elemvnt   'n'   element      ;<• 
- i neoherent     I SI,   is;,   ; la ,   ;->.' 

! neoherent      Mi'- 5 ' 1 
w 11,-.   ! iK-ohereal   . omu 1 it i r-n     Mo- ",| | 

•-n irrou-band  b.-.^eJ   on  envelope     }!'.> 
■of  genera 1   comp ir i son     v'o 

- - i;iia--1   v oiu rent     J-b',   J I s 
-usine   the   "'ost   reliable   s-nih,.]-   iHorodin  melhodi      525-52(> 

a ■ i m;   I he  IVa^nev   -..'t hi ,J 
•■•. i'b>\uu!  uith   integration   i    iltriiian   folloMin-  detector 

1 r.t m: \-     15,    !2 
-v- -n,!; ! i   na 1      ',! ,    i 1 
di t fere n* : a 1      11.    1 V»   li.o 
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